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In this paper, we study the inverse problem for seeking an unknown source func-
tion of the linear fractional heat systems with variable coefficient using Adomian 
decomposition method. The results prove that Adomian decomposition method is 
very effective and simple for the inverse problem of finding the source function of 
the heat systems.
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Introduction

For modeling of a lot of phenomena, especial in the modeling of options in financial 
mathematics, there appears the heat equation [1-4]. The heat equation governs heat diffusion, as 
well as other diffusive processes, such as particle diffusion or the propagation of action poten-
tial in nerve cells. They are not diffusive in nature, but some quantum mechanics problems are 
also controlled by a mathematical analog of the heat equation [1-3]. It also can be used to model 
some phenomena arising in finance, like the Black-Scholes or the Ornstein-Uhlenbeck process-
es [4]. Non-linear vibration problems of heat exchanges have been studied very recently [5].

The heat equation is an important PDE. With certain data, solving an equation in a 
specified condition is called direct problem. On the contrary, when solving an unknown input 
by the given output, the method is called an inverse problem. These unknown inputs may be 
some coefficients, or some source functions of an equation. In general, the inverse problems are 
very sensitive to the errors coming from the measured input. In order to overcome this fault, 
the method has been invented and boosted. The method for finding the inverse problems have 
a lot of practical applications, such as the quantum mechanics, geophysics, optics, astronomy, 
medical imaging, and photoelasticity. On the other hand, as a mathematical analysis method, 
the fractional calculus is a generalization of integer orders integrals and derivatives [6, 7]. Now, 
it has been used successful to the modeling of memory dependent phenomena in electromag-
netics, acoustics, viscoelasticity, electrochemistry and porous media [8, 9]. It emerged as an 
vital and efficient tool for the study of the dynamical systems [10-16] where classical methods 
having strong limitations. The theory and applications of the inverse problems for the fractional 
differential equation were studied [17-20]. However, the invese problem for the fractional linear 
heat-like heat system have been not considered. 

In this paper, we shall investigate the following fractional linear heat-like heat sys-
tems:
	 ( ) ( ) ( ) ( ) ( )D , , , D , , , 0, 0, 0 1t xx t xxu x t v x t g x v x t u x t x tλ λ λ= + = > > < ≤
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which could be used to model the heat conduction in a rod. By the Adomian decomposition 
method [9], we resolve the source functions. The structure of the paper is as follows.  

Preliminaries

In this section we present the following definitions. 
Definition 1. For any order λ > 0, the Riemann-Liouville fractional integral operator 

for a function f: (0, +∞) → R is given [8]:

	 ( ) ( ) ( ) ( )1

0

1 d
x

I f x x s f s sλλ

λ
−= −

Γ ∫ 	  (1)

where Γ(⋅) is Gamma function [8]:
	 ( ) 1

0

e d , 0tt tξξ ξ
∞

− −Γ = >∫
Definition 2. For any order λ > 0, the Caputo fractional derivative of a continuous 

function f: (0, +∞) → R is given [8]:

	 ( ) ( ) ( ) ( ) ( ) ( )1
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where m – 1< λ ≤ m, and m is an integer number.
Definition 3. For any order λ > 0, the Caputo time fractional derivative of a continuous 

function f: (0, +∞) → R is given [8]:

	 ( ) ( )
( ) ( ) ( ) ( )
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where m – 1< λ ≤ m, and m is an integer number.

Anlaysis of the method applied

We now consider the linear fractional heat systems with variable coefficient:

	 ( ) ( ) ( ) ( ) ( )D , , , D , , , 0, 0, 0 1t x t xu x t v x t g x x t u x t x tvλ λ λ= + = > > < ≤  	 (4)

where u(x, 0), f1(x), v(x,0) = f2(x), u(0, t) = h1(t), and ux(0, t) =d1(t). 
It follows from eq. (4):

	 ( ) ( )D , ,t t t xI v x t I u x tλ λ λ=    	  (5)
we have:
	 ( ) ( ) ( ), ,, 0 t xuv x t v x x tI λ= +    	  (6)
and
	 ( ) ( ) ( ), ,0 ,x x t xxv x t v x I u x tλ= +    	  (7)

In this case, we have:
	 ( ) ( ) ( )2D , , gt t xxu x t f x I u x tλ λ′=   + + 	  (8)

	 ( ) ( ) ( ) ( ){ }2D , ,t t t t xxI u x t I f x I u x t g xλ λ λ λ ′= +  +
	  (9)

such that:
	 ( ) ( ) ( ) ( ) ( ){ }2, ,0 ,t t xxu x t u x I f x I u x t g xλ λ ′=   + + + 	  (10)
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Making use of the ADM, the solution is written in series form [9]:

	 ( ) ( )
0

, ,nu x t u x t
∞

= ∑ 	  (11)

where u and un, n ∈ N, are defined in C∞[0, ∞) × C1 [0, ∞). 
Substituting the decomposition eq. (11) into eq. (10) and setting the recurrence scheme:

	 ( ) ( ) ( ) ( ) ( ) ( ) ( )0 2 1, ,0 , , ,t n t n xxu x t u x I f x g x u x t I u x tλ λ
+

 ′ = + + =      	 (12)

By the computation in eq. (12), we have the ADM polynomials: 

	 ( ) ( ) ( ) ( ) ( )0 1 2 ,
1

tu x t f x f x g x
λ

λ
′  = + +  Γ +
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2

'''
1 0 1 2, ,

1 2 1t xx

tu x t I u x t xtxf f x g
λ λ

λ

λ λ
′′ ′′ = = + + Γ + Γ

 +
 	

	 ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

2 3
4 5 4

2 1 1 2, ,
2 1 3 1t xx

t tu x t I u x t f x f x g x
λ λ

λ

λ λ
   = = + + Γ + Γ +

	 (13)

After writing these polynomials in eq. (10), the solution u(x, t) of eq. (4) is given:

 	

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 2 1

2
4

2 1

,
1

 
2 1

tu x t f x f x g x f x

tf x g x f x

λ

λ

λ

λ

′ ′′

′′′ ′′

 = + + + +  Γ +

 + + + +  Γ +
 	 (14)

For seeking the unknown source function, we expand the boundary functions h1(t) 
and d1(t) into the following series for the space whose bases are {tnλ/Γ(nλ + 1)}∞

n=0 , 0 < λ ≤ 1: 

	 ( ) ( ) ( ) ( ) ( ) ( )1 1 1 10 0 0
1 1

t th t h h h
λ λ

λ λ
′ ′′= + + +

Γ + Γ +
 	  (15)

	 ( ) ( ) ( ) ( ) ( ) ( )1 1 1 10 0 0
1 1

t td t d d d
λ λ

λ λ
′ ′′= + + +

Γ + Γ +
 	  (16)

Meanwhile, with use of eq. (14), we have:

	

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 2 1

2 3
4 5 4 6

2 1 2 1

0 0 0 0
1

0 0 0 0 0 0
2 1 3 1

th t f f g f

t tf g f f g f

λ

λ λ

λ

λ λ

′ ′′

′′′ ′′

 = + + + +  Γ +

   + + + + + + +   Γ + Γ +
 	 (17)

and

	

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 2 1

2 3
4 5 6 5 7

2 1 2 1

0 0 0 0
1

0 0 0 0 0 0
2 1 3 1

td t f f g f

t tf g f f g f

λ

λ λ

λ

λ λ

′ ′′ ′ ′′′

′′′

 = + + + +  Γ +

   + + + + + + +   Γ + Γ +
 	 (18)

From eq. (15) and eq. (17), we get:
	 ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 1 0 0 , 0 0 0 0h f h f g f′ ′ ′′= = + +
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	 ( ) ( ) ( ) ( ) ( )4
1 2 10 0 0 0h f g f′′ ′′′ ′′= + +

	 ( ) ( ) ( ) ( ) ( ) ( ) ( )5 4 6
1 2 1 0 0 0 0 ,h f g f′′′ = + +  	  (19)

From eqs. (16) and (18), we have: 
	 ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 10 0 , 0 0 0 0d f d f g f′ ′ ′ ′ ′′= = + + 	

	 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )4 5 4 6 5 7
1 2 1 1 2 10 0 0 0 , 0 0 0 0 ,d f g f d f g f′′′ ′′′= + + = + +   	 (20)

Recalling the Taylor series expansion of the unknown function g(x), and considering 
the previous data, we have the following: 

 	 ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 3

0 0 0 0 0
2! 3! !

n
nx x xg x g g x g g g

n
′ ′′ ′′′= + + + + + +  	 (21)

Consequently, we obtain: 

	

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 2 1 1 2 1

2 3
4 4 5

1 2 1 1 2 1

0 0 0 0 0 0

       0 0 0 0 0 0
2! 3!

g x h f f d f f x

x xh f f d f f

′ ′ ′′ ′ ′ ′′′

′′ ′′

′

′ ′′′

   = − − + − − +   

   + − − + − − +     	 (22)

A typical example

Consider the linear fractional heat systems with variable coefficient:
	 ( ) ( ) ( ) ( ) ( )D , , , D , , , 0, 0, 0 1t x t xu x t v x t g x x t u x t x tvλ λ λ= + = > > < ≤  	 (23)

with the initial and boundary conditions as: 
	 ( ) ( ) ( ) ( )2 2,0 e sin , ,0 e cos , and 0, e , 0, e 1x x t t

xu x x v x x u t u t= + = + = = +

By eq. (14), the solution u(x, t) of eq. (23):

	 ( ) ( ) ( ) ( ) ( )
2

, e sin 2e 2sin 2e 2sin
1 2 1

x x xt tu x t x x g x x g x
λ λ

λ λ
′′   = + + − + + + +   Γ + Γ +

	 (24)

Then, we have:

	 ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2 3
40, 1 2 0 2 0 2 0

1 2 1 3 1
t t tu t g g g

λ λ λ

λ λ λ
′′   = + + + + + + +      Γ + Γ + Γ +

 	 (25)

From eq. (15) and the boundary conditions in eq. (23), it may beequal to the Taylor 
series of e2t in the space whose bases are {tnλ/Γ(nλ + 1)}∞

n=0 , 0 < λ ≤ 1: 

	 ( ) ( ) ( )
2 3

2e 1 2 4 8
1 2 1 3 1

t t t tλ λ λ

λ λ λ
= + + + +

Γ + Γ + Γ +
 	  (26)

Thus, we get:
	 ( ) ( ) ( ) ( ) ( ) ( )4 60 0, 0 2, 0 6, 0 14g g g g′′= = = = 	  (27)

From eq. (24) we have:

	 ( ) ( ) ( )
, e cos 2e 2cos

1
x x

x
tu x t x x g x

λ

λ
′ = + + − + +  Γ +

 	  (28)
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So, we have:

	 ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2 3
50, 2 0 4 0 0

1 2 1 3 1x
t t tu t g g g

λ λ λ

λ λ λ
′ ′′′ = + + + + + Γ + Γ + Γ +

 	 (29)

From eq. (16), the boundary conditions in eqs. (23) and (26), it must be equal to the 
following series:

	 ( ) ( ) ( )
2 3

2e 1 2 2 4 8
1 2 1 3 1

t t t tλ λ λ

λ λ λ
+ = + + + +

Γ + Γ + Γ +
  	 (30)

Thus, we get:
	 ( ) ( ) ( ) ( ) ( ) ( )5 70 2, 0 0, 0 8, 0 12,g g g g′ ′′′= = = = 

	  (31)

Using eqs. (27) and (31), we have the Taylor series expansion of g(x) as follows:

	

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 3 4 5

4 5

4 5 6 7
2

0 0 0 0 0 0 +
2! 3! 4! 5!

        2 3 4 5 6
4! 5! 6! 7!

x x x xg x g g x g g g g

x x x xx x

′ ′′ ′′′= + + + + + =

 
= + + + + + + 

 



 	 (32)

Conclusion

In the present task, by choosing the Adomian decomposition method, it has been 
found that it is very effective to the fractional heat systems. Moreover, we gave an example to 
illustrate our results. In the following works, we shall do some these problems by our results on 
fractional differential equation [21, 22] and our results on fixed point theorem [23].
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