
Guo, X.-R., et al.: A Periodic Solution for the Local Fractional Boussinesq Equation on Cantor Sets 
THERMAL SCIENCE: Year 2019, Vol. 23, No. 6B, pp. 3719-3723	 3719

A  PERIODIC  SOLUTION  FOR  THE  LOCAL  FRACTIONAL   
BOUSSINESQ  EQUATION  ON  CANTOR  SETS

by

Xiu-Rong GUO  a,b*, Gui-Lei CHEN  a, Mei GUO  c, Zheng-Tao LIU  c
a Basic Courses, Shandong University of Science and Technology, Tai’an, China 

b College of Mathematics, China University of Mining and Technology, XuZhou, China 
c Shandong Tonghui Architectural Design Co. Ltd., Taian, China

Original scientific paper 
https://doi.org/10.2298/TSCI180822255G

In this paper, the periodic solution for the local fractional Boussinesq equation can 
be obtained in the sense of the local fractional derivative. It is given by applying 
direct integration with symmetry condition. Meanwhile, the periodic solution of 
the non-differentiable type with generalized functions defined on Cantor sets is 
analyzed. As a result, we have a new point to look the local fractional Boussinesq 
equation through the local fractional derivative theory. 
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Introduction

It is known that fractional derivative can be better describing things than integral or-
der derivative from natural science, such as particle physics, electrical systems, mathematical 
physics [1-3]). Many researchers proposed some effective methods to deal with them, such as 
the homotopy analysis method [4], the Lie group method [5-7], and others. However, the local 
fractional derivative only have a litter results to be known. For example, the local fractional La-
place series expansion method [8], and the local fractional Riccati differential equation method 
[9], and so on.

In this paper, we consider the local fractional Boussinesq equation of fractal long 
water waves of (1+1)-fractal dimensional space [10], e. g: 
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where ( , )χ τΩ  is the fractal wave function on space variable, χ, and time variable, τ , while α  
and β  are two constants, and ε  is the fractal dimension.

To the best of our knowledge, it has not been reported in other places. The aim of this 
paper is to obtain the periodic solution of local fractional Boussinesq equation with symmetry 
condition. 
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Preliminaries of local fractional calculus 

In this section, some definitions and prosperities of the local fractional derivative and 
integral for the non-differential functions can be given by [11-15].

Definition 1. Suppose that ( ) CεζΘ ∈  and 0 1ε< ≤ . For 0δ >  and 00 ζ ζ δ< − < , the 
limit [10]:
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exists and is finite, where 0 0[ ( ) ( )] (1 )[ ( ) ( )]ε ζ ζ ε ζ ζ∆ Θ −Θ ≅ Γ + Θ −Θ  and Cε  is a set of the 
non-differentiable functions. 

Some special functions defined on Cantor sets are listed as follows [10]:
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where iε  is an imaginary unit of a fractal set. 
Suppose that ( ) ( , )C a bεϕ ζ ∈ . Then, we define the local fractional integral of ( )ϕ ζ  of 

order (0 1)ε ε< ≤  by [10]:
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where 1 , ( 0,1, , )k k k k Nζ ζ ζ+∆ = − =   with 0 1 1N Na bζ ζ ζ ζ−= < < < < = .
For the details of the local fractional derivatives integrals, see[10]. 

Periodic solutions of the non-differentiability

In this section, we will search for periodic wave solutions of the non-differentiable of 
eq. (1) with symmetry condition.

First, using the following fractal wave transformation [9]:

	 ( ) ( , ), ε ε ε εϑ χ τ ϑ χ ϖ τΦ = Ω = + 	 (6)
where 1limε ϑ χ ϖτ→ = +  with the wave speed ϖ .

As a result, eq. (1) leads to:
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Meanwhile, there is a symmetry condition: 

	 ( ) ( ), ( , )ϑ ϑ ϑΦ = Φ − ∈ −∞ +∞ 	 (8)
Let 0ϑ ≥ . Finding the local fractional integral of eq. (7) with respect to ϑ , we have:
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where 1C  is a constant. When 1 0C = , eq. (9) becomes: 
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Thus, we have
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which can be rewritten in the form:
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where 2 2(1/ / )k εα β αϖ= −  and it need to satisfy the constraint condition:

	 2
1 0ε

β
α αϖ
− ≥ 	 (11)

In what following, we construct the periodic solutions of the non-differentiable type 
under the constraint condition (11). 

Making use of:
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we find a periodic solution of the non-defferentiable type of eq. (1), that is:

	 ( ) cos ( ), 0k ε
εϑ ϑ ϑΦ = ≥ 	 (13)

Using the symmetry condition (8), yields:

	 ( )( ) cos , ( , )k ε
εϑ ϑ ϑΦ = ∈ −∞ +∞ 	 (14)

in the whole interval.
Hence, the periodic solution of the non-differentiable type of the LBE in the form:
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In a similar way, the periodic function solution of the non-differentiable type under the 
constraint condition (11) was also constructed:

First of all, we suppose:
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Therefore, we find a periodic solution of the non-defferentiable type of eq. (1), that is:

	 ( ) sin ( ), 0k ε
εϑ ϑ ϑΦ = ≥ 	 (17)
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Using the symmetry condition (11), it follows that:

	 ( )( ) sin , ( , )k ε
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Therefore, the periodic solution of the non-differentiable type of the LBE in the form:
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As a result, the general periodic solution of combination of trigonometric functions of 
the non-differentiable type of the LBE in the form:
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Conclusion

In our task, with the help of the local fractional derivatives and symmetry condition, a 
periodic wave solution of the local fractional Boussinesq equation was obtained on Cantor sets. 
It can help us better understand the physical phenomena and give a new perspective to look to 
wave theory. For other types solutions, such as rational solutions, solitary wave solutions and 
traveling wave solutions of the non-differentiable type, we will further discuss them in the 
forthcoming day’s future work. 
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Nomenclature
Cε(a,b)	–	Cantor set, [–]

Greek symbols

α	 –	 free constant, [–]
β	 –	 free constant, [–]

ε	 –	 fractal dimension, [–]
τ	 –	 time variable, [s]
χ	 –	spatial variable, [m]
ϖ	 –	wave speed, [ms–1]
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