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The fluid flow and heat transfer characteristics and entropy generation of zirco-
nia, ZrO2-water, nanofluid flow through a rectangular micro-channel are numer-
ically investigated. The flow is considered under single-phase 3-D steady-state 
incompressible laminar flow conditions. The constant heat flux is applied to the 
bottom surface of micro-channel. The finite volume method is used to discretize 
the governing equations. As a result, the average Nusselt number decreases with 
increasing nanoparticle volume fraction, while the average Darcy friction factor 
is not affected. Moreover, the total entropy generation decreases with increase in 
nanoparticle volume fraction, while the Bejan number is almost not affected. 

Key words: Bejan number, entropy generation, nanofluid, Nusselt number, 
micro-channel 

Introduction 

Entropy is the measure of molecular disorder and randomness. Entropy generation 

analysis is based on the Second law of thermodynamics and provides accurate performance 

assessment of any thermodynamic system. Entropy generation analysis also informs about the 

irreversibilities due to flow friction and heat transfer through a finite temperature difference, 

mixing, chemical reactions, etc. [1]. 

The nanofluid term was introduced by Choi and Eastman [2]. Nanofluids are pre-

pared with metallic or non-metallic nanoparticle addition to conventional working fluids such 

as water, ethylene glycol or lubricants to obtain working fluids having better thermophysical 

properties. Nanofluids can be used as heat transfer fluid in internal combustion engines [3-6], 

solar collectors [7-11], building heating and cooling systems [12-14], nuclear reactors [15-

17], electronic components [18-20], and many more in practice.  

The entropy generation due to fluid friction and heat transfer of some nanofluids un-

der different conditions have been studied in [21-24]. Singh et al. [25] investigated the effect 

of tube diameter on entropy generation of Al2O3-water nanofluid flow. They observed that the 

flow friction irreversibility is dominant at lower tube diameter, while heat transfer irreversibil-

ity is dominant at higher tube diameter. Also, optimum diameter was defined to minimize en-

tropy generation for a given nanofluid. Mah et al. [26] showed that the entropy generation 
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significantly increases when the viscous dissipation effect is taken into account for fully de-

veloped forced convection of Al2O3-water nanofluid flow through circular micro-channels. 

Ting et al. [27] investigated the entropy generation of Al2O3-water nanofluid flow in asym-

metrically heated porous micro-channel with solid-phase heat generation. It was reported that 

entropy generation decreases with decrease in internal heat generation. It was also found that 

the entropy generation can be reduced as much as 42%, when the suspended nanoparticle is 

smaller than threshold size. Rashidi et al. [28] derived a mathematical formulation to calculate 

entropy generation of Cu-water, CuO-water, and Al2O3-water nanofluid flow over a rotating 

porous disk under MHD effect. Rashidi et al. [29] used homotopy analysis method, artificial 

neural network, and particle swarm optimization to minimize entropy generation for flows 

over a rotating disk under uniform vertical magnetic field. Rashidi et al. [30] studied the 

change of entropy generation and Bejan number with magnetic interaction number for flows 

over a rotating disk. Sheikholeslami et al. [31] investigated the forced convection heat transfer 

in a lid driven semi annulus enclosure filled with Fe3O4-water nanofluid under non-uniform 

magnetic field. It was reported that Nusselt number is directly proportional with Reynolds 

number and nanoparticle volume fraction, while it is inversely proportional with Hartmann 

number. 

Limited studies exist in the literature about thermal and hydrodynamic performance 

of ZrO2-water nanofluid flow. Goharshadi and Hadadian [32] investigated the rheological 

properties of ZrO2-ethylene glycol nanofluids. Haghighi et al. [33] studied the thermal con-

ductivity and single phase laminar convective heat transfer of Al2O3-water, ZrO2-water, and 

TiO2-water nanofluids in a microtube. Haghighi et al. [34] also investigated the convective 

heat transfer coefficient of Al2O3-water, ZrO2-water, and TiO2-water nanofluid inside straight 

tube under both laminar and turbulent regime. They found that maximum convective heat 

transfer enhancement is obtained to be 23% for Al2O3-water nanofluid and followed by  

ZrO2-water and TiO2-water nanofluids with 15% and 8%, respectively. Purohit et al. [35] 

studied the laminar forced convective heat transfer of ZrO2-water and TiO2-water nanofluid 

flow. It was reported that the entropy generation slightly decreases with nanoparticle addition 

to base fluid under same Reynolds number. 

In this study, the entropy generation and laminar convective heat transfer character-

istics of ZrO2-water nanofluid through a rectangular micro-channel have been numerically in-

vestigated. In the analysis, different nanoparticle volume fractions of ZrO2-water nanofluid 

are used. Constant heat flux of 1000 W/m
2
 is applied to the bottom surface of micro-channel. 

The convective heat transfer coefficient, Nusselt number, pressure drop, Darcy friction factor, 

entropy generation, and Bejan number have been determined. 

Mathematical modelling 

Micro-channels are used for cooling of electronic devices in practice. In this study, a 

rectangular micro-channel is modeled to analyze. The hydraulic diameter and length of rec-

tangular micro-channel are defined to be 150 μm and 5 cm, respectively. The aspect ratio  

(α = H/W) of micro-channel is defined to be 1.6 and height, H, and width, W, of micro- 

-channel are calculated by: 

 h

4 2A HW
D

P H W
 


 (1) 

The dimensions of rectangular micro-channel are given in tab. 1. 
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Table 1. Dimensions of rectangular micro-channel 

α = H/W Dh [μm] L [cm] H [μm] W [μm] 

1.6 150 5 195 121.875 

 
In the mathematical modeling of single-phase steady-state incompressible laminar 

flow, the following governing equations are used: 

 div( V) 0   (2) 

 div( VV) grad div( gradV)P     (3) 

 div( V ) div( grad )PC T k T   (4) 

In the governing equations, viscous dissipation, and radiation heat transfer are as-

sumed to be negligible. In addition, natural convection effect is neglected since lower value of 

Richardson number compared with Ri = 0.1. Constant inlet velocity is applied, and the inlet 

velocity can be calculated via specified Reynolds number: 

 nf
inlet

nf

Re

h

U
D




  (5) 

where μnf [Pa∙s] is the viscosity and ρnf [kgm
–3

] – the density. The pressure outlet boundary 

condition is also applied. Constant heat flux of 1000 W/m
2
 is applied to the bottom wall of 

rectangular micro-channel. 
To solve the governing equations, the thermophysical properties of working fluid 

existing in the governing equations should be defined. The density and specific heat of  

ZrO2-water nanofluid can be defined with following equations which are based on conven-

tional mixture theory [36], respectively: 

 nf np bf(1 )       (6) 

 nf np bf( ) ( ) (1 )( )P P PC C C        (7) 

where φ is the nanoparticle volume fraction and CP [Jkg
–1

K
–1

] – the specific heat. The sub-

scripts nf, np, and bf denote the nanofluid, nanoparticle, and base fluid, respectively. 

The thermal conductivity of ZrO2-water nanofluid can be calculated by the follow-

ing equation proposed by Hamilton and Crosser [37]: 

 
np bf bf np

nf bf
np bf bf np

( 1) ( 1)( )

( 1) ( )

k n k n k k
k k

k n k k k





     
  

     

 (8) 

where k is the thermal conductivity coefficient and n – the nanoparticle shape factor and can 

be taken as 3 for spherical nanoparticles. 

The viscosity of ZrO2-water nanofluid can be found by the following equation pro-

posed by de Brujin [38] which is extended of Einstein model and applicable for spherical na-

noparticles and high nanoparticle volume fractions: 
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 nf bf2

1

1 2.5 1.552
 

 

 
  

  
 (9) 

The thermophysical properties for base fluid and nanoparticle which are required to 

calculate the thermophysical properties of nanofluid are given in tab. 2. 

Table 2. Thermophysical properties for base fluid and nanoparticle [35, 39] 

Material ρ [kgm–3] CP [Jkg–1K–1] k [Wm–1K–1] μ [Pa∙s] 

Water 993.05 4178 0.628 0.000695 

Zirconia 5600 418 2.8 – 

 

 Hexahedral mesh distribution is used in the 

modeling of rectangular micro-channel. Finer meshes 

are used in the near regions to walls and corners of 

rectangular micro-channel to provide more accurate 

solution. The mesh distribution of rectangular micro-

channel is shown in fig. 1. 

Finite volume method is used to carry out the 

numerical computation. The governing equations are 

solved with boundary conditions. The SIMPLE algo-

rithm is used to resolve velocity and pressure cou-

pling [40]. In this method, the computational domain 

is divided into a number of cells. The location of the 

velocity components are at the center of the cell faces 

to which they are normal. The discretized form of 

continuity equation is obtained with applying finite 

volume method. Axial and transverse fluxes of mo-

mentum equation are found. To obtain the provision-

al values of velocity components, momentum equa-

tions are solved. Then making use of the approximate 

velocity solution, a pressure correction is evolved 

and also a velocity correction is obtained. Velocity 

and pressure corrections are linked. The advantage of 

this method is that transport rates across the faces of 

the control volumes can be computed without inter-

polation of velocity components. To discretize the 

momentum and energy equation, Green Gauss cell-

based method is used. The convergence criterion of 

10
–6

 is used in the iteration of governing equations. The CPU time is obtained to be approxi-

mately 225.67 seconds for the analyses.  

Mesh independency test is carried out to make ineffective the effect of grid number 

on the results. Various grids are tested and the changes of average Nusselt number and aver-

age Darcy friction factor are obtained. The results are shown in tab. 3. To carry out the solu-

tions, the model having 659568 grid numbers is selected as optimum mesh number. 

 

Figure 1. The mesh distribution of 

rectangular micro-channel 

Table 3. Mesh independency test 

Mesh Nu f 
ΔNu 
[%] 

Δf 
[%] 

4720 3.5527 0.05277 – – 

49600 3.7783 0.06101 6.35 15.6 

144000 3.8085 0.06262 0.8 2.65 

264654 3.8207 0.06296 0.32 0.53 

465080 3.8268 0.06323 0.16 0.44 

659568 3.8268 0.06339 0 0.25 
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To test accuracy and consistency of selected 

model, the local Nusselt number values obtained from 

numerical solution of base fluid are compared with 

the correlation proposed for thermally developing 

flow in rectangular micro-channel by Lee and 

Garimella [41]. The comparison of results obtained by 

present study with that of Lee and Garimella is illus-

trated in fig. 2. As can be seen from fig. 2, the results 

obtained by the present study show good agreement 

with the results obtained by Lee and Garimella.  

The dimensionless distance used in fig. 2 is ex-

pressed: 

 
hRePr

x
X

D
  (10) 

where x [m] is axial distance and Pr – the Prandtl number. Local Nusselt number is defined 

by: 

 h

nf

( )
Nu( )

h x D
x

k
  (11) 

where h(x) is the local convective heat transfer and is expressed: 

 
w b

( )
( ) ( )

q
h x

T x T x





 (12) 

where q″ [Wm
–2

] is the heat flux, Tw(x) [K] and Tb(x) [K] are local wall temperature and local 

bulk temperature, respectively. 

The average convective heat transfer coefficient and average Nusselt number are 

calculated by following equations, respectively: 

 

0

1
( )d

L

h h x x
L

   (13) 

 

0

1
Nu Nu( )d

L

x x
L

   (14) 

The average Darcy friction factor is calculated by: 

 h

2
nf

2
D P

f
L U


  (15) 

where ΔP [Pa] is the pressure drop along the micro-channel and U [ms
–1

] – the velocity of 

working fluid.  

The entropy generation per unit length for internal flow can be written [1]: 

 gen gen,heat transfer gen, fluid frictionS S S     (16) 

 

Figure 2. The model accuracy test 
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where gen, heat transferS is defined as 
2 2 2

h nf( π )/( Nu),bq D k T  while gen, fluid frictionS  is expressed as 
3 2 2 5

nf h(8 )/(π ).bm f T D  The Bejan number can be written in the context of thermodynamics:  

 
gen, heat transfer

gen, heat transfer gen, fluid friction

Be
S

S S




 
 (17) 

where genS   [Wm
–1

K
–1

] is the entropy generation per unit length. Bejan number is defined as the 

ratio of heat transfer irreversibility to total irreversibility due to heat transfer and fluid friction.  

Results and discussion 

The fluid flow and heat transfer characteristics and entropy generation of ZrO2-water 

nanofluid flow through a rectangular micro-channel is numerically investigated. The flow is 

considered under single-phase, 3-D thermally developing incompressible steady-state laminar 

flow conditions. Reynolds number considered in this study is in the range of 100 and 1000. 

Constant heat flux of q″ = 1000 W/m
2
 is applied to the bottom surface of rectangular micro- 

-channel. 

The variation of convective heat transfer coefficient with the Reynolds number for 

different nanoparticle volume fractions is illustrated in fig. 3. As can be seen from fig. 3, the 

convective heat transfer coefficient increases with increase in nanoparticle volume fraction of 

ZrO2-water nanofluid and Reynolds number. The convective heat transfer enhancements for 

4.0% ZrO2-water nanofluid at Re = 100 and Re = 1000 are obtained to be 4.37% and 2.3% 

compared to pure water, respectively. Zirconia nanoparticles adding into the pure water de-

form the boundary-layer near to the wall of the micro-channel. Consequently, the convective 

heat transfer increases by this effect. Also, increasing nanoparticle volume fraction increases 

the deformation of the boundary-layer and convective heat transfer. 

 The variation of Nusselt number with the Reynolds number is shown in fig. 4. The 

Nusselt number decreases with increase in nanoparticle volume fraction of ZrO2-water 

nanofluid. The Nusselt number values obtained for 4.0% ZrO2-water at Re = 100 and 

Re = 1000 are 2.05% and 3.99% lower compared to that of pure water. In the calculations, it 

is observed that thermal conductivity coefficient increases 6.56 % when ZrO2 nanoparticle 

addition of 4.0% to pure water. However, the maximum enhancement in convective heat 

 

Figure 3. Variation of convective heat transfer 

coefficient with the Reynolds number 

 

Figure 4. Variation of Nusselt number with the 

Reynolds number 
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transfer coefficient is obtained to be 4.37%. Higher enhancement in thermal conductivity co-

efficient compared to convective heat transfer coefficient reduces the Nusselt number. 

The variation of pressure drop with the Reynolds number for different nanoparticle 

volume fractions is illustrated in fig. 5. As can be seen from fig. 5, the pressure drop increases 

with increase in nanoparticle volume fraction of ZrO2-water nanofluid. The pressure drops for 

4.0% ZrO2-water nanofluid at Re = 100 and Re = 1000 are 3.53% and 3.54% higher compared 

to that of pure water, respectively. Adding the zirconia nanoparticles into the pure water in-

crease the viscosity of the nanofluid progressively. This effect increases the pressure drop since 

the pressure drop into the micro-channel depends mostly on viscosity of the working fluid.  

The variation of Darcy friction factor with the Reynolds number is illustrated in 

fig. 6. It is observed that ZrO2 nanoparticle addition to pure water does not affect the Darcy 

friction factor of flow. Increasing volume fraction of the nanofluid increases the pressure drop 

into the micro-channel. However, this increment has no effect on Darcy friction factor. In ad-

dition, increase of the pressure drop is nearly close to the value of the increment of the density 

of nanofluid. Hence, the Darcy friction factor is not affected by the increasing of volume frac-

tion of nanofluid.  

 

Figure 5. Variation of pressure drop with the 
Reynolds number 

 

Figure 6. Variation of Darcy friction factor 
with the Reynolds number 

Figure 7 shows the variation of entropy generation due to heat transfer with the 

Reynolds number. As can be seen from fig. 7, the entropy generation due to heat transfer de-

creases with increase in Reynolds number or nanoparticle volume fraction of nanofluid. The 

entropy generations due to heat transfer obtained for 4.0% ZrO2-water nanofluid at Re = 100 

and Re = 1000 are 4.19% and 2.25% lower compared to that of pure water, respectively. This 

decrement in entropy generation due to heat transfer is due to bulk temperature and convec-

tive heat transfer increase with increasing nanoparticle volume fraction of ZrO2-water 

nanofluid. Also, increasing the Reynolds number increases the Nusselt number and decreases 

the bulk temperature. Increment in Nusselt number is higher compared to decrement in the 

bulk temperature. Therefore, entropy generation due to heat transfer decreases with increase 

in Reynolds number. 

The variation of entropy generation due to fluid friction with the Reynolds number 

is illustrated in fig. 8. It is observed that entropy generation due to fluid friction increases with 

increasing Reynolds number while it decreases with increasing nanoparticle volume fraction 
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of ZrO2-water nanofluid. The entropy generations due to fluid friction obtained for 4.0% 

ZrO2-water nanofluid at Re = 100 and Re = 1000 are 3.25% and 3.24% lower than that of 

pure water, respectively. The source of reduction in entropy generation due to fluid friction 

results from that the ZrO2 nanoparticle addition to pure water leads to increase in bulk tem-

perature. The analyses are performed on defined Reynolds number values. The ZrO2 nanopar-

ticle addition to pure water leads to increase in velocity to provide defined Reynolds number 

value. Although the density and velocity increase with ZrO2 nanoparticle addition to pure wa-

ter, the entropy generation due to fluid friction decreases with increasing nanoparticle volume 

fraction of ZrO2-water nanofluid. This is because increment in bulk temperature is higher than 

that of velocity and density. 

 

Figure 7. Variation of entropy generation due to 
heat transfer with the Reynolds number 

 

Figure 8. Variation of entropy generation due 
to fluid friction with the Reynolds number 

 

Figure 9. Variation of total entropy generation with 

the Reynolds number 

 

Figure 10. Variation of Bejan number with the 

Reynolds number 

Figure 9 shows that the variation of total entropy generation with Reynolds number. 

It is observed that total entropy generation due to heat transfer and fluid friction decreases 

with increase in nanoparticle volume fraction of ZrO2-water nanofluid. The total entropy gen-

eration obtained for 4.0% ZrO2-water nanofluid at Re = 100 and Re = 1000 are 3.27% and 

3.24% lower than that of pure water, respectively. It is also observed that the entropy genera-
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tion due to fluid flow is dominant for flow through micro-channel. This fact is compatible 

with the results of Singh et al. [25].  
The variation of the Bejan number with the Reynolds number is illustrated in fig. 10. 

It is observed that the Bejan number decreases with increase in Reynolds number. Moreover, 

the Bejan number is not almost affected by the ZrO2 nanoparticle addition to pure water. 

Conclusions 

The fluid-flow and heat transfer characteristics and entropy generation of ZrO2-

water nanofluid flow through a rectangular micro-channel are numerically investigated under 

single-phase steady-state laminar flow conditions. The convective heat transfer coefficient in-

creases with increasing nanoparticle volume fraction of ZrO2-water nanofluid. However, this 

increment is not higher than 4.37% compared to pure water for whole study because of that 

the ZrO2 has low thermal conductivity coefficient. Contrary to convective heat transfer, 

Nusselt number decreases with increase in nanoparticle volume fraction of ZrO2-water 

nanofluid. It is due to that increment in thermal conductivity coefficient is higher than that of 

convective heat transfer when ZrO2 nanoparticle added to pure water. The Darcy friction fac-

tor is not affected by ZrO2 nanoparticle addition to pure water, although the pressure drop in-

creases with increasing of nanoparticle volume fraction of ZrO2-water nanofluid. This means 

that dimensionless pressure drop does not change with ZrO2 nanoparticle addition to pure wa-

ter. The entropy generations due to heat transfer and due to fluid friction decrease with in-

crease in nanoparticle volume fraction of ZrO2-water nanofluid. It is found that the entropy 

generation due to fluid friction is dominant. This is due to micro-channels have small hydrau-

lic diameter.  
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Nomenclature 

A – area, [m2] 
Be – Bejan number 
CP  – specific heat, [Jkg–1K–1] 
Dh  – hydraulic diameter, [m] 
f – Darcy friction factor 
H – height, [m] 
h – convective heat transfer coefficient, [Wm–2K–1] 
k – conductive heat transfer coefficient, [Wm–1K–1] 
L – length, [m] 
ṁ  – mass-flow rate, [kgs–1] 
n – nanoparticle shape particle 
Nu – Nusselt number 
P – pressure, [Pa] 
Pr – Prandtl number 
q″  – heat flux, [Wm–2] 
Re – Reynolds number 
Ri – Richardson number 

genS  – entropy generation rate per unit length, [Wm–1K–1] 
T – temperature, [K] 
V   – velocity vector 

W – width, [m] 
X – dimensionless distance 
x – distance, [m] 

Subscripts 

b – bulk 
bf – base fluid 
nf – nanofluid 
np – nanoparticle 
w – wall 
div – divergence 
grad – gradient  

Greek symbols 

μ  – dynamic viscosity [Pa∙s] 
ρ  – density [kgm–3] 
φ  – volumetric fraction [%]
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