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Under investigation in this paper is a new and more general non-isospectral and
variable-coefficient non-linear integrodifferential system. Such a system is Lax in-
tegrable because of its derivation from the compatibility condition of a general-
ized linear non-isospectral problem and its accompanied time evolution equation
which is generalized in this paper by embedding four arbitrary smooth enough
functions. Soliton solutions of the derived system are obtained in the framework of
the inverse scattering transform method with a time-varying spectral parameter.
1t is graphically shown the dynamical evolutions of the obtained soliton solutions
possess time-varying amplitudes and that the inelastic collisions can happen be-
tween two-soliton solutions.
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Introduction

Non-linear PDE are often related to some non-linear natural phenomena, for example
the celebrated Korteweg-de Vries (KdV) shallow-water wave equation which is used to de-
scribe the soliton phenomena is first observed by Russell [1]. In soliton theory, the non-isospec-
tral PDE are a kind of non-linear equations describing the solitary waves in a certain type of
non-uniform media, while the isospectral PDE often describe solitary waves in lossless and
uniform media. Recently, the investigation on derivations and solutions of non-isospectral PDE
has attached much attentions [2-15]. In 2017, by introducing a new spectral parameter ik, = 0.5
+ ik —2k*, Zhang and Hong [11] generalized the linear isospectral problem [3]:

—ik
o2 1) o
and its time evolution equation:
A B
4 = Ng. N:[c _Aj @)

where 7 is the imaginary unit, £ — the spectral parameter independent of x, ¢ = q(x, £), ¥ = r(x, ?)
and their derivatives of any order with respect to x and 7 are smooth functions which vanish as
x tends to infinity, and 4, B, C are undetermined functions of x, ¢, ¢, r, and .
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Starting from egs. (1) and (2) equipped with the parameter ik, = 0.5 + ik —2k*, Zhang
and Hong [11] derived a non-isospectral integrodifferential system:

{QJ _ [—2qx —xq,, +2q0"'qr+2xq°r + q+xq, — xq —tqj
r

€)

-1 2
2r +xr, —2r0 qr—2xqr° +r+xr, +xr+tr

In the present paper, we would like to consider a new and more general non-isospec-
tral and variable-coefficient integrodifferential system:

q) _(aq,+B.(-2q, —xq, +2q0"'qr+2xq°r)+ B,(q + xq,) - fyxq
r), ar. + B,2r +xr — 2r6"qr - 2xqr2) + B, (r+xr,)+ fyxr

(4)

where a = a(?), fo = po(t) , f1 = pi(¢) and S, = p,(¢) are arbitrary smooth enough functions of z.
There are maily three starting points of this paper: the first one is to derive system (4) by equip-
ping egs. (1) and (2) with the generalized spectral parameter, & [12]:
1 2
ik, =3 B,Qiky 5)
s=0

and the new generalized function, A4:
—-B 2
4=0"(ng)| . |- aih 5|3 p.iky |x (6)
c) 2 213

the second one is to extend the inverse scattering transform (IST) with the time-varying spectral
parameter (5) for constructing soliton solutions of system (4). The last one is to gain some in-
sights into the dynamical evolutions of the obtained soliton solutions. To the best of our knowl-
edge, such a system (4) is new and the IST has not been extended to system (4).
Derivation
Firstly, from the compatibility condition of egs. (1) and (2) we have:
A =qC—-rB—ik,, q, =B +2ikB+2qA, r, =C, —2ikC—-2rA (7)

which can be simplified:

-B -B - 2 —X
[ij - L( . ]—21'1{ . J+a(2ik)[ r"j{;ﬂs (Zik)s}[ xrq] (8)

by using egs. (5) and (6).
Secondly, we suppose that:

)3 e ©)

s=1 s

and substitute eq. (9) into eq. (8) and then have:

(2ik)° :(ZJ - L(_csz+ B, (_x’;qj (10)

(2ik)' :(_csz = L(_Cle+ B (‘;"jm[_rqj (11)
b _

(2iky’ :( . ‘J= ﬂz( xxfj (12)

by comparing the coefficients of 2ik in eq. (8). Here the operator L is defined by:
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L=00+2 o o= |dx-|dx|, o= 13

R IO S M I

Finally, from eqgs. (10)-(12) we obtain system (4), which is Lax integrable.

Soliton solutions

Based on egs. (1), (2), and (5) and the results in [2, 8-13], we have exact solutions:

sz (x: x’ t)

x,t)=-2K, (x,x,t), r(x,t)=
q(x,1) (2%, 1), r(x,0) X, (o)

(14)

where K(x, y, £) = [K, (x, , 1), K; (x, y, )] satisfies Gel’fand-Levitan-Marchenko integral equation:
0) = 0% _
KCoyn=| | [Fa+pn+ | [Fz+x.0F(z+y,1)dz +

+TK(x,s,t)TF(z +5,0)F(z+ y,t)dzds = 0 (15)

and

i l)(‘( =~ 1 1= — il ;— —iK;x
F(x, t)_—jR(k t)e’“dk+Zc2 : F(x,t):EjR(k,t)e ’“dk—z;cfe o (16)
—o0 J=

are determined by the scattering data:

{Kj(t),cj(t),R(k,t)—ZEZ ’; =12, } {K‘ 0,2, (1), R(k, t)—Zgi 2 m-l,2,--~,ﬁ} (17)

which possess the following time-dependence:

;2
K (0 ==2 D 120k, OF i (1) ———Zﬂ 2ifc, (O] (18)
5=0
j'{ﬂl (w)+2irc; (W)l (w)+2 8, ()]} dw j'{ﬂl (w)+2iR; (W)t (w)+2 85 ()]fdw
(1) = (0)e’ . T =C (0)e’ (19)

a(k.0) = a(k.0), and when b(k.f) = b(k,0)e =1 0
a(k,t) = a(k,0), B(kot) =B (k,0)e 0“0

where ©2(0), £5,(0), ¢0), ¢ (0), R(k, 0) = b(k, 0)/a(k, 0) and R(k, 0) = b(k, 0)/a (k, 0) are the
scattering data of the generalized spectral problem (1) in the case of [g(x, 0), 7(x, 0)]"
To construct soliton solutions, as did in [2] we set R(k, {) = R(k, ) = 0 and have:

K, (x,y,t) = =te[ W (x, ) A(x,)A" (3, 1)] )1
K,(x,y,t)= itr[W’l(x, HE(x, t)A(x,t)/_\T (»,0] @h

Then we obtain the following n-soliton solutions of system (5):

q(x, 1) = 2tr[ W (x, ) A(x, )AT (x,1)] (22)
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% tr |:W_1 (x,6)P(x,t) % P’ (x, t):l

) o)A DA (5]

(23)
where tr(-) denotes the trace of a given matrix, £ is a 7 X 77 unit matrix and
A =[G (0 ey (D" oo, (0 T, K =[G (0™ G, (0™ .5, (™™ (24)

W(x,0)= E+P(x,)P" (x,0), P(x,1)= {—C’ €0 . )*} (25)
K. —K

J m
Particularly, when n =n=1 eqgs. (22) and (23) give the one-soliton solutions:

ik, (;)xff (B (w)+2iR; (W) a(w)+26, (w)]ydw

2¢.(0)e 0
q = t
0y (0) moR (O [ 2 (0)-, ()] () +2 (W) (26)
Iy — "¢ !
[Kl -k (t)]
2ixlx+j{ﬂ1 (wW)+2ixc; (W)l a(w)+2 B, (w)]}dw
2¢7(0)  °

r=

cl2 (O)Z’lz (0) 2ilx (1)=& (l)]X+_:[{2i[K/(W)—'?| (W)]la(w)+2 5, (w)l}dw (27)

[,() — & ()T

where x,(f) and x,() are , respectively, determined in eq. (18).

In figs. 1-5, the spatial structures and dynmical evolutions of the one-soliton solutions
(26) and (27) are shown by selecting x,(0) = 1, x,(0) = 0.5, ¢,(0) = -0.1, ¢,(0) = 0.2, o = £,
ﬁ() = 1,ﬂ1 = 1, andﬂ2 =1.

The spatial structures and dynmical evolutions of the two-soliton solutions deter-
mined by egs. (22) and (23) are shown in figs. 6-10, where x;(0) = 1, x;(0) = 0.2, x»(0) =—1.2,
1(0) =-0.5, ¢1(0) =-0.3, ¢,(0) =—0.5, c,(0) = 1, ¢5(0) = 2 and the others are same as figs. 1-5. It
is easy to see from figs. 1-10 that the one-soliton solutions and the two-soliton solutions possess
time-varying amplitudes. Besides, the inelastic collisions happen between two-soliton solutions.

Figure 1. Spatial structures of one-soliton solutions (26) and (27)
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Figure 2. Dynamical evolutions of one-soliton solution (26) at times; (a) t=-1, (b) =-0.4
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Figure 3. Dynamical evolutions of one-soliton solution (26) at times; (a) t=0.3, (b) =0.5
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Figure 4. Dynamical evolutions of one-soliton solution (27) at times; (a) t=-1, (b) =-0.2

Conclusion

In summary, we have derived and solved the non-isospectral and variable-coefficient
integrodifferential system (4). The arbitraryness of the smooth functions a = a(f), fo = So(?),
b1 = pi(t), and B, = p,(?) in the obtained n-soliton solutions provides with freedom to diss-
cuss the dynamical evolutions of solutions. It is shown when n = 1 and n = 2 the one-soliton
solutions and the two-soliton solutions possess time-varying amplitudes and that the inelastic
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collisions can happen between two-soliton solutions. To the best of our knowledge, system (4)

and solutions (14), (22), and (23) have not been reported in literatures. How to extend the IST

method to the non-linear PDE with non-integer derivatives [16-18] is worthy of study.
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Figure 6. Spatial structures of two-soliton solutions determined by (22) and (23)
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Figure 7. Dynamical evolutions of two-soliton solution determined by (22) at times;
(a)t=-0.1, (b) t=10.1
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Figure 8. Dynamical evolutions of two-soliton solution determined by (22) at times;
(@)t=03,(b)t=04
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Figure 9. Dynamical evolutions of two-soliton solution determined by (23) at times;
(a)t=-0.3, (b) t=-0.2
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Figure 10. Dynamical evolutions of two-soliton solution determined by (23) at times;
(a)t=-0.1,(b)t=0.5
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Nomenclature

d/dt  — the first derivative, [-] K — ositive integer, [—]

E — A X punit matrix, [—] T — transposition, [—]

e — the base of natural logarithms, [—] t — time, [s]

i — imaginary unit, [—] X, y, z — displacements, [m]

j — natural number, [—]

k — spectral parameter, [] Greek symbol

M, N — matrices, [] s — circumference ratio, []

n,n —positive integers, [—]
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