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The features of Casson liquid when flow field is thermally stratified are offered
in this article. The flow is taken through an inclined cylinder with both MHD flu-
id and thermal radiations assumptions. A mathematical model is constructed in
terms of differential equations via fundamental laws. Since the resultant system
is non-linear so a self-coded computational algorithm is implemented to report
numerical solution. The obtain observations in this regard are presented by way
of both tabular and graphical trends. It is noticed that the Casson fluid tempera-
ture is decreasing function of thermal stratification parameter while opposite trend
is observed via thermal radiation parameter. Moreover, the cylindrical geometry
admits enlarged variations towards involved physical parameters as compared to
flat surface.
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Introduction

An analysis on non-Newtonian fluids has always become a topic of great inter-
est among the researchers because of its wide range of uses in engineering and industry.
The fluid model used in this analysis is Casson fluid and it has huge applications in the
field of food processing, metallurgy and bioengineering operations to mention just a few.
The Casson fluid model has got popularity because of the success of the experimental
and theoretical investigations, see [1, 2]. In 1959, the Casson fluid was first identified
by Casson. The Casson fluid is well-defined as a shear thinning fluid having an infinite
viscosity at zero shear rate [3]. If a shear stress applied to the fluid is less than the yield
stress, Casson turns into a solid but it starts moving for the case greater shear stress as
compared to yield stress. By keeping in view all these aspects, the Casson fluid-flow via
various geometries is discussed by the researchers like Kameswaran et al. [4] addressed
the dual solution of Casson fluid-flow yielded by flat surface. The time dependent flow
of Casson fluid was reported by Khalid et al. [5]. Animasaun [6] offered non-Darcy flow
of Casson liquid manifested with n™ order chemical reaction. By considering the Casson
fluid model, the effects of ferrous nanoparticles was studied by Raju and Sandeep [7].
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Recently, Nawaz et al. [8] worked on variable thermal conductivity aspects subject to
Casson fluid model. The recent developments regarding the Casson fluid-flow can be
assessed in [9, 10].

The fluid having interaction with magnetic field is termed as MHD flow. Such combi-
nation claims significant number of applications like wound healing, magnetic reason imaging
(MRI) and canter action causing hypothermia, efc. Even the metals fusion and cooling process
involved the use of externally applied magnetic field. Owning the importance of MHD flows
various efforts are shared by investigators like Chakrabarti and Gupta [11] studied MHD flow
of Newtonian fluid model. The non-Newtonian fluid-flow along with MHD effect was dis-
cussed by Akbar et al. [12]. Since than one can assessed the literature regarding MHD analysis
in [13-25].

The effects of thermal radiation claims a vital role in the industrial and engineer-
ing processes. These processes include performance at an extreme temperature under different
non-isothermal conditions and instance where convective heat transfer coefficient are lower.
Thermal radiations are type of electromagnetic radiations that are emitted in the form of energy.
These radiations travel with a speed equal to the speed of light and do not require any type of
medium for their propagation. The effect of thermal radiation parameter on MHD flow towards
heated surface was given by Rahman and Salahuddin [26]. Many researchers [27-29] acknowl-
edged the importance of contribution of thermal radiations, mixed convection and suggested
definitive significances.

From the aforementioned limited literature study, it is determined that few attempts
are available to encountered the Casson fluid-flow towards a cylindrical surface. To be more
precise, the combined aspects of thermal radiations and stratification phenomena in a magne-
tized flow field is not discussed yet. An attempt is attractive in this sense it contains simulta-
neous analysis for both an inclined cylinder and flat geometry. The flow is accomplished by
considering no slip conditions. The physical effects involved in this paper includes stagnation
point, mixed convection, magnetic field, and heat generation/absorption. A numerical solution
is presented by means of shooting method and ultimate findings are reported with the aid of
both graphs and tables.

Mathematical formulation

In the present work, MHD incompressible boundary-layer flow of a Casson fluid under
the region of stagnation point is considered. The no slip condition is applied on the fluid-flow
that is the stretching velocity of geometry resemble with the velocity of the fluid particles. In
addition, heat generation, thermal radiation and stratification phenomenon, mixed convection
effects are also taken into account. It is important to note that the destruction of fluctuation
velocity gradients by the action of viscous stresses in a laminar boundary-layer flow of Casson
fluid is assumed to be small, so that the viscous dissipation is ignored [29]. Near the cylindrical
surface, the strength of temperature is higher than that of ambient fluid. For the geometrical
representation, we have taken the cylinder axial line along X-axis and the radial direction is
adjusted normal to the fluid-flow, R-axis. The most acknowledged differential equations in the
field of fluid science are the energy and the momentum equations. They are enough to demon-
strate the flow field properties. So that the complete model of these equations [9, 10] based on
the boundary-layer approximations are given:
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represents the Rosseland radiative heat flux. Accordingly, we can reorganize eq. (3):
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where 7, (X, R) and U (X, R) are velocity components in R- and X-direction, respectively. More-
over,c,d, L, T,, (X ), O, T.,T, Cpy O, 0%, Br, Bo, 0, g0, 0., B, p, and v, represents dimensionless
constants, reference length, arbitrary surface temperature, heat generation coefficient, ambient
temperature, fluid temperature, specific heat capacity at constant pressure, thermal diffusivity,
an inclination, thermal expansion coefficient, acceleration due to gravity, uniform magnetic
field, electrical conductivity, free stream velocity, Casson fluid parameter, fluid density, and
kinematics viscosity, respectively. For the solution of egs. (2)-(4) along with the boundary con-
ditions given by eq. (5), we have assumed the transformation [9, 10, 30, 31]:
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where v, Ty, F'(n), F(3)), b, and U, represents stream function, reference temperature, fluid ve-
locity, dimensionless variable, radius of cylinder, and reference velocity, respectively. The eq.
(1) identically fulfills and acknowledged by the stream function:
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use of eq. (6) into egs. (2)-(5) results:
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where Q, d;, Pr, Ry, 4., A, 7, and K heat generation/absorption, thermal stratification, Prandtl
number, thermal radiation, mixed convection, velocities ratio, magnetic field and curvature
parameters, respectively and they are described:
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At the cylindrical surface, the skin friction coefficient (SFC) is written:
T ou
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where 4 and 7, expresses the fluid viscosity and the shear stress correspondingly. The non-di-
mensional expression we have:
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describes the local Reynolds number. The expression for the local Nusselt number (LNN) is
given:
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the dimensionless form is pre-arranged:
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Computational scheme

For the implementation of the computational scheme, firstly we have converted the
PDE into system of ODE. To be more specific, egs. (8) and (9) are coupled non-linear ODE with
eq. (10), and are solved by making use of the shooting scheme [30, 31]. For this purpose, we
have reduced the given equations into a system of five first order ODE, by captivating:

aF(n)  _dM,(n) _&F(n)
dn. 77 dp dn’

dM,(n) dT(n
M, =1 (n). o, ~2eln) 4T 1)
dn dn
by making the use of previous replacements, the identical form of eqs. (8)-(9) depending on the
new variables is given:

M, =F(n), M, =
(16)

dm, M, M, M,
dn dn

7y (M, —A)-A"—AcosaM, +(M,)* —M M, —2KM, (l+lj

dm.
an ( 1} (17)
1+— |(1+2Kn)
B

a, M 3Pr(M,M,+6M,-~MM;—OM,)—-6K (3+4R, )M,

dp 77 dp 3(1+2Kn)(3+4R,)

with
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where @, and w, are designated as the initial guessed values. For the integration of eq. (17), it
must be mandatory that we have:

d’F dr
MA;;):# and MJ?]):#, when 70 (19)

beside this, we have observed that the two initial conditions explicitly M;(#) and Ms(y7) when
n — 0 are not known but we do have:

Mz(n):A and M4(77)=0 when n—> o (20)

The integration of eq. (17) are carried in such a way that the eq. (20) satisfies com-
pletely.

Results and discussion
Velocity profiles

The computational algorithm is implemented with following values of involved pa-
rameters thatis y = 0.1, 4=0.1, K=0.1,1=0.1,a =45°0r 0°, = 0.3, Pr=0.7, 6,= 0.1,
0 =0.1, and R, = 0.1. The numerical values of the skin friction coefficient (SFC) are provided
with the help of tabs. 1 and 2 for the positive values of different parameters namely, K, y, 4, f, 4,
and Q. In detail, it is found the SFC (in absolute sense) is found to be an increasing function of
K, y, and f, while it shows an opposite attitude for 4 and 4. However, the tab. 2 clearly depicts
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Table 1. Variations in SFC via K, y, and A

K y A F""(0) 0.5C,\/Re; :[l+%]F"(0)
0.1 0.1 0.1 —-0.4095 -0.8190
0.2 0.1 0.1 —0.5268 —-1.0536
0.3 0.1 0.1 —0.6541 —1.3082
0.1 0.2 0.1 -0.4126 -0.8252
0.1 0.4 0.1 —0.4249 —0.8498
0.1 0.6 0.1 —0.4448 —0.8896
0.1 0.1 0.1 —-0.4095 -0.8190
0.1 0.1 0.3 —0.3433 —0.6866
0.1 0.1 0.5 -0.2616 -0.5232
Table 2. Variations in SFC via g, 4, and Q
B p 0. F"(0) 0.5C, \[Re, =(1+%) F'(0)
0.4 0.1 0.1 -0.6187 -1.2374
0.6 0.1 0.1 -0.6920 —1.3840
0.8 0.1 0.1 —0.7435 —-1.4870
0.1 0.3 0.1 —0.4044 —0.8088
0.1 0.5 0.1 -0.3993 —-0.7986
0.1 0.7 0.1 —0.3943 —0.7886
0.1 0.1 0.4 —0.4095 -0.8190
0.1 0.1 0.5 —0.4095 -0.8190
0.1 0.1 0.6 —0.4095 -0.8190

that the SFC is independent of different values of Q.. In other words, the SFC shows constant
values for different positive values of Q.. Negative sign involved in tabs. 1 and 2 physically
represents the amount of drag force offered by cylindrical surface to the Casson fluid particles.
Further, the negative sign subject to tabs. 3 and 4 indicated the rate of heat transfer normal to
the cylindrical surface. The effects of various physical parameters namely f, K, 4, y, and 4 on
the Casson fluid velocity (CFV) are represented with the aid of figs. 1-4. To be more specific,
in fig. 1, the impact of Casson fluid parameter on the velocity profile is given. It has been ob-
served through the figure that the velocity profile shows a decrease in the behavior for both the
surfaces by increasing the value of the f. Figure 2 is plotted to observe the attitude of the K on
CFV. It shows that the increasing values of the K represents an increase in the CFV for both
surfaces (flat and cylinder). For the radius of curvature, the curvature parameter shows a reverse
attitude. An increment in curvature parameters brings decreasing values of radius of cylinder.
This reduces the contact surface area of surface with the Casson fluid particles which yields less
resistance and as a results CFV increases. Figure 3 represents the impact of the 4 on the velocity
profile for the Casson fluid for both surfaces. It has been observed that the higher values of the
A brings an increase in the CFV, which is in fact due to the appealing behavior of the thermal



Rehman, K. U., et al.: Numerical Study of Thermal Radiations and Thermal ...
THERMAL SCIENCE: Year 2020, Vol. 24, No. 2B, pp. 1093-1104

1099

Fn]
e

o o o o o o
w » (%] o ~N ©

R e RRARERREEE SRS
© T T T T T T T

o
IN)

4

Table 3. Variations in LNN via K, y, and 4

K ¥ 4 7'(0) I;:)? —(1+§RdJT’(0)
0.2 0.1 0.1 ~0.4279 0.4850
0.4 0.1 0.1 ~0.7066 0.8008
0.6 0.1 0.1 ~0.9898 11217
0.1 0.1 0.1 ~0.3038 0.3443
0.1 03 0.1 ~0.3035 03440
0.1 0.5 0.1 0.3028 0.3432
0.1 0.1 0.1 ~0.3038 03443
0.1 0.1 0.2 ~0.3067 03476
0.1 0.1 03 ~0.3098 03511

Table 4. Variations in LNN via g, 4, and O

B Z 0. T Re.
0.7 0.1 0.1 -0.2929 0.3319
0.8 0.1 0.1 —0.2923 0.3313
0.9 0.1 0.1 —0.2918 0.3307
0.1 0.3 0.1 —0.3041 0.3446
0.1 0.4 0.1 —-0.3043 0.3449
0.1 0.5 0.1 —-0.3044 0.3450
0.1 0.1 0.1 —0.3038 0.3443
0.1 0.1 0.4 —0.2900 0.3287
0.1 0.1 0.7 —0.2758 0.3126

2

3

Figure 1. Impact of # on CFV
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buoyancy forces. Figure 4 represents the influence of the magnetic field parameter on the CFV.
The increasing values of the magnetic field parameter brings a decrease in the velocity profile
for cylindrical and the flat surfaces. In real exercise, by increasing the magnetic field parameter,
a resistive force called the Lorentz force subsidize effectively which offers resistance to the
fluid particles and as a result of this the horizontal velocity of the fluid decreases. For fig. 5 it is
clear that the CFV is increasing function of velocity ratio parameter.

Temperature profiles

Tables 3 and 4 expresses the impact of K, y, 4, 5, 1, and Q. on the LNN. It is noticed
that the LNN shows an inciting attitude towards the higher values of K, A4, and 4 however it
shows a decline behavior towards increasing values of y, 5, and Q..

The influences of an involved parameters namely, d,, O, O, R, K, and Prandtl num-
ber on the CFT are represented by means of figs. 6-11. In detail, the behavior of the temperature
distribution towards 9, is identified in fig. 6. It is noticed that the temperature profile shows
decline curves for both the surfaces for increasing values of the J,. This actually happens due
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Figure 5. Impact of 4 on CFV Figure 6. Impact of 6, on CFT
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ing attitude towards the R,. The large values of thermal radiation parameter corresponds sig-
nificant amount of transfer of heat so that the temperature of flow regime enhanced. Figure 10
depicts the temperature variationwards the K. It is clearly observed that by increasing the values
of the curvature parameter, the temperature profile also shows an inciting behavior for cylin-
drical as well as the flat surface. The positive values of K reflects decrease in radius of cylinder
so that lesser resistance is faced by Casson fluid particles and average kinetic energy enhances
so that the fluid temperature shows inciting traits because Kelvin temperature is defined as an
average kinetic energy. The influence of the temperature profile against the Prandtl number is
demonstrate in fig. 11. It is clear from the figure that an increase in the Prandtl number causes a
strong reduction in the temperature distribution, which makes the thermal boundary-layer thin.
As Prandtl number admits inverse relation with the thermal conductivity, so increasing values
of Prandtl number corresponds less diffusion of energy because of which a decrease in the CFT
is noticed. The obtain results are validated via comparison with existing literature. We found an
excellent match. Table 5 is constructed in this direction.

Table 5. Comparative values of NUx/(Reg)!? = —T"(0) towards Prandtl number

Pr [32] [33] Present outcomes
E=K=0 St=8S=M=0 Bo>w,K=3=y=0=0,a=0",4=0,R, =0
1.0 0.9547 0.9547 0.9547
2.0 1.4714 1.4714 1.4714
3.0 1.8961 1.8961 1.8961
Conclusions

The article is made to offer a numerical results on Casson fluid-flow towards both flat

and cylindrical geometries. The key outcomes of the presents study are assembled as follow:

® The CFV shows decline curves via both £ and .

® The CFV shows an inciting values for increasing values of both 4 and K.

® The CFT shows increasing traits for the positive values of both the K and the R,.

e The CFT distribution is found to be decreasing functionwards Pr, O, and ¢, but an inverse
trend is seen for the Q..

® The cylindrical surface admits enlarged variations towards an involved physical parameters
as compared to flat surface.
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