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In this paper, we study and analyze a three-level linear finite difference scheme
for the initial boundary value problem of the symmetric regularized long wave
equation with damping. The proposed scheme has the second accuracy both for the
spatial and temporal discretization. The convergence and stability of the numerical
solutions are proved by the mathematical induction and the discrete functional
analysis. Numerical results are given to verify the accuracy and the efficiency of
proposed algorithm.
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Introduction

As a description of the symmetry for the regularized long wave (RLW) equation, the
symmetric regularized long wave (SRLW) equation is often used for investigating ion-acoustic
waves in plasma, propagations of ion-acoustic waves, solitary waves with bidirectional prop-
agation. This plays a very important role in many physical applications [1, 2]. In recent de-
cades, SRLW equation has drawn more and more attention. For example, the hyperbolic secant
squared solitary waves, four conservative laws and some numerical results are obtained [3].
Guo [4] studied the existence, uniqueness and regularity of numerical solutions for the periodic
initial value problem of the generalized SRLW equation by spectral method. Duan and Zhao [5]
presented some solitary wave solutions and some numerical simulations for the interaction of
solitary waves are shown [6].

In fact, in many actual problems, some non-negligible issues such as the air resistance,
the force of friction and the gravity are must be considered. Therefore, the dissipative SRLW
equation is of great theoretical value and practical significance. In this paper, we consider the
following initial boundary value problem of the dissipative SRLW equation with damping:

u,+p, —ou, +l(u")x -u_, =0, (x,t) e(x,,x,)x[0,T] (1)
pt+uxi))/p=0, (x,1) € (x,,x,)x[0,T] 2)

u(x,0) = (x), p(x.0)= py(x). x €[x,.%,] (3)
u(x,,t) =u(x,,t)=0, p(x,,t)=p(x,,t)=0, t €[0,T] @)
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where v > 0 is the dissipative coefficient, y > 0 is the damping coefficient, and both u,(x) and
po(x) are smooth functions.

If the dissipation is considered, eqs. (1) and (2) is a reasonable model to describe
the nature of the phenomenon of the movement in non-linear ion acoustic waves. Guo and
Shang [8] and Shang and Guo [7, 9] discussed the well-posedness, the global existence and
uniqueness and the long time behavior of the solutions for the periodic boundary value problem
and the initial boundary value problem. Since it is highly difficult to find the analytic solution
of the SRLW equation, various numerical methods were proposed and also applied in other
physical models. Numerical solutions of the dissipative SRLW equation with damping have
been discussed by employing various form of the finite difference method [10], finite element
method [11], and the finite volume method [12, 13]. As far as the finite difference schemes are
concerned, a two-level fully implicit difference scheme [14] and a non-linear conservative dif-
ference scheme [15] are shown in detail. Also, a three-level linear implicit scheme is proposed
in[16, 17].

The finite difference scheme

Firstly, for the do main, [x;, xz] %[0, 7], let & = (xz — x;)/J let be the step size for the
spatial grid, and 7 be the step size for the temporal direction such that x; = x;, + jA(0 <j < J),
t,=nt(n=0,1,2,..,N, N=[T/t].

Denote:

u;l = Z/I()C.,tn), an ~ M()C.,tn), Z;::{U: (Uj)|U0 = UJ: 09] = 0919'“7']_17‘]} and

J J

v, -ur ur-u: un,-un ourt-u

(wx=4ﬁ7¢w%k=J7fixmx=4§7£uwm=—L—4
ko U™ U e 2

2 J J n n\ __ nysn n _ n n n _ n

=t (U ,V>_h;UjVj, vl =(vun), Ju w_lg}3>51|Uj|

We propose a three-level linear finite difference scheme for the initial boundary value
problem (1)-(4):

n n n+ n+ 3 nyp— 1 n— — ""'l
(Uj)t—(Uf)x;Jr(@ ”2)2—0(Uj I/Z)XXJ{E(UJ')[? I_E(Uj i 1}(% zj =0

(%)
j=12-,J-1, n=12-- N-1
1 1
@), +U, ), +yp. 2 =0, j=1,2,---,J -1, n=1,2,---,N—-1 6
J 7t J x 71
U =uy(x), 4 =py(x,), j=0,1,2,,J (7
U'eZz), ¢"€Z, n=0,1,2,-,N )]

Let u(x, ) and p(x, ) be the solution of problem (1)-(4), v} = u(x;, #,) then p} = p(x;, 1,),
the truncation error of (1)-(4) is:

7= ) ol ) e ),

s = (o)), + ("), + 0] (10)
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uy =uy(x)), P =py(x,), j=0,1,2,+,J (11)
u' ez, p'eZ, n=012,-,N (12)

Making use of Taylor expansion, we know that:
|7 [+]s] |= 0" +h) (13)
Holds if 4, 7 — 0.
Convergence and stability

Lemma 1. (Discrete Sobolev inequality [18]) Suppose that U= {U;|;=0, 1, 2,..J} are
any mesh functions defined on the finite interval [x;, xz] . Then, the inequality:

ol < cIl o T+l

holds, where C, is independent of U = {U};|;=0, 1, 2,..J} and A.
Lemma 2. (Discrete Gronwall inequality [18]) Assume {w"|n =0, 1, 2,....N; N<T}
is non-negative sequence and satisfies:
w' <A+ z'z Bw

I=1

where 4 and B(1=0, 1, 2,...,N) are non-negative constants. Then w satisfies:

N
max | w" [< Aexp(ZrZB,j

1<n<N =
for 0 <n < N, where 7 is sufficiently small satisfying:

r(maxB,)S 1/2
1<n<N

Lemma 3. [10] Suppose that u, € H', ppand € L,, then the solutions of the initial
boundary value problem (1)-(4) satisfy:

., <.

|, <C, |p u

Theorem 1. Suppose u, € H', p, and € L,. For sufficiently small temporal step t and
spatial step /4, the solutions of the scheme (5)-(8) converge to the solution of the initial boundary
value problem of eqs. (1)-(4) with the convergence order of O(z> + A?) by the norm || - ||, for U*
and by the norm || - ||,2 for ¢".

Proof. Subtracting (9)-(12) from (5)-(8) and letting ¢} = u; — U}, we have:

< <
L <C, Juf, <c

0

rjn — (6;), _(ejn)x;t +(77;1+1/2 ))e _U(e;Hl/Z )x; +Rj (14)
s =)+ (e ") e (15)

& =0, 7" =0, j=0,1,2,--,J (16)
ez, neZ, n=012,,N (17)

where

3 ny\p— 1 n— - n+ 3 n\p— 1 n— - n+
Ly :{E(“f)p I_E(”f b’ ]}(”/‘ 1/2);_[5((]/ ) I_E(Uf D’ 1}((]1 m)g
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Next, we use the mathematical induction prove the error estimates. From Lemma 3
and eq. (13), there exist constants C,, C,, and, C; which are independent of 7 and £, satisfy that:

n

u

n

Il <C(P+ R, |Is

n

<C,, <C.(*+h), n=12,--,N (18)

It follows from the initial conditions that the following estimates:
|=0. [2*]=0. Jv°], <c. (19)

On the other hand, we must compute U' and ¢' using other methods, for instance, the
finite difference scheme in [16] and have the estimate:

e+l bl ae+ 20)
where C; is also independent of 7 and 4.
Suppose that:
'] +et|+ 7' | < c.* + ), 1= 2,3, m, (< N1y 1)

where C,(/ = 2, 3,...n,) are also independent of 7 and /. By Lemma I and the Cauchy-Schwarz
inequality, we get:

[ <c\/7 B c )< 2C,C (R, 1=1,2, (22)
o], < ||uf||w +||ef||w <c, %coc,(fz “B), 1=23,0m (23)
Taking the inner product of eq. (14) with ¢"*'2, and using the summation by part [18],
we get:
1 oI +l Ik "+ 12,1y = —pler 2 "2 +(7 VY (R, "y =
21l ' ' ’
=—p e);:+1/2||2 +<r",en+”2> —hi[E(U}’ )p—] 1 (U" ])p 1:l( n+1/2 )Y e;m/z _

3 & = p-2-k n n+1/2 n+1/2
5 h2e 2, ()" WU V() e+
Jj=1 =0
+%thle *z(un Iyp-2— k(Un 1) (u;Hl/Z )‘Qe;ﬁr]/z (24)

1 =0

According to Lemma 3 and the mean value theorem, the following result:

t +t t +t
1 1
r.1+l/2 —Mr.H—l/z u(xjﬂ’anHj_u[xj]anij )

(u;+1/2)h _ Ujn o
* 2h 2h
0 t +t
=574 ¥ 2”“ s X Sx <X,
x J J

holds, that is:
<C (25)




Wang, Y., et al.: A Linear Finite Difference Scheme for the Generalized ...
THERMAL SCIENCE: Year 2019, Vol. 23, Suppl. 3, pp. S719-S726 S723

If & and 7 are sufficiently small and satisfy that:
%CO (Ionlax C)T*+h)<1 (26)

then it follows egs. from (23), (25), and (26) and the Cauchy-Schwarz inequality that:

_hZ|: ;- 1 1(U - 1}( 12 )X e}z+1/2 < IE?E‘JXI{%W”H +%|U}11|p—1}h2(€7“/2 )x e}m/z )

<[t s g (%) e
J=1 2

S

SZ{CH+%COmaX(Cn,Cn1)(12+h2)} h2|( ) e

R (o I S e @7
3. & np72 n\p-2—k prnnk [ n+l/2\ /2
‘EhH €; ;(%) wy) (”j ),er <

J-1

_2 k
< %pZ{(c )p—sz [CM +%C0Cn (12 +i? )} C }hze;e;m <
k=0

J=1

P 2[ p—2- k A+1th +1/2 < - 1hz| | w2
k-2 G
el ||] )

<

l\)ILn

n+l

S—(p—l)(Cu +l)p’l[ e

(.

-1 2

%h._ eij( )ka(U ) ( 1/2) el 2 <

M

.

122 o2k n+1/2
<E { ‘:C +-C,C, (T +h )j| }hze/e/ s
k=0
1& p 2- k k+1 o2 <
SDICRCRNN DR
sgw—mq+nﬂﬂllﬁﬂﬂﬂ} 29)
and
(=)=l ve) <o e e +ef ] (30)

Substituting eqgs. (27)-(30) into eq. (24), we get:
(e o (e e 2 <

< r”r" "2 +57(p-1)(C, +1)"" ["e}'{’+1 "2 + "e;’ "2 + "e"“ "2 + "e" "2} (31)

n+l +1
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Similarly, taking the inner product of (15) with #"*'2, we derive that:
T e e RES At B Pk o [
Add (31) to (32) and note that:

<ng+1/z , en+l/2> _ _<e;+1/2 , nn+1/z>
We have:

2 2 2 2 2 2 2 2
n+l n n+l n n+l n n n
(o e e D L o A D S R

n+l

n+l
e €.

el el [ e el ] (33)

+z[5(p-1)(C, +1)"" ][

Summing up (33) from 1 to n, we get:

]| ]| il || 1> 1P 1|2 |k 12 S|k
e[+l [ < eIl [+ =22+ =200+
#3000, + 01| [+ fe [+ ) (34)
k=0
and )
Z'Z"I"k"Z <nr max "rk "2 <T(C.Y (> +h*) (35)
k=1 shsn

n r 2 . 2 , , .
B sl [ <7 ) -
Then, the substitution of eqs. (20), (35), and (36) into eq. (34) leads to:

2 2 2
n+l1 n+l n+l
et ] <

{1+ |+Cl +ny + 12[10(19 -1)(C, + 1)*”’1}[”6»" [+ e[+ ||2}
By Lemma 2, if 7 is sufficiently small satisfy that:

7T< !
20(p-1)(C, +1)""

the following result:

2 2

+

n+l

e){

n+l

e 7711+1

<(C Y(P+M), n=12, ,N-1

+

ZS{T[(Cr)Z n (Cx)z:|+ C? }(z_z e )z Q2TH0(r=1XC D) T <

holds, where

Obviously C,.,, is a constant which is independent of n. Therefore, by the mathemat-
ical induction, we get:

le"|< 0@+, |et|< 0@ +12), |n'| < 0@ + 1), || <0G +#*), n=1.2,...N
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Finally, it follows from Lemma I that:

<O +h*), n=12,---,N

n

e

This completes the proof.

By the same fashion, we can prove the following results and the detail is skipped for
the brevity:

Theorem 2. Under the conditions defined in Theorem 1, the solutions of the scheme
(5)-(8) are unconditionally stable by the norm ||-||., for U" and by the norm ||-||;2 for ¢".

Numerical experiments

When ¢ =0, the damping does not effect and the dissipative term will not appear, so in
the following experiments, the initial function of the problem (1)-(4) can be set in the following
[18, 19]:

1/(p-1)
uy(x) = [—Sp(£+ 1)} sech? _p6_1 x/gx

2| 5p(p+1) vy 2oty P—1
X)=—| —— sech ’ —\/gx
Po(x) 3[ B 5

which come from the generalized SRLW equation:
1
ut+px+;(u”)x—um =0, p,+u =0 (37)

We choose three different group of parameters to compute the error estimate by the
norm |||, and |||, respectively. We take —x; = xz = 20 and T = 20. Since the exact solutions
of egs. (1) and (2) are unknown, we set the numerical solutions on the mesh z = 4 = 1/160 as
the reference solution. For some different 7 and 4, the error comparison between the numerical
solution and the solitary wave solution at different parameters is shown in tab. 1.

Table 1. Error estimates of numerical solution withp=3 and v =y=1.0

R 5l
t=h=0.1 t=h=0.05 | t=h=0.025| z=h=0.1 t=h=0.05 | t=h=0.025
t=04 6.6257¢-4 1.6494¢-4 3.9568e-5 8.7534¢-4 2.1896¢-4 5.1774e-5
=028 1.0342e-3 2.5731e-4 6.0590e-5 1.3412e-3 3.4933e-4 7.9610e-5
u | t=12 1.1678e-3 2.8857e-4 6.8711e-5 1.5475e-3 3.8241e-4 9.1057e-5
t=1.6 1.1717e-3 2.8978e-4 6.9022e-5 1.5890e-3 3.9267e-4 9.3500e-5
t=2.0 1.1032e-3 2.7287e-4 6.4982¢-5 1.5333¢-3 3.7889¢-4 9.0217e-5
t=04 6.5138e-4 1.5532e-4 3.7829e-5 8.1300e-4 2.0953e-4 4.8414e-5
t=028 9.1754e-4 2.2675e-4 5.4504e-5 1.1055e-3 2.8065¢e-4 6.8709e-5
p | t=12 9.7255¢e-4 2.4053e-4 5.7285e-5 1.1550e-3 2.8561e-4 6.8016e-5
t=1.6 9.3766e-4 2.3200e-4 5.5281e-5 1.1394e-3 2.8178e-4 6.7107¢-5
t=2.0 8.8385¢-4 2.1894¢-4 5.2164e-5 1.1036¢-3 2.7296¢-4 6.5008¢-5

From these results, the stability and convergence of the scheme are verified. And it
shows that the proposed algorithm is effective and reliable.
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