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In this work, the fractional power series method is applied to solve the 2-D and 3-D
fractional heat-like models with variable coefficients. The fractional derivatives
are described in the Liouville-Caputo sense. The analytical approximate solutions
and exact solutions for the 2-D and 3-D fractional heat-like models with variable
coefficients are obtained. It is shown that the proposed method provides a very
effective, convenient and powerful mathematical tool for solving fractional differ-
ential equations in mathematical physics.
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Introduction

In this paper, we consider the 3-D fractional order heat-like model:
Df'u = f(x,7.2)D M u+g(x,y,2)Du + h(x,y,2)Dlu (1)

with the initial condition:

u(x,y,z,0)=,ul(x,y,z) (2)
and the 2-D order heat-like model:
Dfu = f(x,y)Dfu + g(x, y)D}u 3)
with the initial condition:
u(xayso):/'l2(x’y) (4)

where u=u(x,y,z,t), 0<a<l, Dju(x,y,z,t) is the Liouville-Caputo fractional deriva-
tive [1], f(x,y,2), g(x,y,z), and h(x, y,z) are any functions with respect to the variables x, y,
and z. In the case of B, =2(j=1,2,3), then eq. (1) reduces to a fractional heat-like equation
with variable coefficients [2].

The fractional power series method (FPSM) have played an important role in solv-
ing the fractional differential equations in applied and engineering sciences [3-6]. The FPSM
was proposed to solve the fractional diffusion equation within Caputo fractional derivative
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[7] and was used to solve the fractional 1-D heat-like equations with variable coefficients [8].
The target of the paper is to solve the 2-D and 3-D fractional heat-like models with variable
coefficients.

The FPS and FPSM
The basic idea of the FPS

A power series of the form:

ch(t_to)na =co+(t—1g)" +c(1—15)*" +---, (5
n=0
is called a FPS about #,, where 0<m—1<a <m, me N, t(t > 1,) is a variable and c, are the
coefficients of the series.
Let the FPS Y;_c,t"* be the radius of convergence, denoted as » > 0. If f(¢) is a
function defined by f(t) =, yc,t" by on 0<¢<r, then for m—1<a<mand 0<¢<r, we
have:

a _ < l—‘(na + 1) (n-Da
Dirn= %c’“ M -Da+1]

For more information for the FPS, [3-8].

(6)

Applications
The FPSM for solving the 3-D fractional heat-like model with variable coefficients
Suppose that the solution of egs. (1) and (2) takes the form:

u(x,y,z,0 = a(x,y, 2" (7)
k=0

where a, (x,y,z), (k=1,2,--+), is denoted as the components of the function u(x, y,z,t), which
will be determined recursively.
Making use of eq. (2), one obtains:
ao(X,y,Z):ﬂl(xay,Z) (8)
From eq. (6), one gets:

o0

a, (x,y,2)l'(ak + 1),a(k—1)

D%(x,y,z,t) = 9
u(X,p,2,0) kzz; Mok —1)+1] )
From eq. (7), it is easy to see that:
D%u=D%ay(x,y,2) +t*DPay(x,y,2) + **DPay (x,y,2) +--- (10)
szu = szao(x,y,z) + t‘”szal (x,y,z)+ tZ“sz a,(X,y,z) +-+- (11)
and
D%u =DPay(x,y,2) +t“DPa (x,,2) + **DP a,(x, y,2) + - (12)

Substituting egs. (9)-(12) into eq. (1), we have:
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- Fka+1) (1) ki f
ak(xayaz)—t =f(x:yaz) t Dxlak(xayaz)+
; Ik -Da +1] kz:(:)
+8(x,3,2) ) 1D} a4, (x,3,2) + h(x,7,2) Y 1D ay (x,,2) (13)
k=0 k=0
Comparing the coefficients of #** in eq. (13), we have:
I -+1
ak(X,yaZ):M(folak—l +ngzak—l +thﬁ3ak—1) (14)
['(ak+1)
such that:
= Ma(k-1)+1]
— ka B B B
u(x,y,z,t)= ) t* ————=(/D'a,_, + gD ?a,_, + hD3a,_ 15
(x,» )kzz(:) T(ak +1) (/D -1 T8V 4 1) (15)
where k=1,2,---.
The FPSM for solving the 2-D fractional heat-like model with variable coefficients
Let us consider the 2-D fractional heat-like model with variable coefficients:
D%u :%(ysz2u+x2Diu), 0<x, y<l, >0 (16)
subject to the initial condition:
u(x,y,0)= (17
In this case, we can write the solutions of egs. (16) and (17) as follows:
u(x,y,0) =Y a (x,y)*" (18)
k=0
Obviously,
ay(x,y) =" (19)
From eq. (6) we present:
Dfu= 3 LEEED g (i
otk -Da+1]
I'Ca+1) « TQ@Ba+l) 2a
=[(a+Da(x,y)+——a,(x, y)t" + ——=a,(x, p)t"" +--- 20
(a+1Da(x,y) F@+) 2 (%, ) TQa+1) 3(x, ) (20)
With the aid of eq. (18), it is easy to see that:
Pu  &olay 4, 0'ay, g ?a, ,
—= " = + 1 + e 21
o’ kz:(:) o’ o’ ox? o’ @l
az_u _N azak,ka _ 0’ay + O o 0ay e (22)

» Sot o o o
Substituting the expansion of egs. (20)-(22) into eq. (16), it follows that:
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I'Ra+1) « TBa+l) 2a
INa+Da(x,y) +——a,(x, )t"  + ———a, (x, )t +---=
( )a, (x,y) T(@+1) (X, ) TQa+1) 5(x,»)
2 2 2 2 2 2
-1 yza—azo+x26—az0 +l yza—il+xza—i} t* +l yza_azz+x28_azz % 4+ (23)
2 ox oy 2 ox oy 2 Ox oy
Comparing the coefficients of egs. (20) and (23), we have:
2 2
4y = OV L 2 Ty 1o 00| niny
Iak+1) |2 Ox 2 Oy
Substituting eq. (19) into eq. (24), we present:
52 32 2
a(x,y)=——, axy)=—""—, a;(x,))=—"", 25
=Ty AN 0y S a0 22)
2
ay(x,y)=—2—, (26)
4o +1)
and so on.
Therefore, we obtain:
2. a 2 2a 2 3a 2 4a
u(r )=y b - YL, @7)
INa+1l) TI'Qa+l) TI'Ga+1) T'(@a+))
If a =1, then we have the exact solution:
22,23 2,4
u(x, y,t)=y* + x*t + y2' + 3 + y4' +---=x"sinhz + y* cosh? (28)

Conclusion

In the present task, the FPSM has been successfully applied to solve 2-D and 3-D
fractional heat-like models with variable coefficients. It is shown that the FPSM is a simple
and effective method for solving exact approximate solutions of fractional partial differential
equations with variable coefficients.
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Nomenclature

k  — natural number, [-] Greek symbols

N - positive integer, [-] a  — fractional order, []
X,y,z— space co-ordinates, [m] B, — fractional order, []
t - time, [s] ! ’
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