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In this paper, we consider the numerical solution of the time-fractional non-linear 
Klein-Gordon equation. We propose a spectral collocation method in both temporal 
and spatial discretizations with a spectral expansion of Jacobi interpolation poly-
nomial for this equation. A rigorous error analysis is provided for the spectral meth-
ods to show both the errors of approximate solutions and the errors of approximate 
derivatives of the solutions decaying exponentially in infinity-norm and weighted 
L2-norm. Numerical tests are carried out to confirm the theoretical results. 
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Introduction

Fractional differential equations are the generalization of the traditional differential 
equations, and they play more and more important roles in the fields of fluid mechanics, mate-
rial mechanics, biology, plasma physics and finance, and receive more and more attention [1]. 
The fractional diffusion equations are always used in describing the abnormal Klein-Gordon 
phenomenon [2-5] of the liquid in medium. The general form of the time fractional Klein-Gor-
don equation can be written: 
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with initial conditions: 
	 ( ) ( ) ( ) ( )1 2,0 , ,0 ,tu x x u x x a x bφ φ= = < < 	 (2)

and boundary conditions: 
	 ( ) ( ) ( ) ( )1 2, , , , 0u a t t u b t t t Tψ ψ= = < < 	 (3)
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Recently, we provided the Legendre-collocation methods and convergence analysis 
for the non-linear Volterra type integral equations in [6-8]. The main contribution of this work 
is constructing the Jacobi spectral collocation approximation in both space and time to the 
non-linear time-fractional Klein-Gordon equation and an analysis of the convergence of the 
proposed method. 

The Jacobi collocation method

Applying the Riemann-Liouville integral of order γ at eq. (1), it yields the following 
integral equations:
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In order to make use of orthogonal polynomials, we make the following transforma-
tion so that the variables in the standard interval [–1, 1]:
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the eq. (4) can be written in the following form:
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with boundary conditions:
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For the collocation methods in time, eq. (5) holds at the Jacobi collocation points  
{tj}M

j=1 with the Jacobi weight functions ωαt,βt(t) = (1 – t)αt
β  t  (1 + t)αt

β  t on [–1, 1]:
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We make the linear transformation:
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Thus, we transfer the integral interval [–1, t ̄j] to a fixed interval [–1, 1] e. g.:  
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We first use ū j(x) to approximate the function ū(x ̄, t ̄j):
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where Fj(t ̄) are the Lagrange interpolation polynomials associated with collocation points  
{t ̄j}M

j=0. 
Combining the Gauss quadrature formula and eqs. (10) and (9) can be approximated:
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where {θk}L
k=0 is the set of the Jacobi-Gauss points corresponding to the weights {ωk

–µ,0}on  
[–1, 1].

For the Jacobi collocation methods in space, eq. (11) holds at the Legendre-Gauss 
collocation points {x̄i}N

i=0, use ūj
i to approximate the function ūj

  (x̄i):
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where {Hi(x̅)}N
i=0 are the i  th Lagrange interpolation polynomials associated with the Legendre-

Gauss points {x̄i}N
i=0. The discretized problem in space eq. (11), can be approximated:
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Then the full-discreted solution of eq. (13) is to seek ūM
N (x,̄ t̄ ) such that ū j

i satisfies the 
above collocation eq. (12) for 1 ≤ i ≤ N –1 and 0 ≤ j ≤ M. 

Convergence analysis

In this section, we carry out the error estimations for the solution of the semi-discret-
ized and full-discretized problems. Now we devote to provide a convergence analysis for the 
numerical scheme. The goal is to show that the rate of convergence is exponential. 

 Let ū(x,̄ t̄ ) be the solution of the continuous problem eq. (5), and let:
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be the time-discrete solution of eq. (11), for y and m >1. If ū(x,̄ t̄ ), ū x,̄(x,̄ t̄ ), and:   	
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for κ ∈ (0,1 – µ), where C is a constant independent of M.
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Consequently, ūM(x,̄ t̄ ) satisfies the following collocation equations for 0 ≤ j ≤ M:
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Since L ≤ M and:
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Subtracting eq. (9) from eq. (11), and eq. (14) from eq. (13):
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Using [9] (see p. 290, (5.4.38)) the definition of |⋅|Hm,n(I) and Lipschitz condition:
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Multiplying by F(y ̄) both sides of eq. (16) and summing from 0 to M for j:
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Note that L ¯E0(x ̄, t ̄) = E2(x ̄, t ̄) –  ξ E0 (x ̄, t ̄), we have:
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Using the Gronwall inequality in [10] (see Lemma 7.1.1), we deduce:
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Using L∞ and weighted L2 error bounds, see [10] and eq. (9), from eq. (17):
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By [11], we get:
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Finally, it follows from [10] (see p.153 and Lemma 3.5,), and [12], see eq. (9):

	
0

7 1
2

1log | ( , ) | , 1 , (0,1 )
2( , )

1 1| ( , ) | , , (0,1 )
2 2

L

L

L

CM M E x s
K x t

CM E x s

κ

µ κ

µ κ µ

µ µ κ µ

∞

∞

∞

−

− −

 − ≤ − < − ∈ −≤ 
 − ≤ − < − ∈ −

 

 

 

	 (27)

	 2 2
, ,

,
7 0 0 0( , ) ( )( | ( , ) | | ( , ) | | ( , ) |M ML L L

K x t I I E x s E x s CM E x s
µ µ µ µ

µ µ κ
∞

− − − −

− − −= − − ≤       	 (28)

Equations (23)-(25) and eq. (27) leads to eq. (13a). In a similar way, eqs. (26)-(28) 
leads to eq. (13b). 

Let u ¯M(x ̄, t ̄) be the time-discrete solution of eq. (11) and let  u ¯M
N (x ̄, t ̄) be the solution of 

the full-discrete problem of eq. (12) with boundary conditions eq. (6). If  u ¯M(x ̄, t ̄), u ¯ Mx(x ̄, t ̄), and:
	

0,0
,( , ) ( )M n N

xxu x t H I
ω

∈

for x and n > 1, then the following error estimation holds:
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CN MV
u x t u x t
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[ ]2 , , ,11 1 ,1
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M M n M M M
N x xxL H H Ht

u x t u x t CN u x t u x t uV V x t−

∈ −
 − ≤ + +=  	 (29)

where C is independent of N and M. By subtracting eq. (11) from eq. (12):

	
0 0

( ) ( ) ( )
M N

j j j m m
i i m i n n i

m n
u x u C u x u H x

= =

− ≤ −∑ ∑ 
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jt
j

m j m
TC C t s F t s

γ
µ

γ
−

−

 = − Γ   ∫ 	 (30)

Multiplying by Hi(x ̄) both sides of eq. (29) and summing from 0 to N for i, and noting 
that:
	

0 0 0
( ) ( ), then ( ) ( ), it yield that:

N N N
m m m
n n N N n n i n n

n n n
u H x P x I u H x u H x

= = =

∈ =∑ ∑ ∑    

	  
0 0 0
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N M N

j j j j j
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Let:

	 2 3
0
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j j j j j j j
i i N N

i
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	 1
0 0
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j i i i i N

i i
e x t e x u x u H x e x u x u H x J x u x I u x

= =

′ ′= = − = − = −′∑ ∑
Thus we have:

 	 1 2 3| | (| ( ) | | ( ) | | ( ) |)je C J x J x J x≤ + + 	 (32)

Using L∞ and L2 error bounds for the interpolation polynomials in [9]:

 	
, , ,

2 2 2, , ,
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N i i j j j M
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 

∑ ∑ ∑ 	 (33)

Here, we have [11, 12]:
 	

[ ]
2

, 1,1
( , ) ( , ) max | ( , ) |M M

N L t
u x t u x t C e x t

µ µ− − ∈ −
− ≤  	 (34)

	 [ 1,1]
1
2

[ 1,1]

1log max | ( , ) |, 1
2( , ) ( , )

max | ( , ) |, otherwise

tM M
N L

t

C M e x t
u x t u x t

CM e x t
µ

µ
∞

∈ −

−

∈ −

 − ≤ − < −− ≤ 


  	 (35)

By using eqs. (32)-(35) and previous inequality, we obtain eq. (29). Thus, the proof 
is completed. 
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Let ū(x̅  , t ̄ ) be the solution of the continuous problem (5) and let ū M  N (x̅  ,  t ̄  ) be the solu-
tion of the full-discrete problem eq. (12) with the initial condition (1) and boundary conditions 
(2). If ū(x̅   , t ̄ ), ūx̅   (x̅  , t ̄ ) and ūx̅   x̅   (x̅   , t ̄ ) ∈ H n

ω
,N
αx,βx

⊗ H m
ω

,N
αy,βy, for x and y with n, m > 1, then for M and N 

sufficiently large, for κ ∈ (0, 1 – µ), we have the following error estimations: 

	

( )

( )

1/2 1/2 * 3/4
1 1

1 1/2 * 3/4 1/2
1 1

( ) log ( ) log
11
2( , ) ( , ) log ( ) ( )

1 1
2 2

m n

M
m nN L

CM U x M MF x CN MV

u x t u x t CM MU x M F x CN M Vµ µ

µ

µ µ

∞

− − −

− − − − −

 + +


− ≤ − < −
− ≤  + +

 − ≤ − < −


 

	
2

,

1/2 *
2 1 1

1 *
2 1 1

( )
11
2( , ) ( , ) log ( )

1 1
2 2

m n

M
m nN L

CM U M U F x CN V

u x t u x t CM M U M U F x CN Vµ µ

κ

µ κ

µ

µ µ
− −

− − −

− − − −

 + + +


− ≤ − < −
− ≤   + + +

 


 − ≤ − <




−

	 (36)

Numerical experiments

We consider the following fractional Klein-Gordon equation:

	 ( ) ( ) ( ) ( )
2

3
2

,
D , , , , 1 2t

u x t
u x t u x t f x t

x
γ γ

∂
= − + < <

∂
where
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2

2 2 6 32, cos cos
2
tf x t t x t x

γ

γ

− 
= + π π + π 
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with initial condition u(x, 0) = 0 and ut(x, 0) = 0. The exact solution is u(x, 0) = t2cos(πx). 
10

−1

10
−2

10
−3

10
−4

10
−5

10
−6

10
−7

10
−8

E
rr

o
r

E
rr

o
r

10
0

10
−1

10
−2

10
−3

10
−4

10
−5

10
−6

10
−7

2 3 4 5 6 7 8 9 10
N

2 3 4 5 6 7 8 9 10
M

L
∞

( = 1.2)γ

( = 1.2)Lω

2
γ

( = 1.8)L
∞

γ

( = 1.8)Lω

2
γ

L
∞

( = 1.2)γ

( = 1.2)Lω

2
γ

( = 1.8)L
∞

γ

( = 1.8)Lω

2
γ

Figure 1. The variation of the error with the increase of the collection points

As shown in fig. 1 shows, that the error has the exponential convergence due to the 
variation of the error with (N, M) in the sense of the spaces || ⋅ ||L∞ and || ⋅ ||L2

ω.

Conclusion

In this work, the time-space spectral collocation method for time fractional Klein-Gor-
don equation was proposed. The equation holds at the Jacobi spectral collocation points in the 
time and space direction and the full discrete form is obtained in detail. This method is easy 
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to deal with the non-linear situations. The numerical solution with higher accuracy can be ob-
tained with fewer points.

Acknowledgments

The works was supported by NSFC Project (11671342), Project of Scientific Research 
Fund of Hunan Provincial Science and Technology Department (2018JJ2374, 2018WK4006) 
and Key Project of Hunan Provincial Department of Education (16C0139, 17A210)

References
[1]	 Hilfe, R. Applications of Fractional Calculus in Physics, World Scientific, Singapore, Singapore, 1999
[2]	 Yang, Y., et al., Numerical Solutions for Solving Time Fractional Fokker-Planck Equations Based on 

Spectral Collocation Methods, Journal of Computational and Applied Mathematics, 339 (2018), Sept.,   
pp. 389-404

[3]	 Yang, Y., Jacobi Spectral Galerkin Methods for Fractional Integro-Differential Equations, Calcolo, 52 
(2015), 4, pp.  519-542

[4]	 Hariharan, G., Wavelet Method for a Class of Fractional Klein-Gordon Equations, Journal of Computa-
tional and Non-linear Dynamics, 2 (2013), 8, pp. 1-6 

[5]	 Yusufoglu, E., The Variational Iteration Method for Studying the Klein-Gordon Equation, Applied Math-
ematics Letters, 21 (2008), 7, pp. 669-674

[6]	 Yang, Y., et al., Spectral Collocation Method for the Time-Fractional Diffusion-Wave Equation and Con-
vergence Analysis, Computers and Mathematics with Applications, 73 (2017), 6, pp. 1218-1232

[7]	 Yang, Y., et al., Spectral Collocation Methods for Non-Linear Volterra Integro-Differential Equations 
with Weakly Singular Kernels, Bulletin of the Malaysian Mathematical Sciences Society, 42 (2019), 1, 
pp. 297-314

[8]	 Yang, Y., et al., Numerical Simulation of Time Fractional Cable Equations and Convergence Analysis, 
Numerical Methods for Partial Differential Equations, 34 (2018), 5, pp. 1556-1576

[9]	 Henry, D., Geometric Theory of Semilinear Parabolic Equations, Springer-Verlag, Berlin, 1989
[10]	 Yang Y., et al., Convergence Analysis of the Jacobi Spectral Collocation Method for Fractional Inte-

gro-Differential Equations, Acta Math. Scientia, 34 (2014), 3, pp. 673-690
[11]	 Nevai, P., Mean Convergence of Lagrange Interpolation, III Transactions of the American Mathematical 

Society, 282 (1984), 2, pp. 669-698
[12]	 Mastroianni, G., et al., Optimal Systems of Nodes for Lagrange Interpolation on Bounded Intervals: Asur-

vey, Journal of Computational and Applied Mathematics, 134 (2001), 1, pp. 325-341

Paper submitted: August 24, 2018
Paper revised: September 5, 2018 
Paper accepted: February 13, 2019

© 2019 Society of Thermal Engineers of Serbia
Published by the Vinča Institute of Nuclear Sciences, Belgrade, Serbia.

This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions


