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The biharmonic equation are frequently encountered in CFD. In this investigation, 
the biharmonic equation in the semi-infinite domains is addressed using a new 
Fourier-like integral transform proposed in [1]. The properties of the new Fouri-
er-like integral transform are expanded in this article. Meanwhile, the analytical 
solutions for the biharmonic equation in the semi-infinite domains are found. This 
demonstrates the new Fourier-like integral transform is an efficient and accurate 
method to clarify mathematical physics problems described by PDE.
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Fourier-Yang integral transform, fluid dynamics

Introduction 

The biharmonic equation (BE) derived from the mathematical model in fluid dy-
namics have an extensive application background in science research and engineering tech-
nology. Accordingly, there is growing concern about the improvement on calculation meth-
od for BE [2-7]. Mathieu [8] suggested the method of successive approximations for solving 
the BE and proved its convergence for a square plate. Using the Jacobi-Galerkin approxima-
tions, Doha and Bhrawy [9] solved the BE under the first and second boundary conditions. 
The 2-D BE for the semi-infinite elastic medium in the absence of the body force was set-
tled [10]. Those methods effectively solved the BE for certain boundary conditions. Howev-
er, some boundary conditions are still challenging to deal with, thus the method of solving 
BE under certain boundary conditions is also need to continuously improve and innovate.  
 The integral transform (IT) has become an increasingly widespread application in solv-
ing the PDE. Currently, the conventional IT of three types, e. g., Laplace transform (LT) [11, 
12], Fourier transform [13, 14], and Sumudu transform (ST) [11, 15], were widely used in 
solving the PDE arising from mathematical physics. In recent years, many scholars also applied 
IT to solve the BE [10, 16, 17]. Still, there are unresolved boundary question for actual engi-
neering. In view of the aforementioned facts, we have focused on a new Fourier-like IT termed 
Fourier-Yang IT proposed [1] to handle PDE on steady heat transfer. The proposed IT was 
subsequently applied to solved the 1-D heat diffusion equation [18]. Those applications demon-
strate that the Fourier-Yang integral transform can serve as a new effective method for solution 
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of the PDE. Therefore, the object of this paper is to solve the BE in semi-infinite medium based 
on the Fourier-Yang integral transform. 

The new Fourier-like integral transforms

The Fourier-like integral transform of θ(t), denoted by ϑ
~
(κ), is defined as, see [1]: 

 [ ]( ) ( ) di tt t e tκθ κ θ
+∞

−

−∞

Γ = ∫  (1)

where Γ is called the Fourier-like integral transform operator or the Fourier-Yang transform 
operator.

The inverse Fourier-like integral transform of ϑ 
~
(κ) is defined by: 
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The properties of the Fourier-like integral transform are presented;
(T1) If ϑ

~
1
 
(κ) = Γ[ϑ 1(t)] and ϑ

~
2(κ) = Γ[ϑ 2(t)] then we have [1]:

 [ ]1 2 1 2( ) ( ) ( ) ( )a t b t a bϑ ϑ ϑ κ ϑ κΓ + = +   (3)

where a and b are constants.
(T2) Let Γ[ϑ (t)] = ϑ 

~
(κ). Then we have:

 [ ]( )at
a
κϑ ϑ  Γ =  
 
  (4)

where a is a constant greater than zero.
Proof. We present: 
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Taking x = at, we have: 
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For a < 0, it is easily obtained that: 
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(T3) Let Γ[ϑ (t)] = ϑ 
~
(κ). Then we have:
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Proof. We have:
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(T4) Let Γ [ϑ (t)] = ϑ 
~
(κ) and ( ) ( ) ( )lim 0 0,1, 1m

t
f t m n

→−∞
= = − . Then:

  ( ) ( ) ( ) ( )n nt iϑ κ ϑ κ Γ = 
  (11)

where ϑ (n)(t) is the derivative of ϑ  of order n with respect to t.
Proof. For n = 1, we have [18]:
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Generally:
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(T5) Suppose Γ[ϑ (t)] = ϑ 
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(κ) and ( ) ( )d
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(T6) If ϑ
~

1(κ) = Γ[ϑ 1(t)] and ϑ 
~

2(κ) = Γ[ϑ 2(t)], then we have:

 [ ]1 2 1 2
1( ) ( ) ( ) ( )t tϑ ϑ ϑ κ ϑ κ
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where the convolution of ϑ 1(t) and ϑ 2(t) is defined:

 1 2 1 2( ) ( ) ( ) ( )dt t x t x xϑ ϑ ϑ ϑ
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Proof. We have:
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(T7) Let ϑ (t) = δ(t). Then, see [1]:

 [ ]1( ) ( )t kϑ κ δ= Γ =  (19)

where δ(t) is the Dirac function.
(T8) If ϑ (t) = sgn(t), then we have:
 [ ]1( ) sgn( ) 2t iϑ κ = Γ = −  (20)

where sgn(t) respects the sign function defined by [10]:
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Proof. With the aid of exponential decay function defined by [19]:
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Meanwhile, the sign function sgn(t) can be written as, see [20]:
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Solving PDE in semi-infinite domains

We consider the BE in the semi-infinite domain, see [10]:

 
4 4 4

4 2 2 42 0, 0
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+ + = >
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 (26)

which can be presented symbolically: 
 4 0ψ∇ =  (27)

subject to the boundary conditions:
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By taking the Fourier-Yang IT with respect to y, we present in the form:
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subject to the initial value:
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where Γ[ψ(x, y)] = ψ~ (x, κ) and Γ[p(y)] = p~ (k).
In view of eq. (29), we obtain its bounded solution in the following form:

 ( ) ( ) ( ), expx A Bx xψ κ κ= + −
 (31)

where A and B are constants to be determined.
It follows from eq. (30):
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Hence, eq. (31) can be expressed:
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Application of the inverse transform of the new IT for eq. (33) gives:

 ( ) ( ) ( ) ( )3
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2
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In particular:
 0( ) ( )p y P yδ=  (35)

it is easily obtained from eq. (19):
 ( ) 0p k P k=  (36)

where P0 is a constant.
Substituting this value into eq. (34), we obtain:
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This result is agreement with the solution in [10].
Another special case is: 

 ( ) sgn( )p y y=  (38)
so that:
 ( ) 2p k i= −  (39)

In view of eq. (34), the solution becomes:
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Conclusion

In this paper, some properties of the new IT were developed. It was used to find the 
analytical solutions of the BE in semi-infinite domains. The results are in agreement with those 
of Fourier transform and Laplace transform. The technology can solve the PDE in mathematical 
physics accurately and efficiently.
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Nomenclature

a  – the space co-ordinate, [m]
sgn(t) – the signal function
t  – time, [s] 
y  – the space co-ordinate, [m]

x  – the space co-ordinate, [m]

Greek symbol

δ(t)  – the Dirac function
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