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A fractional Burgers equation with variable coefficients is studied, which can de-
scribe heat conduction in nanomaterials with intermittent property. The equation
is solved analytically by Daftardar-Gejji-Jafaris method.
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Introduction
In this paper, we study the approximate solution of a fractional Burgers’ equation

with variable coefficients of the type:

au(x.t) °u(x.t)

DZu(x,t) + A(x,t)u(x,t
fu(x,t) + A(x,t)u(x,t) p o

0, O<a<l 1)

with the initial condition:
u(x,t) = f(x) )

Here, A(x, t) is the given function. Equation (1) arises in the mathematical modeling
of various physical phenomena, such as heat exchange in nanomaterials [1-12]. Moreover, the
Burgers’ equation with variable coefficient can be used to describe the cylinder and spherical
wave in overfall, and traffic flow, see for example [8, 13, 14]. The time-fractional term in
eg. (1) implies that at the measured time period, time is discontinuous and it has intermittent
property, for example, a traffic flows at the daytime and at the night-time have obvious differ-
ence. When a = 1 the traffic flow has the same properties throughout the whole day, when
a = 0 the traffic flow does not change with time. Such intermittent motion can be best de-
scribed by the time-fractional model.

Ineq. (1):

Dfu(x,t) = [%} (©)

is the Caputo fractional derivative of order a, J{' denotes the Riemann-Liouville fractional in-
tegral operator of order x > 0 and is given by:
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Jﬂu(xt)——j(t s)“tu(x,s)ds  u>0 @)

Pu(x,t) =u(x,t)

The following properties can be found in [26, 27]:

e LU e g 50 (5)
'y +1+a)
JED{uU(x,t) =u(x,t) —u(x,0), O<a<l (6)

In the last two decades, some numerical and analytical methods for solving fraction-
al differential equations have been extensively studied by many authors [18-25]. The
Daftardar-Gejji-Jafaris (DGJ) method was proposed by Daftardar-Gejji, Varsha, and Hossein
Jafari in [15, 16]. It is a powerful tool to searching for approximate solutions of non-linear
problems. Recently, Daftardar-Gejji, Varsha and Sachin Bhalekar [17] found the exact solu-
tion and approximate solution of fractional differential equations using DGJ method.

The DGJ method

To illustrate the DGJ method (DGJM) [15, 16], we consider the following general
function equation:

u=LU)+N@u)+f (7)

where L is a linear operator, N — a non-linear operator from a Banach space B — B, and f—a
known function. We are looking for a solution u of eq. (7) having the series form:

u=> ®)
i=0

The non-linear operator N can be decomposed:

R I I

From egs. (8) and (9), eq. (7) is equivalent to:

Zu_f+ZL(u)+N(u0)+i{ [iujj (Hujﬂ (10)

-1 j=0
We define the recurrence relation:
Up = f(x)
u; = L(ug) + Gy
Uy =L(uy,)+G,, m=12.. (11

where
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m m-1
m:N(Zui]—N[Zuij, m=12.. (13)
i=0 i=0
Then k-term approximate solution of eq. (7) is given by:
U=Ug+U +...+U_g (14)

Fractional Burgers equation

In this section we derive the main algorithms of the DGJM for solving fractional

Burgers equations with variable coefficients.
To apply DGJM, by eq. (6), we can rewrite the eq. (1):

u(x,t) =u(x,0)+ L(u) — N(u)

where
o°u
L(u)=J¢
w=s(2Y]
ou
N(u) =3¢ | A(x,t)u—
) =3 [ (x,t) ax}
Suppose that the solution of eq. (15) takes the form:
u(x,t)=> uc(xt)
k=0
then

L(u) = Z L(u) = ZJ“ [azukj

and the non-linear term in eq. (15) is decomposed:

N (u) =37 [A(x,1)Gg (Ug) + Gy (Ug, Uy) + Gy (Ug, Uy, Up) +...]

Where
Gy(up) =u Ny
oo 0o
(ug +uy) auo
G, =(uy,u,) = (Uy + Uy ) ———=
1 = (Ug,Uy) = (Up +Uy) x 0 o
0(Up, Uy, U o(u, +u
Gz(uo,ul,uz)=(u0,u1,u2)M—(u0+ul)M
and so on.

Thus according to eq. (11), approximate solution can be obtained:

Up = (x,t) =u(x,0)

du,

U (x,t) = Jf’[ ™

J +J7 [A ()G |

(15)

(16)

(17)

(18)

(19)
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2
U (xt) =3¢ (‘z—uzmj +I[AXYG,], m=12,..
X
For example, we consider eq. (1) in the form:

au(xt) d%u(x.t)
X ox?

D{u(x,t) +tu(x,t) 0 (20)

with the initial condition u(x, 0) = x.
By the previous algorithms, we obtain:

Up (X, 1) = X

2t0( _ 2X3tl+a
'l+a) T'C+a)

U (x,t) =

10x* (2 + a)t2+2« .\ 12X°T (3 + 2a)t>3*

U (x,1) = [(3+2a) FL+a)l(2+a) (3+3a)

CAX(+ )t 12X°T (4 + 2a)t>
[(2+2a) T?Q+a)(4+3a)

Thus, the 3-term approximate solution of eq. (20) is given by:
u(x,t) =uy(x,t) + uy (X, t) + uy (x,t)

The accuracy of the DGJM based on absolute error (AE) are shown in tabs. 1 and 2.

Table 1. u = 6 — term approximate solution Table 2. u = 6 — term approximate solution
of eq. (20). AE =|D{"u + tuuy — Uy of eq. (20). AE =|D*u + tuuy — iy
t X o AE X t o AE
0.5 0.054286578-107* 0.2 0.051655319-107*
05 | 07 | 05 0.150004787-107* 02 (04| 05 0.044552560-107*
0.9 0.596447498-107* 0.6 0.645009601-107*
Conclusion

We presented the application of DGJM to a fractional Burgers’ equations with vari-
able coefficients. The DGJM gives series solutions of the equation. Compared to the other
methods, the DGJM is direct and effective. Furthermore the solution reveals that the intermit-
tent property depends upon the value of the fractional order.

References

[1] Kautluay, S., et al. Numerical Solutions of the Burgers Equation by the Least-Squares Quadratic B-Spline
Finite Element Method, Journal of Computational and Applied Mathematics, 167 (2004), 1, pp. 21-33

[2] Wazwaz, A. M., Multiple-Front Solutions for the Burgers Equation and the Coupled Burgers Equations,
Applied Mathematics and Computation, 190 (2007), 2, pp. 1198-1206



Xia, Y.: Approximate Solution for Fractional Burgers Equation with ...
THERMAL SCIENCE: Year 2018, Vol. 22, No. 4, pp. 1607-1611 1611

[3] Musha, T., etal. Traffic Current Fluctuation and the Burgers Equation, Japanese Journal of Applied
Physics, 17 (1978), 5, pp. 811

[4] Dag, I., etal., A Numerical Solution of the Burgers Equation Using Cubic B-splines. Applied Mathemat-
ics and Computation, 163 (2005), 1, pp. 199-211

[5] Suaimoto. N. Buraers Eauation with A Fractional Derivative: Hereditary Effects on Nonlinear Acoustic
Waves, Journal of Fluid Mechanics, 225 (1991), Apr., pp. 631-653

[6] Abbasbandy, S., Darvishi, M. T., A Numerical Solution of Burgers Equation by Modified Adomian
Method, Applied Mathematics and Computation, 163 (2005), 3, pp. 1265-1272

[7] Kenyon, R., Okounkov, A., Limit Shapes and the Complex Burgers Equation, Acta Mathematica, 199
(2007), 2, pp. 263-302

[8] Lu.D.C.. etal.. Backlund Transformation and N-Soliton-Like Solutions to the Combined KdV-Buraers
Equation with Variable Coefficients, International Journal of Nonlinear Science, 2 (2006), 1, pp. 3-10

[9] Aksan. E. N.. Ozdes. A.. A Numerical Solution of Burgers Equation, Applied Mathematics and Compu-
tation, 156 (2004), 2, pp. 395-402

[10] Doaan. A. A.. Galerkin Finite Element Approach to Burgers Equation, Applied Mathematics and Com-
putation, 157 (2004), 2, pp. 331-346

[11] Helal. M. A.. Mehanna. M. S.. A Comparison between Two Different Methods for Solving KdV-Burgers
Equation, Chaos, Solitons & Fractals, 28 (2006), 2, pp. 320-326

[12] Kadalbaioo. M. K.. Awasthi. A.. A Numerical Method Based on Crank-Nicolson Scheme for Burgers
Equation, Applied Mathematics and Computation, 182 (2006), 2, pp. 1430-1442

[13] Cui, M., Geng F., A Computational Method for Solving One-Dimensional Variable-Coefficient Burgers
Equation, Applied Mathematics and Computation, 188 (2007), 2, pp. 1389-1401

[14] Sonhacleous. C.. Transformation Pronerties of A Variable-Coefficient Burgers Equation, Chaos, Soli-
tons & Fractals, 20 (2004), 5, pp. 1047-1057

[15] Daftardar-Geiii. V.. Jafari. H.. An Iterative Method for Solvina Nonlinear Functional Equations, Journal
of Mathematical Analysis and Applications, 316 (2006), 2, pp. 753-763

[16] Bhalekar. S.. Daftardar-Geiii. V.. New lterative Method: Anpplication to Partial Differential Equations,
Applied Mathematics and Computation, 203 (2008), 2, pp. 778-783

[17] Daftardar-Geiii. V.. Bhalekar. S.. Solvina Fractional Boundarv Value Problems with Dirichlet Boundarv
Conditions Using A New lIterative Method, Computers & Mathematics with Applications, 59 (2010), 5,
pp. 1801-1809

[18] He, J.-H., Variational Iteration Method — A Kind of Non-Linear Analytical Technique: Some Examples,
International Journal of Nonlinear Mechanics, 34 (1999), 4, pp. 699-708

[19] He, J.-H., Homotopy Perturbation Method: A New Nonlinear Analytical Technique, Applied Mathemat-
ics and Computation, 135 (2003), 1, pp. 73-79

[20] He, J.-H., A Tutorial Review on Fractal Spacetime and Fractional Calculus, International Journal of
Theoretical Physics, 53 (2014), 11, pp. 3698-3718

[21] Sari, M., etal. A Solution to the Telegraph Equation by Using DGJ Method, International Journal of
Nonlinear Science, 17 (2014), 1, pp. 57-66

[22] Hu, Y., He, J.-H., On Fractal Space-Time and Fractional Calculus. Thermal Science, 20 (2016), 3, pp.
773-777

[23] Wazwaz, A. M., Gorguis, A., Exact Solutions for Heat-Like and Wave-Like Equations with Variable
Coefficients, Applied Mathematics and Computation, 149 (2004), 1, pp. 15-29

[24] Adomian, G., A Review of the Decomposition Method in Applied Mathematics, Journal of Mathemati-
cal Analysis and Applications, 135 (1988), 2, pp. 501-544

[25] Elsaid, A., Fractional Differential Transform Method Combined with the Adomian Polynomials, Applied
Mathematics and Computation, 218 (2012), 12, pp. 6899-6911

[26] Hilfer, R., Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000

[27] Oldham, K., Spanier, J., The Fractional Calculus Theory and Applications of Differentiation and Inte-
gration to Arbitrary Order, Vol. 111. Elsevier, Amsterdam, The Netherlands, 1974

Paper submitted: August 25, 2016 © 2018 Society of Thermal Engineers of Serbia.
Paper revised: August 23, 2017 Published by the Vin¢a Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: August 27, 2017 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.


http://www.vin.bg.ac.rs/index.php/en/

