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Consider the non-linear local fractional heat equation. The fractional complex
transform method and the Adomian decomposition method are used to solve the
equation. The approximate analytical solutions are obtained.
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Introduction
In present investigation, we consider the following non-linear local fractional heat
equation: ) y .
Tulnt) FAED (2 4 s n
with the conditions:
u(x,0) = @(x) (2)

where £ is a constant, 0“u/0t* and 0*%u/0x% are the local fractional derivatives [1-5] (0 <a <1,
0<p<1), p(x) and f{x, f) are given functions.

The classical heat equation is one of the most important PDE to model problems
in mathematical physics [6-15]. The non-linear local fractional heat equation can be used to
model the fractal electromagnetic radiation, the fractal seismology, the fractal acoustics and so
on [1-5].

The linear heat equation involving local fractional derivative operators have been in-
vestigated over the last decade. In case of k=0, a = §, the eq. (1) have been solved by applying
the local fractional series expansion method and the local fractional variational iteration method
[1-3]. The main objective of the present paper is to solve the problems (1)-(2) by means of the
complex transform and Adomian decomposition method (ADM) [16, 17].

Preliminaries
Local fractional derivative

In this section, we give some definitions and properties of local fractional derivative,
for more detail see [1-5].
Definition 1. For arbitrary ¢ > 0, assume that the relation below exists:

£ ()= f(x,)] < & 3)
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with |x — xo| < J. Then f{x) is called local fractional continuous at x, which is denoted by
lim f(x) = fix,). If f{x) is local fractional continuous on the interval (a, b), it is denoted:

f(x)eC,(a,b)

Definition 2. Let f(x) € C,(a, b) In fractal space, the local fractional derivative of f{x)
of order at the point x = x, is given by:

:f(ﬂl)(xo) = lim Aa[f(x)_f(xo)]

“rixy= 3
DY f(x,) = o S(x) x o ) (4)

=Xy

where
ALf ()= f(xp)]=T(a@+DLf(x) = f(x)]

Local fractional partial derivative of high order is defined in the form:

k times

k
o f(x,t) 0% 0% 0"
A S Jt
o ox” ox“  ox” S8 )
The following formula on local fractional derivative hold true:
da Y a
O ppgete o ©)

where there exist f"[g(x)] and g“(x).

Adomian decomposition method
To illustrate Adomian decomposition method [16], consider the following equation:
L)+ N(u) = f(x) (7

where L is a linear operator, N — a non-linear operator, and f{x) is a given function.
We can solve the eq. (7) by defining the unknown function:

um=§mm ®)

where the components u,(x) are usually determined recurrently. The non-linear operator, N(u),
can be decomposed into the following result:

N@w =34, ©)
where A, are called Adomian’s polynomials of u:: uy, U,...u, defined:
A, :i' d"n {N[iz"uiﬂ , n=0,1,2,3... (10)
n!dA =0 o
Substituting egs. (8) and (9) into (7):
> L)+ 34, = £ (1)

Thus, the components u(x, ¢) of the solution u(x, f) can be computed by using the
recursive relation:
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Luy(x) = f(x)
Lu, (x)+ A4,(u,)=0 (12)
Lu, (x)+ A (uy,u,) =0

Finally, the k-term approximate solution of eq. (7) is given by:
U=uy+u +-+u,_
Solution of the problem (1)-(2)

In this section, we consider the following initial value problem of non-linear local

fractional heat equation:
a 28 2
0“u _ 0“"u kzu(auj T

a* " ax (13)
u(x,0) = @(x)
Where we assume that the functions f{(x, f) and and ¢(x) are local fractional continu-
ous.
To solve this eq. (13), we use the following fractional complex transform [17]:
x” t*
= , T =
ra+p d+ea) (14)
By eq. (14), the problem (13) becomes:
ou ou ou Y’
o a2+ XL T
o ox’ "(axj ST (15)

u(X,0) = p(X)

Next, we present the solutions of non-linear fractional heat eq. (17) by an application
of the Adomian decomposition method.
For eq. (13), we have:

ou ou
Lu=——-—— 16
YT o (16)
ouY
Nu =—k*u| —
u u ( 6xj (17)
Then, by eq. (12), we obtain:
2
WX =px), 24 0l gy rxm)
oT oX (18)
ou, B 82un_1

-K°4,_,, (n=2,3,-)

oT  oX?

2 2
AN (LT ISR L (U Y (L
oX oX )\ oX oX
2 2
A2 =2u0 % % +u0 % +u2 % +2”1 % %
oX )\ oX oX oX oX )\ oX

where
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and so on.
Thus the n — term approximate solution of eq. (15):

u(X,T)=uy(X,T)+u, (X, T)+u,(X,T)+---u,(X,T)
From eq. (14), we get the solution of eq. (15):
u(x,t) = uy(x, ) +u, (x,0) +u, (x, ) +-u, (x, )+

Example 1. Consider eq. (1) in the form:

a 2/ 2
6_u= o0"u kz”(@uj

ar o' " lax
x*’
u(x,0) = exp(—mj (19)

By the relations (18), we obtain:
uy(X,T)= exp(—Xz)
u (X,T)= [4)(2 exp(—X?)-2exp(-X?) - 4x’k? exp(-3X° )] T

u, (X,T) = [(SX4 —24x" + 6)exp (—x2 ) +k (28x2 —24x" )exp(—3x2 ) +56k>x* exp (—5x2 )] T’
Thus, by eq. (14), we obtain:

x*
u,(x,t) = exp {—m}

{ 4x%* { —x* } [ x*° } 45*x* { —3x* }} t*

u (x,t) =4—=; exp| —; —2exp| ——; -= exp| —;

r-a+p r~a+p) r-aq+p | r°"a+p rra+p || r'd+a)
uz(x,t)zﬂg 4x4ﬂ o 2x2ﬁ +6}exp{ 2—x2ﬂ }} 2 2 X

r'a+p r-a+p ra+p) || r'i+a)
{ { 28x  24x* } { 35 } , 56x" { —5x* }} =
+<k 5 -= exp| — +hk'— exp| — >

r-a+p) 1°d+p) r-a+p r"a+p r-a+p) || I'i+ea)

Finally, the solution of eq. (19) is given by:

u(x,t) = uy(x,0) +u, (6, 1) +uy (x,0) + 1y (x, )+, (x,2) +-+
When k=0, a = f = 1, we have:
u(x,t)=e " +202x° —1)e " t+2(4x* —12x7 +3)e £ 4+

which is close to the exact solution [18]:

2
X

Cl+dr

u(x,t) =
1+ 4¢
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Conclusion

In this paper, we consider a non-linear local fractional heat equation.The fractional
complex transform and Adomian decomposition method are used to solve the equation. The
approximate analytical solutions are obtained .We believe that for engineers and scientists the
approximate analytical solutions would be quite useful to analyze the properties of the afore-
mentioned non-linear local fractional heat equation.
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