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The motion of a non-Newtonian nanofluid over a semi-infinite moving vertical 
plate through porous medium stressed by an external uniform magnetic field with 
heat and mass transfer is investigated. The fluid under consideration obeys Ey-
ring-Powell model. The effects of the physical parameters of the problem such as, 
permeability, chemical reaction as well as the fluid material parameters such as 
Hartmann number, Eckert number, and Reynolds number are discussed. The effects 
of external cooling (Gr > 0) of the plate by the free convection are considered. 
Graphical results are presented to highlight effects of various emerging parame-
ters on velocity, temperature and concentration profiles. 
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Introduction

At the beginning of the 19th century, Maxwell introduced the basic concepts of dis-
persing solid particles in fluids to enhance its thermal conductivity. Maxwell was one of the 
first to analytically investigate conduction through suspended particles [1]. By the end of the 
19th century nanotechnology is widely used in engineering industries. In petroleum engineer-
ing industries, for example, when oil and gas companies turn their attention new search areas. 
Nanotechnology can improve viscosity, density, specific gravity and any other physical prop-
erties of the drilling fluid to overcome any difficulties. Throughout any industrial facility, heat 
is added, removed, or moved from one process stream to another. These processes provide a 
source for energy recovery and fluid heating /cooling. Because of the rising development in 
modern technology, there is a need to develop new types of fluids that will be more effective in 
terms of heat exchange performance. Convectional heat transfer fluids, including oil, water, and 
ethylene glycol mixtures are poor heat transfer fluids, while the thermal conductivity of these 
fluids plays an important role in the heat transfer coefficient between the heat transfer medium 
and the heat transfer surface [2].The thermal conductivity of fluids can be enhanced by adding 
nanoparticles to the base fluids, [3-9].
* Corresponding author, e-mail: samehabdelzaher419@yahoo.com
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In the last few decides many scientists and engineers studied the boundary-layer flow 
over semi-infinite porous plates [10-17] with concentration on the fluid chemical reactions with 
heat and mass transfer under the influence of uniform magnetic field. Rashidi et al. [18] investi-
gated heat the transfer of a steady incompressible water based nanofluid-flow over a stretching 
sheet in the presence of transverse magnetic field with thermal radiation and buoyancy effects. 
Gupta et al. [19] studied the free convection of flow past a linearly accelerated vertical plate in 
the presence of viscous dissipative heat using perturbation method. Kafousias and Raptis [20] 
extended this problem to include mass transfer effects subjected to variable suction or injection. 
Raptis et al. [21] studied the free convection effects on flow past an accelerated vertical plate 
with variable suction and uniform heat flux in the presence of magnetic field. Soundalgekar et 
al. [22] analyzed the problem of free convection effects on Stokes problem for a vertical plate 
under the action of transversely applied magnetic field. The problem of steady laminar MHD 
mixed convection heat transfer about a vertical plate is solved numerically by Orhan Aydin 
and Ahmet Kaya [23] taking into account the effect of Ohmic heating and viscous dissipation. 
Tripathy et al. [24] considered chemical reaction impacts on free convection MHD fluid-flow 
past a moving vertical permeable plate. Turkyilmazoglu [25] studied Soret and Dufour effect 
on MHD flow with heat and mass transfer of an electrically conducting viscoelastic fluid past a 
vertical stretching surface in porous media. 

Although different kinds of fluids are discussed by many researchers, other import-
ant fluids, such as thixotropic fluids, still needs more study. Thixotropic fluid is a fluid which 
takes a finite time to attain equilibrium viscosity when introduced to a steep change in shear 
rate. Eyring and Powell [26] introduced a mathematical model, known as Eyring-Powell 
model, explaining the behavior of these fluids. This mathematical model is used by many 
researchers. Hayat et al. [27] considered heat analysis of Eyring-Powell fluid-flow over a 
continuously moving surface with convective endpoint conditions. Reddy [28] studied the 
flow and heat transfer of Eyring Powell fluid over a continuously moving surface in the pres-
ence of a free stream velocity. Fluids satisfying Eyring-Powell model are studied by many 
researchers, [29-31]

 In this paper we focus on studying the boundary-layer flow of a non-Newtonian 
nanofluid, byes Eyring-Powell model, over a semi-infinite moving vertical plate in the pres-
ence of external uniform magnetic. Using appropriate transformation the governing system 
of PDE of the problem is transformed to a system of ODE. The Mathematica Parametric 

NDSolve package is employed to obtain the results nu-
merically. Moreover the effect of the variation of the 
permeability, chemical reaction, Hartmann number and 
Eckert number on velocity distribution, temperature 
distribution and concentration are obtained and pre-
sented in figures. 

Formulation of the problem

Consider 2-D steady boundary-layer flow of an in-
compressible nanofluid over a moving semi-infinite ver-
tical flat plate. Chose the Cartesian co-ordinate system 
such that the x-axis is taken along the continuous sur-
face direction and the y-axis is normal to it, as shown in  
fig. 1. Let the fluid be influenced by uniform magnetic 
field B = (0, Bo, 0) normal to the moving surface.

U = Uw λ
Tw

T∞

g

Cw C∞

y

x

Bo

Figure 1. Physical model and  
co-ordinate system
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Let U being the velocity of the uniform free stream, Uw = λU being the flat plate veloc-
ity, where λ is the plate velocity parameter. Assume that Tw and Cw are the values of the moving 
surface temperature and concentration, respectively while in the ambient fluid these values are 
T∞ and C∞.

In Eyring-Powell model the stress tensor is written [26]:
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where µ is the dynamic viscosity, β1 and c are the characteristics of the Eyring-Powell model.
Taking in consideration the steady-state flow of the boundary-layer, the governing 

equations of the considered problem:
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The boundary conditions of the problem:
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where u and v are the velocity components along the x- and y-axis, respectively, n – the ki-
nematic viscosity coefficient, α – the fluid thermal diffusivity α = kc/(ρc)f 

and τ = (ρc)p/(ρc)f. 
Where kc, k, ko, and σ are the fluid thermal conductivity, permeability coefficient, the chemical 
reaction, and fluid electric conductivity, ρf, (ρc)f, and (ρc)p are fluid density, fluid heat capacity 
and nanoparticles effective heat capacity, DB and DT are Brownian and thermophoretic diffusion 
coefficients.

Introducing the stream function ψ defined as u = ∂ψ/∂y and v = ∂ψ/∂x , which identi-
cally satisfies the continuity eq. (3), we can write eqs. (4)-(6):
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By introducing the similarity variable η = y(U/2vx)1/2 and the stream function  
ψ = (2Uvx)1/2 f (η) together with θ(η) = (T(η) – T∞) /(Tw – T∞), and the system of eqs. (8)-(10) 
reduces to the following system of non-linear ODE:
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where M is the Hartmann number, K – the permeability parameter, Ec – the Eckert number, 
Le – the Lewis number, Rex – the Reynolds number, γ – the chemical reaction parameter, Pr – 
the Prandtl number, Nb – the Brownian motion parameter, Gr – the Grashof number, Gc – the 
modified Grashof number, Nt – the thermophoresis parameter, and ε, δ are the fluid material 
parameters. Moreover the problem physical quantities (cf is the skin-friction coefficient, Nux – 
the local Nussetl number, and Shx – the local Sherwood number) are defined:
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Also, with the help of the similarity transformations we can write:
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where cf is the skin-friction coefficient, τw – the shear stress, qw – theplate heat flux, qm – the and 
plate mass flux.

Results and discussion

In this problem we studied the motion of non-Newtonian nanofluid with heat and 
mass transfer over a semi-infinite vertical flat plate stressed by a uniform external magnetic 
field. The problem is formulated mathematically by a system of non-linear PDE (3)-(7). Using 
suitable similarity variable the governing eqs. (3)-(7) are transformed into a system of non-lin-
ear ODE (11)-(14). The Mathematica ParametricNDSolve package is employed to solve the 
obtained system (11)-(14) numerically. 

Using the default values of the physical parameters Pr = 1, Rex = 2, Nt = 0.1, Nb = 0.5,  
Le = 2, ε = 1, δ = 0.5, Gr = 0.5, Gc = 0.5, γ = 0.5, λ = 0.2, M = 0.5, K = 0.5, and Ec = 2, the 
velocity, temperature and concentration distributions as well as skin fraction and rate of the heat 
and mass transfer are discussed and illustrated graphically through set of figs. 2-7: 
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Figure 2. Study the variation 
of the velocity distribution, 
temperatures, and concentration 
against the Grashof number
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Figure 2 shows the relation between the velocity f ′(η), the temperature θ(η), and the 
concentration φ(η) with respect to the Grashof number.. It is observed that the Grashof number 
signifies the relative effect of the buoyancy force to the hydrodynamic viscous force in the 
boundary-layer. The positive values of Grashof number correspond to cooling of the plate and 
the negative values of Grashof number correspond to heating of the plate by free convection. 
As expected, it is found that the increase in the Grashof number leads to increase the velocity, 
decrease the concentration and troubled increase in temperature due to enhancement in the 
buoyancy force. 

Figure 3 illustrate the magnetic field effects on velocity, temperature, and concentra-
tion. The Lorentz force introduced by the magnetic field normal to the fluid motion decreases 
fluid velocity. This type of resisting force reduces fluid velocity, increase temperature and de-
crease concentration.

Figure 4 represents the influence of permeability parameter, K, on velocity, tempera-
ture, and concentration. Increasing the permeability parameter increases velocity and tempera-
ture while decreases concentration. The porous media creates huge resistance to fluid-flow and 
consequently minor changes occur in momentum boundary-layer.

Figure 5 illustrate the result of effects of Brownian motion parameter on velocity, 
temperature, and concentration. The study shows that the increase in the Brownian motion 
parameter increases velocity, temperature and decrease fluid concentration. This is due to 
the Brownian motion parameter is a random movement of microscopic particles suspend-
ed in liquids or gases resulting from the impact of molecules of the fluid surrounding the 
particles.

Figure 3. Study the variation 
of the velocity distribution, 
temperatures, and 
concentration against the 
magnetic field 
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Figure 4. Study the variation 
of the velocity distribution, 
temperatures, and 
concentration against the 
permeability parameter 

Figure 5. Study the variation 
of the velocity distribution, 
temperatures, and concentration 
against the Brownian motion 
parameter Nb
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Figure 6. Study the 
variation of the velocity 
distribution, temperatures, 
and concentration against 
the Chemical reaction 
parameter  

Figure 7. Study the variation 
of the velocity distribution, 
temperatures, and 
concentration against the 
Ecert number 
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Figure 6 study the relation between velocity, temperature, and concentration for dif-
ferent values of the chemical reaction parameter. Based in this study the increase in chemical 
reaction γ increases the velocity, temperature and concentration decrees as a result of the con-
verted chemical force into energy.

Figure 7 shows the effect of Eckert number on velocity, temperature and concentra-
tion. The positive values of Eckert number indicates plate cooling, that is, loss of heat from the 
surface to the fluid so that the greater values of viscous dissipative heat cause enhancement 
of temperature and velocity profile as well. In addition, the magnitude of the thermal bound-
ary-layer became large because of viscous dissipation effect. This leads to the increase in veloc-
ity and temperature but decreasing concentration. 

Conclusions

Based on the aforementioned study we conclude the following results.
 y The effects of some physical quantities (Eckert, Prandtl, Lewis, and Reynolds numbers, 

chemical reaction, Brownian motion parameter, thermophoretic parameter, and the fluid 
material parameter it has significant effects on both the velocity, temperature and concen-
tration.

 y The Grashof number signifies the relative effect of the buoyancy force to the hydrodynamic 
viscous force in the boundary-layer.

 y Any increase in the Grashof number increases the velocity but decrease concentration and 
make trouble increase in the temperature due to the enhancement in the buoyancy force.

 y Increasing the permeability parameter increases the velocity profile throughout the bound-
ary-layer. 

 y The presence of porous media creates huge resistance to fluid-flow due to which trifling 
changes occurs in momentum boundary-layer and hence inciting of fluid temperature and 
decreasing in concentration appeared.

 y Increase Eckert number increase fluid temperature and velocity.

Nomenclature

B
→

  – external uniform magnetic field, [kgs–2A–1]
C  – nanoparticle volume fraction, [–]
Cw  – nanoparticle volume fraction  

at the plate, [–]
cf – skin-friction coefficient, [–]
cp – specific heat at constant  

pressure, [JKg–1K–1]
DB  – Brownian diffusion coefficient, [–]
DT – thermophoretic diffusion coefficient, [–]
f  – dimensionless stream function, [–]
Gr  – Grashof number, [–]
Gc  – modified Grashof number, [–]
k – thermal conductivity, [Wm–1K–1]
Le  – Lewis number, [–]
Nb  – Brownian motion parameter, [–]
Nt  – thermophoresis parameter, [–]
Nux  – local Nusselt number, [–]
Pr  – Prandtl number [–]
qw  – plate heat flux, [–]
qm  – plate mass flux, [–]
Rex  – local Reynolds number, [–]

Shx  – local Sherwood number, [–]
T  – temperature, [K]
Tw  – temperature at the plate, [ K]
U  – uniform velocity of the free stream low, [–]
Uw  – uniform velocity of the moving plate, [–]
u, v  – velocity components along x- and y-axes, 

[ms–1]
x, y  – Cartesian co-ordinates measured  

along the wall and normal to it, 
respectively, [–]

Greek symbols

α  – thermal diffusivity, [–]
β*  – coefficient of expansion  

with concentration, [K–1]
β  – coefficient of thermal expansion [K–1cp] 
η  – similarity variable, [–]
θ  – dimensionless temperature, [–]
λ  – plate velocity ratio, [–]
µ  – dynamic viscosity, [kgm–1s–1]
n  – kinematic viscosity, [kgm–1s–1]
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Applications

The most interesting applications of the considered problem are in petroleum indus-
tries, human blood flow, heat and mass transfer and rheology, as follows.
 – The demand of a better drilling fluid increases when oil and gas companies turn their atten-

tion new search areas such as the unstable shale areas and high pressure. Nanotechnology 
can improve viscosity, density, specific gravity and any other physical properties of the 
drilling fluid to overcome any difficulties.

 – Human blood can be treated as a kind of a considered fluid due to the presence of several 
substances like, protein, fibrinogen and globulin in aqueous base plasma.

 – The importance of rheology science comes from its industrial applications where synthetic 
polymers and their solutions in different solvents is necessary for polymers and industrial 
application.

 – A wide variety of industrial processes involve the transfer of heat energy. Throughout any 
industrial facility, heat must be added, removed, or moved from one process stream to an-
other and it has become a major task for industrial necessity. These processes provide a 
source for energy recovery and process fluid heating/cooling.
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