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The biharmonic equation are frequently encountered in CFD. In this investigation,
the biharmonic equation in the semi-infinite domains is addressed using a new
Fourier-like integral transform proposed in [1]. The properties of the new Fouri-
er-like integral transform are expanded in this article. Meanwhile, the analytical
solutions for the biharmonic equation in the semi-infinite domains are found. This
demonstrates the new Fourier-like integral transform is an efficient and accurate
method to clarify mathematical physics problems described by PDE.
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Introduction

The biharmonic equation (BE) derived from the mathematical model in fluid dy-
namics have an extensive application background in science research and engineering tech-
nology. Accordingly, there is growing concern about the improvement on calculation meth-
od for BE [2-7]. Mathieu [8] suggested the method of successive approximations for solving
the BE and proved its convergence for a square plate. Using the Jacobi-Galerkin approxima-
tions, Doha and Bhrawy [9] solved the BE under the first and second boundary conditions.
The 2-D BE for the semi-infinite elastic medium in the absence of the body force was set-
tled [10]. Those methods effectively solved the BE for certain boundary conditions. Howev-
er, some boundary conditions are still challenging to deal with, thus the method of solving
BE under certain boundary conditions is also need to continuously improve and innovate.

The integral transform (IT) has become an increasingly widespread application in solv-
ing the PDE. Currently, the conventional IT of three types, e. g., Laplace transform (LT) [11,
12], Fourier transform [13, 14], and Sumudu transform (ST) [11, 15], were widely used in
solving the PDE arising from mathematical physics. In recent years, many scholars also applied
IT to solve the BE [10, 16, 17]. Still, there are unresolved boundary question for actual engi-
neering. In view of the aforementioned facts, we have focused on a new Fourier-like IT termed
Fourier-Yang IT proposed [1] to handle PDE on steady heat transfer. The proposed IT was
subsequently applied to solved the 1-D heat diffusion equation [18]. Those applications demon-
strate that the Fourier-Yang integral transform can serve as a new effective method for solution
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of the PDE. Therefore, the object of this paper is to solve the BE in semi-infinite medium based
on the Fourier-Yang integral transform.

The new Fourier-like integral transforms

The Fourier-like integral transform of 4(¢), denoted by 9(x), is defined as, see [1]:

r[om]=« j O(t)e ™ dt (1)
where /" is called the Fourier-like integral transform operator or the Fourier-Yang transform
operator. ~

The inverse Fourier-like integral transform of $(x) is defined by:
T E 1 T8 (x) ,
' 9 (x)|=— | 2—e"dx 2

(800 )= [ )

_ The properties of the Fourier-like integral transform are presented,;
(T1) If 9, () = T'[H()] and $»(xc) = I'[H(?)] then we have [1]:

I[ad (t)+b3,(1)] = ad (k) +b3,(x) (3)

where a and b are constants.
(T2) Let I'TX#)] = $(x). Then we have:

r[s(m)]=9(£) )
a
where a is a constant greater than zero.
Proof. We present:
T[9(at)] =« j Hat)e ™ dt (5)
Taking x = at, we have: B
r[gan]== [ 9(x)e @ dx = 9(5j (6)
a:, a
For a <0, it is easily obtained that:
r[s(an)] :_g(fj )
a
(T3) Let [[%(1)] = 9(x). Then we have:
C[9(t£1,)] =" (k) (8)
Proof. We have:
T[9+1,)]=x j It +1,)e ™ dt ©))

Taking x = at gives:

r[9(+1,)]=x j I(x)e ) dx

+00 i
— eiiK[OK'J. g(x) e—il(xdx
—00

= " J(x) (10)
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(T4) Let T[%(1)] = 9() and lim ) (¢)=0(m=0,1,---n-1). Then:
r[9<">(t)] = (ix)" (x) (11)
where $(¢) is the derivative of 3 of order n with respect to .
Proof. For n=1, we have [18]:
1"|:l9(1) (l):| — Kj 3(1)(t)e—ixtdt
=9 ™| +ix® j I(t)e ™ dt
= ixkd(k) (12)
Generally:
r[ 9@ ] =il [ 8 ()] = (ix) r[go’*) (t)] = (ix)" 9(x) (13)
(T5) Suppose I[%#)] = I(x) and 0(1) = j 9(¢)dt. Then we have:
e .
r[om]= E3(;<) (14)
Proof. We get:
r[6(n)] =« j O(t)e ™ dt
1 —ixt ” 1 N —iKt
=——0()e ™| +- j Ht)e ™ dt
i I
_1 g(K)
ik (15)
(T6) If $1(x) = T[%(#)] and %y(x) = T'[%(¢)], then we have:
1~ =~
1"[191(t)192(f)]=;191(f<)92('<) (16)
where the convolution of 3(¢) and $(¢) is defined:
81080 = [ §(0)% (- x)dx (17)

Proof. We have:
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[ 080)=x T (8%)(0)e ™ dt

= KT UO 3,(x) 9, (t - x)dx}e”"dt

—0

= KT 3 (x) {T 9 (- x)e""“dt}b-

- Tsl ()3, ()e ™ dx

—o0

- Lawam (8)
K
(T7) Let %(¢) = 6(¢). Then, see [1]:
d(x)=T[s()]=k (19)
where d(¢) is the Dirac function.
(T8) If (¢) = sgn(?), then we have:
3, (x) =T [sgn(t)] = -2i (20)

where sgn(?) respects the sign function defined by [10]:

o 1 >0 1)
sgn(t) =
g -1 <0
Proof. With the aid of exponential decay function defined by [19]:
e’ >0
1) =e"u(t)= , a>0 22
Q) Q) { 0 /<0 (22)
it is easily obtained:
+o0
_(a+i k
T N =k (a-Hk)tdt —
[/®)] { e — (23)
Meanwhile, the sign function sgn(¢) can be written as, see [20]:
sgn(?) = lim e “u(t) — lim e~ “u(~t) (24)
a—0 a—0
Hence:
F[sgn(t)] = lim k__ lim k = 2 (25)

a—>0a+ik a>0a-—ik i
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Solving PDE in semi-infinite domains
We consider the BE in the semi-infinite domain, see [10]:
4 4 4
OV 2 OV OV o 50 (26)
Ox ox“y” Oy
which can be presented symbolically:
Vi =0 (27)
subject to the boundary conditions:
o’y o’y
=— , =0, x=0 28
P p(y) . x (28)
By taking the Fourier-Yang IT with respect to y, we present in the form:
& ’
(aj V= @)
subject to the initial value:
w00 =50, () ] o (30)
dx x=0
where I'[y(x, y)] =y (x, ) and I'[p(y)] = p ().
In view of eq. (29), we obtain its bounded solution in the following form:
y?(x,rc):(A+Bx)exp(—|K|x) (31)
where A and B are constants to be determined.
It follows from eq. (30):
p(k p(k
A=p(2)= PyL) (32)
K g
Hence, eq. (31) can be expressed:
. Pk
v (x,x)= 152 )(1+|K|x)exp(—|rc|x) (33)
Application of the inverse transform of the new IT for eq. (33) gives:
1 ¢ p(k) .
l//(x,y)=E:[OT(l+|K|x)exp(z/<y—|K|x)dK (34)
In particular:
r(y)=Fo(y) (35)
it is easily obtained from eq. (19):
p(k)=h k (36)

where P, is a constant.
Substituting this value into eq. (34), we obtain:
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1 FP
l//(x,y):— I —2(1+|K|x)exp(i/(y—|fc|x)d/c

2n Y Kk
R
= F(1+Kx)cos(ky)exp(—KX)dK (37)

0

This result is agreement with the solution in [10].
Another special case is:

p(y)=sgn(y) (3%)
so that:
p(k)=-2i 39)
In view of eq. (34), the solution becomes:
i1
,y)=— | —(1 iKYy — d
w(xy) n;[orc2< +|K|x)exp(z/cy |K‘|x) K
201
== | = (1+xx)cos(ky)exp(—xx)dx (40)
T YK
Conclusion

In this paper, some properties of the new IT were developed. It was used to find the
analytical solutions of the BE in semi-infinite domains. The results are in agreement with those
of Fourier transform and Laplace transform. The technology can solve the PDE in mathematical
physics accurately and efficiently.
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Nomenclature

a — the space co-ordinate, [m] X — the space co-ordinate, [m]
sgn(f) — the signal function

¢ — time, [s] Greek symbol

y — the space co-ordinate, [m] o(t) —the Dirac function
References

[11 Yang, X. J., New Integral Transforms for Solving a Steady Heat Transfer Problem, Thermal Science, 21
(2017), Suppl. 1, pp. S79-S87

[2] Zhuang, Q. Q., Chen, L. Z., Legendre-Galerkin Spectral-Element Method for the Biharmonic Equations
and its Applications, Computers and Mathematics with Applications, 74 (2017), 12, pp. 2958-2968

[3] Abdulhadi, Z., et al., On Some Properties of Solutions of the Biharmonic Equation, Applied Mathematics
and Computation, 177 (2006), 1, pp. 346-351

[4] Yang, C., Li, X. L., Meshless Singular Boundary Methods for Biharmonic Problems, Engineering Analy-
sis with Boundary Elements, 56 (2015), July, pp. 39-48

[5] Liu, C.S., A Multiple-Scale Trefftz Method for an Incomplete Cauchy Problem of Biharmonic Equation,
Engineering Analysis with Boundary Elements, 37 (2013), 11, pp. 1445-1456

[6] Ghosh, A., Daripa, P., The FFTRR-Based Fast Decomposition Methods for Solving Complex Biharmonic
Problems and Incompressible Flows, Journal of Numerical Analysis, 36 (2015), July, pp. 824-850



Gao, L., et al.: Analytical Solutions of Biharmonic Equation by the ...
THERMAL SCIENCE: Year 2019, Vol. 23, Suppl. 3, pp. S765-S771 S771

[71 Gomiko, A. M., A Dirichlet Problem for the Biharmonic Equation in a Semi-Infinite strip, Journal of
Engineering Mathematics, 46 (2003), 3-4, pp. 253-268

[8] Mathieu, E., Théorie de [’élasticité des corps solides, Gauthier-Villars, Paris, 1890

[9] Doha, E. H., et al., Efficient Spectral Ultraspherical-Galerkin Algorithms for the Direct Solution of 2-Or-
der Linear Differential Equations, Applied Mathematical Modelling, 33 (2009), 4, pp. 1982-1996

[10] Debnath, L., Bhatta, D., Integral Transforms and Their Applications, CRC Press, Boca Raton, Fla., USA,
2014

[11] Yang, X.J., ANew IT Method for Solving Steady Heat-Transform Problem, Thermal Science, 20 (2016),
Suppl.3, pp. S639-S642

[12] Eltayed, H., Kilicman, A., A Note on Solutions of Wave, Laplace’s and Heat Equations with Convolution
Terms by Using a Double Laplace Transform, Applied Mathematics Letters, 21 (2008), 12, pp. 1324-1329

[13] Almeida, D., et al., Use of Fourier Transform Infrared Spectroscopy to Monitor Sugars in the Beer Mash-
ing Process, Food Chemistry, 263 (2018), Oct., pp. 112-118

[14] Vasily, E., Tarasov, Exact Discretization by Fourier Transforms, Commun Non-linear Sci Numer- Simulat,
37(2016), Aug., pp. 31-61

[15] Watugala, G. K., Sumudu Transform: A New IT to Solve Differential Equation and Control Engineering
Problems, Integrated Education, 24 (1993), 1, pp. 35-43

[16] Feng, Q., Jiang, B. S., Analytic Solution for Stress and Deformation of Sope Floor Based on Integral
Transform, Rock and Soil Mechanics, 36 (2015), 12, pp. 3482-3488

[17] Zhang, M., et al., Calculation of Elastic Moduli of Divided Layer from Rock Deformation Test and Its
Application Geotechnical Engineering, Journal of Yangtze River Scientific Research Institute, 20 (2003),
6, pp. 41-43

[18] Zhang, J. G., The Fourier-Yang Integral Transform for Solving the 1-D Heat Diffusion Equation, Thermal
Science, 21 (2017), Suppl. 1, pp. S63-S69

[19] Dong, G. M., and Shu, L. C., Research Progress and Prospects of Ground-water Flow Attenuation Equa-
tion, Hydrogeology and Engineering Geology, 41 (2014), 4, pp. 45-51

[20] Cordero, A., et al., Numerically stable improved Chebyshev-Halley type Schemes for matrix sign func-
tion, Journal of Computational and Applied Mathematics, 318 (2017), July, pp. 189-198

Paper submitted: May 10, 2018 © 2019 Society of Thermal Engineers of Serbia
Paper revised: June 25, 2018 Published by the Vinca Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: August 25, 2018 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions



