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By using a Lie algebra A,, an isospectral Lax pair is introduced from which a gen-
eralized Giachetti-Johnson hierarchy is generated, which reduce to the coupled
KdV-MKdV equation, furthermore, the algebro-geometric solutions of the coupled
KdV-MKdV equation are constructed in terms of Riemann theta functions.
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Introduction

In recent years, a family of methods were developed to find the exact solutions for the
linear and non-linear PDE. Among them, there are adomian decomposition method [1], trav-
eling wave transformation method [2, 3], Riccati equation method [4] and algebro-geometric
method [5-7]. The mathematical model of shallow water waves was rediscovered by Korteweg
and de Vries [8], which is commonly known as KdV equation, many physical quantities of KdV
equation and MKdV equation have been discussed later [9-11]. In this paper, we first use a Lie
algebra A, to obtain the generalized Giachetti-Johnson (GGJ) hierarchy, which reduce to the
coupled KdV-MKdV equation, Then in terms of Riemann theta functions, the algebro-geomet-
ric solutions of the coupled KdV-MKdV equation are constructed.

The GGJ hierarchy and coupled KdV-MKdV equation
The Lie algebra A, has a basis [12, 13]:

1 0 01 0 0
e :(0 _J, e, :(0 OJ’ e =[1 Oj’ [e.e,]=2e,, [e.e,]=—2e,, [e,.6,] = ¢, (1)
Consider the isospectral problem:
y,=U,,U= (ar+s)e (0)+ue, (0)+(a, +u,)e (0),
y, =V, V= Z[amel (—m)+bme2 (—m)+cme3 (—m)]

m=0

)
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Note:
V+(") = Z[amel (n —m)+bme2 (n —m)+cme3 (n—m)},
m=0

—V+x(n) + [Uy V+(n):| = _ZabiHleZ (O) + Zacn+1e3 (0)

Set V0 = PW— g,e,(0), then U, — VW + [U,V ] leads to the GGJ hierarchy:

u, 0 o0-2s 0 c,
u =lu, | =|0+2s 0 0 b, |=J,P, 3)
s ), 0 0 —18 2a,
2

When taking n =3, s =0 in eq. (3), we have the coupled KdV-MKdV equation:

| 2
u,, = Za [04) e = A0y (0 + 1y )y, — 20 “2,()]51'@3 =

1
= Za 3 [u,,.. —4u (o +uy)u, —2(a, +u, )zu]x)] 4)

Algebro-geometric solutions of
the coupled KdV-MKdV equation

We introduce the Lenard gradient sequence {S;} 7.

KS, =JS .8, =(0,0,1) 5)
0 0 2u, 0 20 0
K=| -0 0 2, +uy) |, J=| 2a 0 0
-u, o, +u, 0 -u, o +u, 0

Let X = (X, X;)"and Y = (Y}, Y,)" be two basic solutions of spectral problems:

al u A B(M)
O =UD,U= Lo, =ve, v = (6)
a +u, —aA " C(m) _A(m)
A" =—a, +> a7, B" =Y b A", C" =Y ¢ A" (7)
=0 =0 =0
then:
0 -1 (& f
W=1(XYT+YXT)( ]:[% fAJ
2 1 0) |4 -¢
satisfies the Lax equation:
w,=[u.w], w, =[v".w] (8)
which implies that det /¥ is a constant independent of x and #,,. From eq. (8), we get:
g =uwh—(a,+u)f, f,=20Af 2§, h =-2a2h+2e, +u,)8 ©)
g, =B"h-C"f, f =24"f-2B"¢, h, =2C"g-24"h (10)
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N+1 N+l N+1

5 — Zgjﬂz\mfj’ J} _ Zj}j;tzvﬂfj’ };: ZﬁjiNHf/"
=0 =0 =0 (11)
KQj—l = ij JO, =0,K0y,, =1
A~ ~ k ~ ~
Q/' :(h/’sf}!gj)T’ QO :lBOSO :ﬂ0(09051)r7 Qk :ZﬁjSk_/‘s k:():l:"'s ;B()SN +"'+1BNSN :O (12)
Jj=0
Set fy = 1 in eq. (12), from egs. (5) and (12), we have:

1
_Eaizuzx + a71ﬂ1 (al + uz)

a (o, +u,)
0= a'y , 0, = Ea’zulx +a' Bu,
B 1
_Ea ”1(a1+u2)+ﬂ2
7 1 = L 1 E
f=a'u](A-n). h=a (&, +u,)[](2-v)) (13)
Jj=1 J=1
By comparing the coefficients of V!, A¥"2 and combining egs. (11) and (13), we have:
| u, a’ (al +”2
—a , — 2 Vv, 14
2% B = Zﬂ, — Z (14)
1 - uxx - X
a{ = Ju (0{1+u2)}+ a’'p “ +8, = z,uj,uk (15)
4 U U J<k
1 L) (o +uy) 1 (4 +u,),
——a | 22y (o + ——a g v 1
4 { a, +u, thien 1) 2 '81 a, +u, g,; , (16)
, e W2
—detW =g*+ fh=](2-4,)=R(2) (17)
j=1
2N+2 ) R
28,8, =- z ﬂ‘j’gl +28,8, + il :Zﬂjlk
j=1 Jj<k
1 22 2N+2
zg,,ﬂz— > AA - (sz (18)
Jj<k

Thus, we get:

2a,[R
lis=NR()s i lip=—a uu,aH( )=l et (1)
s Hj:l,j¢k<’uk _'uj)

A N
Sl =RW)s Bl == (@ +w)v, T (vk —v,)=2ey +u,)8 e, (19)

Jj=lj#k

204/ R (vk)
Hj'/:],j;sk (Vk VY )

Vic
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which gives rise to:

2a,R (1) 2a,/R(v,)

My = N > Vi N (20)
Hj:l,j;tk('uk _'uj) Hj:l,jvtk(vk _Vj)
2|:;U13 _[ﬁ:ﬂj +:31J,Uk +Z”j”k +(i/’lj +ﬂ1]ﬂ1 _ﬁ2:| R(,Uk)
Hu = - /j:: -
H(,‘:l,_/;&k(ﬂk —,uj.)
(21)

j=1 J<k Jj=1
Vi =

t N
Hj:l,j#k(vk _V/)

then (u;, u,) determined by eq. (14) is a solution of eq. (4).
We consider the hyper-elliptic Riemann surface:
2N+2

I: ‘fz =R(ﬂ,), R(ﬂ): H (//L _/Ij )’ ;l'zN+2 =0

_2{%{2 _[ZNZV/ +/;1]vk v, +[§N]v,, +/3.)]ﬁ1 _ﬂ2:| R(v,)

for a fixed point p,, we introduce the Abel-Jacobi co-ordinate:

P :(p,(nl):p,(:)a'”a y(nN): T: m:1;2
with
N N N H 1-1 N b(xn) N N U 1-1
D) 3 [ ¢ AdA - o 24
A (1) ;Ipn @ ;;]{ ./1\/—) P, (x.1) Z ;[ o, kil;}_}[ Jl R

=Ry | R TESTh

In a similar way, we obtain from (20)- (22):
a/pl(j) = Qij)ZZ(CjNJ - ﬁleN—l + ﬁlijN - ﬁZCjN )7axp;j) = _Q(()j) > a/péj) = _Qij)
J=L2,-- N. p=Qx+Qt+y,
N N
p2 = _QO'x—Qlt+723 }/l(j) = ZJ‘M(O)O)wj’yéj) = Zj k(o’O)a)/Qm = (QS)SQ;Z)?""Q;N)y !
=1 Po ? k=1 Po

Vo =y Py

We define an Abel map on I':

N)))Tﬂ m :172

n

A(p) = J.a):a):(wl""vwzv)r’ A(anpk):Z”kA(pk)

Po

N
Consider two special divisors »_ P* (m =1, 2), then we have:
k=1
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(5] Sa-$fomn 50 ]S a5 o

k=1 Po k=1 k=1 Po
with
*) _ d p® =
p =, 8(w)] and py =[u,,&(v,)]
The Riemann theta function of I is defined:
0(&) = . exp(ni(rz,z)+2mi({,z)), { eCY
where ~
g (;19 : ’ < > Zk 15121
Then we have:
z,uj =1- ZResl L AdInF,(2), ZU =I- ZReSl . AdInFy(2)
Jj=1 Jj=1
F,(z")=0" +z(-1)" Z CyD,0™ +0(2*) (23)
=
where

0" =0(p, +M, +1n,)=00,p " + M +nV,...)
It is easy to calculate that:

N
0,0 = "2aC,D,6"™ (24)
Jj=1
Substituting eq. (24) into eq. (23), we have:

%mFm(z"):%a'l(—l)“"lax o™ +o(z) F (z-1)=0;m>+§a-1(—1)*"lax0;m>+o(z2)

m

and
1

Res,_, AdInF, (2)=—a (-0, mg", s=1.2. m=1.2 (25)

where

0" =0 Qx+Qt+m,), 6% =6(-Qx -t +7,)

From eq. (23), we have:

(H N 9(2)

_ 6, _
z,u —I+—a '0 lnem, Zu —1+5a ' lng(z)

J=1 1

(26)

Substituting eq. (26) into eq. (14), we obtain the algebro-geometric solutions of the
coupled KdV-MKdV eq. (4):

6(1) 2N+2 0 91(2) 2N+2 0
u = a0 ZZoexp|a| 20— Y A, |x+u(1)], u, = rE exp|—a| 21— Y A, |x+uy (1) |-a

J=1 J=1
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Nomenclature

t —time, [s]
X — space, [m]
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