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The performances of high-speed machine tools depend not only on the speed, pow-
er, torque, dynamic and static stiffness, but also on the thermal behavior of the 
spindle. These parameters directly affect the productivity and quality of machining 
operations. This paper presents a 3-D finite element thermal model, which was 
based on the thermo mechanical bearing model and the numerical model of the 
spindle. Based on thermo mechanical analysis of bearings with angular contact, 
generated heat and thermal contact resistance are determined for each position 
of the ball. To provide the most accurate analysis possible in determining thermal 
contact resistance , bearings are divided into several zones based on the geometry 
of their cross-section. The aforementioned constraints have been applied to the 
3-D FEM model which allowed for establishing temperature field distribution, and 
spindle thermal balance. In order to prove the efficacy of the proposed model, ex-
perimental measurements of spindle and bearing temperatures were done by using 
thermocouples and thermal imager.
Key words: machine tool, spindle unit, rolling bearing, thermal model, 

temperature field, finite element

Introduction

One of the main machine tool components affecting the accuracy and productivity 
of machining is the spindle unit. The heat generated in bearings and the motor are transferred 
through the spindle elements, causing linear, and non-linear thermal expansion. Non-uniform 
temperature distribution causes elastic thermal deformation of the spindle shaft, resulting in 
workpiece geometric and shape errors. It is essential to determine thermal sources, sinks, and 
temperature distribution of high speed spindle, in order to reduce and compensate for the ther-
mal errors of both the spindle and the entire machine tool. Bossmanns and Tu [1, 2] built a ther-
mal model based on the finite difference method (FDM) for analyzing motor-spindle affected 
by speed and preload. Their generated heat model is a function of speed and load, without con-
sidering the influence of generated heat change based on the rise in temperature. The research 
of non-linear thermal effects on high speed spindles via FDM was performed by Than and 
Huang [3]. Jedrzejewski et al. [4, 5] presented a hybrid model of high speed machining center 
which consisted of a headstock modeled by FEM and using tetrahedral elements, and axisym-
metric spindle with bearings modeled via FDM using ring elements. Li and Shin [6] depicted 
an integrated thermodynamic model based on FEM, with the relation between the increase in 
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temperature and the stationary change in bearing stiffness by using 2-D axisymmetric elements. 
The FEM analyses for quasi static analysis of bearing parameters during contact period in ref-
erent temperature was performed by Mitrović et al. [7]. Grujičić et al. [8] considered the factors 
that influence heat generation within a ball bearing. The new equation and methodology for ball 
bearings’ internal clearance determination, which could be used for eventual improvement of 
existing bearings’ service life equations, was presented by Mišković et al. [9]. Ma et al. [10, 11] 
implemented a geometrical-mechanical-thermal model for determining thermal contact resis-
tance in 3-D FEM thermal spindle model. In the aforementioned papers, heat generated in the 
bearing and thermal contact resistances are determined only when in stationary state. Also, the 
amount of heat generated in the bearing, the temperature, and thermal contact resistance of the 
bearing are considered uniform for all balls. Thermal contact resistance has formerly been de-
termined on the basis of uniform internal geometry of the bearing. On the other hand, there is no 
consideration of the change in viscosity of the lubricant due to the change in bearing tempera-
ture. With the increase in temperature, there is an expansion of bearing and spindle elements, 
which causes the increase in contact load of the bearing, thus increasing the generated heat and 
changing the thermal contact resistance depending on the ball position. The change in bearing 
element dimensions due to thermal expansion is usually ignored in the analysis of thermal be-
havior of machine tool spindle. All these parameters can significantly affect the accuracy of the 
results when analyzing the thermal behavior of machine tool spindle. Thus, the temperature-de-
pendant characteristics of the spindle-bearing system, which are often ignored in research, will 
be investigated in detail in this paper. In this study, the thermo mechanical model of the bearing 
and the 3-D finite element model of the spindle are used to determine the influences of non-lin-
ear thermal effects on the thermal behavior of the machine tool spindle. The thermo mechanical 
model of the bearing has been improved in several major aspects:
 – The generated heat and thermal contact resistance are determined for each ball, i. e. depend-

ing on the ball angular positions.
 – Thermal contact resistance is determined based on the variable dimensions of the bearing 

cross-section. The bearing is divided into three zones based on the change in its cross-sec-
tion dimensions.

 – When determining the heat generated on the bearing and thermal contact resistance, the 
change in bearing element dimensions due to thermal expansion, and the change in viscosity 
of the lubricant depending on the temperature are both considered. 

 – The heat transfer coefficient of the spindle’s stationary surfaces is determined based on the 
experimental testing in concrete conditions, since it depends on the testing conditions as 
well as the geometry of machine tool spindles. In current research, this coefficient has been 
taken from paper [1].

The proposed model is applied in researching the spindle thermal characteristics with 
“O” bearing arrangement. Variable heat sources and heat transfer coefficients were used on the 
thermal model. The geometric parameters of the bearing, contact angle after preload, initial pre-
load, contact forces, contact angles with raceways, and inertial forces are considered in non-sta-
tionary state for each angular position of the ball. Likewise, the heat generated on the bearing, 
as well as thermal contact resistance, are analyzed in non-stationary state. Based on the specific 
temperatures of the spindle, new dimensions of balls and raceways are established. Afterwards 
the contact forces contact angles, thermal contact resistance for each ball as a result of thermal 
expansion are determined. The process is reiterated until it reaches the stationary temperature 
state, as any changes after that become negligible.
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Finally, in order to determine the efficacy of the proposed model, experimental mea-
surements of spindle and bearing temperatures were performed using the thermocouple, in-
fra-red thermometer, and thermal imager. 

The thermal model of the high-speed spindle

For the high-speed spindle shown in fig.1, heat generated by bearings H1(t) i H2(t) is 
the main heat source that is considered in the paper. The conditions of heat transfer from the 
spindle and the boundary conditions of heat dissipation are also shown in fig. 1. They include: 
convection between the spindle shaft nose and ambient air (hfc), convection of the air in the 
annular gap (hgap) (e. g. between the spindle shaft and the housing, and spindle shaft and outer 
distance ring), the conduction from balls to the inner and outer raceways (Rb), conduction be-
tween the outer bearing ring and the housing (Ror-h), conduction between the inner bearing ring 
and the spindle shaft (Rir-s), and free convection of ambient air around the stationary surfaces 
(hfree). Also, in the process of analysis the following hypotheses were defined, which do not 
affect the results:
 – The spindle model is axisymmetrical and assumes a uniform clearance between the outer 

ring and the housing around the entire perimeter. 
 – Some small structures such as holes, nuts and other micro-structures are not considered due 

to their minimal influence on the simulation results. 
 – Heat-flow resistance due to lubrication between balls and raceways is not considered, due to 

the minimal amount of grease. 
 – The heat radiation is neglected because the temperature difference during the spindle rota-

tion is small.

y
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hgap
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Figure 1. Thermal model of the high-speed spindle

The thermo mechanical model of the bearing

The mechanical and thermal processes in the bearing are connected. As the speed of 
bearing rotation increases, so does the heat generated on the contact surfaces of the bearing. On 
the other hand, variable heat sources and sinks cause complex thermal expansion, which creates 
additional thermal load. 

Internal loading of the bearing

In ball bearings with angular contact the initial contact angle is defined by the line that 
goes through the contact points of balls and raceways, and the plane orthogonal to the bearing 
rotation axis. When there is no load, the raceway curvature centers, C0 and Ci1, are located at 
the distance A = Bdb = (fi + f0 – 1)db as can be seen in fig. 2(a). Figure 2(b) shows the angular 
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position of the ball. The inertial forces, external load, and thermal load affecting the balls cause 
the change of contact angles with the outer and inner raceways. Due to the change in contact 
angle with the raceways the line of action between the raceway groove curvature centers will 
not be collinear with the distance between centers AN as depicted in fig. 2(c). The inner raceway 
groove curvature center, Ci1, moves relatively compared to the center, Co, which is fixed.

According to Pythagoras’s theory the equation of kinematic constraints between balls 
and raceways in fig. 2(c) is [12, 13]:
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Based on fig. 2(d) in accordance with Newton’s 2nd law, for every ball the equation of 
forces in horizontal and vertical direction is defined:
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Figure 2. (a) Parameters of a ball 
bearing, (b) angular position of 
the ball, (c) position of raceway 
curvature centers, (d) ball loading at 
angular position ψj 
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The method of determining gyroscopic moment and centrifugal force of a ball is 
shown in [14] in greater detail. The relation between local Hertz’s contact forces Q(j) and de-
flection δ(j) between ball and inner/outer raceway is defined:

 3/2
, , , , , 1,2....m j m m jQ K m i o j Zδ= = =  (3)

Four parameters X1j, X2j, δi(j), δo(j) for each ball position were obtained by solving 
the non-linear relations of eqs. (1) and (2) in MATLAB using Newton-Raphson method, for 
the presupposed values of relative ring displacement (δax, δr i θy). Permissible error in New-
ton-Raphson iterations is 10-10. 

The contact area with inner or outer raceway is defined:

 , , ,m j m j m jA a b= π  (4)

where am,j and bm,j represent the semi-major and semi-minor axis of the elliptical contact area 
and are defined for each position of the ball in accordance with [15]:
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The heat generation of ball bearing

The generated heat of the bearing is created by three types of friction moment: torque 
due to applied load, torque due to viscosity of lubricant and spinning friction moment. There-
fore, the friction torque due to applied load and due to viscosity of lubricant at each inner and 
outer contact with the raceway is formulated [13]:
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For the bearing SKF7011 CDGA HC/P4 which is lubricated by the SKF LGLT 2 
grease the relation viscosity-temperature is given in tab. 1. The third component of heat genera-
tion within the bearing is the spinning friction moment generated by the spinning at the contact 
area of the balls and raceways. The spin-
ning friction moment for every contact 
with the inner and outer raceway can be 
obtained [14]:
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The heat generated in the contact zone for each ball:

 , 1 , , , , , , , , 1,2...m j b m j s m j S m jH M M m i j j Zω ω= + = =  (8)

In fig. 3(a) the heat generated based on the position of the balls for the spindle speed 
of 9000 rpm is depicted, while affected by preload and external radial load on the bearing. Total 
generated heat on front and rear bearings is shown in fig. 3(b). Due to the influence of inertial 
forces, the contact angle and the contact load with the outer raceway are increased, which leads 
to an increase in heat generated on the outer raceway, versus the inner one. Thus, the difference 

Table 1. The grease viscosity-temperature relationship
Temperature [°C] 25 40 60
Kinematics viscosity [mm2s–1] 30 18 11



Živković, A. M., et al.: A Study of Thermal Behavior of the Machine Tool Spindle 
2122 THERMAL SCIENCE: Year 2019, Vol. 23, No. 3B, pp. 2117-2130

in heat generated between the raceways, and the difference in heat generated based on the ball 
position are purely the consequences of bearing contact load and thermal expansion of the 
bearing rings and balls.

The mechanisms of heat transfer through the bearing

This paper presupposes that the mechanisms of heat transfer through the bearing are: 
the conduction between the balls and the raceways, fig. 4(a), the conduction between the outer 
ring and housing, fig. 4(b) and the conduction between spindle shaft and the inner ring, fig. 4(c).

Conduction between  
balls and rings

Thermal contact resistance de-
pends on the shape and size of the 
contact area, and it is connected to 
the bearing geometry and the con-
tact forces in the bearing. Accord-
ing to [1, 14, 15] for those cases 
where the balls and rings are not 
made of the same material, thermal 
contact resistance for each ball:
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where λb and λring are thermal conductivity of the balls and rings, respectively, and ψ(e, π/2) 
is a geometrical factor dependent on the size of contact area between balls and raceways. It is 
defined:
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where a, b are the elliptic contact axes as defined in relation (5).
Thermal contact resistance for each ball position in the function of preload is shown 

in fig. 5. In fig. 5(a), the change in thermal contact resistance, depending on the position of the 
ball under constant preload with external radial load, is shown. The change in thermal contact 
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Figure 3. (a) Heat generated in the front bearings depends on the angular position of the 
balls and (b) total generated heat in front and rear bearings
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Figure 4. Heat transfer through bearings: (a) the conduction 
between the balls and the raceways, (b) the conduction 
between the outer ring and housing, (c) the conduction 
between spindle shaft and the inner ring
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resistance based on preload without any external radial load can be seen in fig. 5(b) and 5(c). 
Based on the aforementioned figures, it can be seen that thermal contact resistance is not uni-
form when there is radial load, but is maximal on the balls with maximum contact loads. When 
there is no external radial load, thermal resistance is the same for all balls, fig. 5(b) and decreas-
es with the increase in preload, while thermal permissivity, Π, rises since it is inversely propor-
tional to thermal resistance, fig. 5(c) which is in alignment with [16] and Bossmanns and Tu [1].

Conduction between outer ring and housing

Heat conduction between the outer ring and housing is non-uniform for the entire 
width of bearing, since ring thickness is not constant for the width. Based on that, the outer 
ring is divided in three parts as depicted in fig. 4(b). Thermal contact resistance between the 
outer ring and the housing is defined in accordance with [3], while taking into consideration the 
change in outer ring cross-section:

 ring,( ) gap ring

ring ( ) air ( )

( )i h te h
or h

i i

h h T T r
R

A A
α

λ λ−

− −
= +  (11)

where hring(i) is the ring thickness for the specific cross-section (i = 1,2,3), A(i) – the contact 
area of the outer ring and the housing for a specific cross-section, αts – the thermal expan-
sion coefficient, and rh – the internal radius of the housing. Thermal permissivity between 
the outer ring and the housing is inverse to the 
thermal contact resistance (Π = 1/Ror-h) and it 
depends on their temperature difference. Fig-
ure 6 shows the change in thermal permissivi-
ty depending on the temperature difference for 
the examined spindle. 

Conduction between the inner ring and  
spindle shaft

As in the previous case, because of the 
change in inner ring thickness in width, it is 
divided into two parts as is shown in fig. 4(c). 
Heat resistance, Rir-s, between the inner ring 
and the spindle shaft is determined by using the 
relation for cylinder heat resistance [17]:
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where Rir(i) (i = 1,2) and Rs are the inner section radii 
which are observed in the inner bearing ring accord-
ing to fig. 4(c), and L(i) is the length according to the 
inner section, fig. 4(c). Heat conductivity, λ, for steel 
is 46.6 W/mK and it is valid for 20-200 °C [18]. The 
values of the conduction between the inner ring and 
spindle shaft are listed in tab. 2.

Mechanisms heat transfer from spindle

The spindle in rotation produces relative movement between the surface and the sur-
rounding air, thus creating forced convection. Mechanisms heat transfer in the high-speed spin-
dle includes force convections at the small annular gap, force convections of the rotation bod-
ies, and free convection on the stationary surfaces. The heat transfer mechanisms of the spindle 
that are considered here are shown in fig. 2.

Heat transfer coefficient for force convection can be established as [17]:

 airNu , , gap, , ,gapi e
j

h i fc j d d
d
λ

= = =  (13)

where λair is the heat conductivity of air, Nu – the Nusselt’s number, and dj – the diameter of the 
flow cross-section of a tube, as shown in fig. 1. In case of annular gap of the spindle, dj changes 
to the size of gap.

Force convections of the rotation bodies. For the laminar air-flow around the rotating 
spindle the Nusselt’s number is determined [19]: 
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Figure 7 shows force convections 
variations of the rotation bodies and force 
convections in the annular gap in according 
with the fig. 1, with respect to the specific 
rotation speed of the spindle.

Free convection on the stationary 
surfaces. In this paper the housing tempera-
ture measurement was taken for different 
spindle rotation speeds. The measurements 
were done until the stationary state was 
reached, after which the spindle was shut 
down and the cooling temperatures of the 
housing were monitored. Based on the curve 

of the cooling, via the analytic method through the use of relation (15) the free convection 
coefficient of the housing was established as shown in fig. 8.

Table 2. The TCR of the conduction 
between the inner ring and spindle shaft
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Zone 1 3231.5
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spindle speed
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In these experiments the free convection 
coefficient is 17.48 W/m2K, for spindle speed  
n = 3000 rpm, which is in alignment with [20], 
i. e. 32.12 and 38.84 W/m2K for spindle speed 
n = 6000 rpm and n = 9000 rpm, respectively.

The FEM thermal model

In defining the thermal model of the spin-
dle, i. e., the spindle shaft, bearings (rings and 
balls), and the housing, the hexahedral element 
SOLID 90 was used to mesh solid structure. In 
order to improve the accuracy and speed at the 
same time, elements with higher temperature, i. e. the raceways and balls, are meshed in a 
more refined manner. Model consists of 125353 solid elements and 211303 nodes in total. The 
finite elements CONTA174 and TARGET170 were used to simulate contact joints. To simulate 
contact joints, contact pairs were created at the joints, and the real constant (TTC) was defined, 
i. e., the thermal contact conductivity for each ball, as well as for each contact between the outer 
ring/housing and inner ring/spindle shaft according to fig. 4. Because of the spindle symme-
try only a half of the 3-D model was considered, as shown in fig. 9. Based on the first law of 
thermodynamics on energy conservation, the transient heat transfer model for the 3-D model 
is derived:
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where T = T(x,y,z,t) is the temperature of the each element, t [s] – the time, To completely con-
struct the 3-D finit element model in the ANSYS Workbranch 18-Academic, all convection and 
contact conductance coefficients must be computed using aforementioned relations and set up 
in the model.

Figure 9. The 3-D finit element model of the spindle unit
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Experimental set-up

In order to validate simulation results, an experimental apparatus has been established to 
measure temperatures shown in fig. 10. The spindle is driven by motor, which has 9000 rpm maxi-
mum speed, through belt transmission. The driving motor – 2 is, by belt transmission – 3, connect-
ed to spindle shaft – 1 and frequency regulator – 4, which allows for the desired rpm. To measure 
the temperature of the spindle, thermocouples, infrared thermometer, and thermal imager have 
been used. Two K-type thermocouples (T1, T2) have been placed through the housing – 5 on front 
bearings’ outer rings, fig. 10(b). Additional three K-type thermocouples (T5, T6, T7) have been 
placed on the housing – 5, where the spindle support is located (near the front bearing), fig. 10(a). 
The accuracy of measurement of the K-type thermocouple according to the standard BS1041-4 is 
in the range of ±3 °C between 0° C and 400 °C. The temperatures obtained from these thermocou-
ples were collected by an acquisition system NI USB 6281 and then sent back to a computer for 
processing and monitoring results for every one second. The output from the acquisition system is 
continuously monitored and analyzed in MATLAB software. Infrared thermometer – 6 has been 
used to record temperature (T4) at the inner tapered surface of the spindle shaft, fig.10(b). The 
accuracy of measurement of the infrared thermometer was ±2 °C between –40° C and 500 °C. To 
record the distribution of temperature fields, monitor the temperatures of the entire experimental 
rig, and record temperature (T3) at spindle nose, as well as to control the thermocouples, the Ther-
mo ProTP TP8S thermal imager – 7 has been used. The accuracy of measurement of the Thermo 
ProTP TP8S thermal imager was ±1 °C between –20° C and 250 °C. The spindle, fig. 10(b) is 
mounted on the experimental test rig with a headstock – 8, and it is projected to work in a span of 
0-9000 rpm. The spindle is supported in the front with two bearings in a “0” arrangement (SKF 
7011 CDGA/HC P4.), and in the rear with two bearings in a “0” arrangement (SKF 7008 CDGA/
HC P4.). All the bearings are with lock-ring preload. The initial preload is 194 N. 

Results and discussion

The analysis of the spindle’s thermal characteristics includes the stationary and 
non-stationary state, as well as the analysis of the heat balance. For the stationary and non-sta-
tionary analysis, the temperatures measured in different measuring points, fig. 10, were com-
pared to the predicted temperatures received from the mathematical model for different spindle 
speed. Also, thermal field distribution that was devised in the mathematical model was com-
pared to the actual thermal distribution field as measured by thermal imager.

(a)

(b)

7

Figure 10. A schematic; (a) of the experimental rig and (b) of the spindle
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Steady-state analysis

Figure 11(a) predicts the temperature distribution of the spindle for rotation speed of 
9000 rpm and reference temperature of 22 °C. In fig. 11(b), the comparison between the distri-
bution of temperature fields, which were obtained experimentally by using the thermal imager 
and simulation, is shown. According to fig. 11(a) it can be seen that the temperatures on the 
front bearings and around front bearings are higher than the temperatures of the other spindle 
elements, and that temperature field distribution is not uniform for the spindle and housing. 
The rise in temperature of the bearing is caused by the friction of balls and rings. Thus, the heat 
accumulated in the bearing’s transfers to the spindle and housing, with the larger part of it being 
on the housing. The maximum differences from 2 to 5 °C in stationary state, depending on the 
measurement points, are acceptable.

(a) (b)

Figure 11. Temperature distribution of the spindle for 9000 rpm; (a) Simulated and  
(b) experimental via thermal imager (for color image see journal web site)

Transient state analysis

Figure 12 shows the comparison between measured and simulated temperatures on 
the front bearings during time. In fig. 13 there are the comparisons between the measured 
and predicted temperature histories of the housing and spindle nose. The temperatures of the 
front bearings from the very start rise sharply at the early stage, and then gradually increase 
until reaching the final temperature, when the amount of heat generation is in balance with the 
heat dissipation into the ambient air. It takes about 
60 min for the front bearings to reach a thermal 
equilibrium state. In fact, the rotational speed of 
the spindle has a significant effect on the thermal 
balance, because of the dependence of the heat 
generation of the bearings on the spindle speed. 
The higher the rotational speed of the spindle, the 
shorter it will take to reach the stationary state. Ac-
cording to fig. 13(c), there is a visible short rise 
of spindle nose temperature as observed in both 
simulation and experiments, which is produced 
due to the equalization of higher core temperatures 
that transfer through the spindle after it is shut 
off. In the first-time stage, the temperature on the 
housing increased faster than that of the shaft and 
more slowly than the temperature on the bearings. 
Through these findings, the history of temperature 
distribution on the spindle-bearing system can be 
learned, and a suitable cooling system can be de-
signed to minimize thermal expansion.
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The analysis of power balance

The thermal balance procedure determines internal heat generation and heat transfer 
coefficients as functions of spindle speed. Independently from the calculation of heat sources, 
internal heat transfer is calculated from the predicted temperature field. All heat sources and 
heat sinks are finally added up, and the assumptions are considered valid when the power bal-
ance amounts to zero for all combinations of spindle speeds. Internal power flow has been an-
alyzed through simulation and from experiments. The total amount of heat generated is 530 W 
as a consequence of friction in all four bearings. The front bearings produce about 292 W, while 
the rear bearings about 238 W. 

The heat removed by the heat sinks include: 147.4 W from convection of the annular 
gap and around spindle nose into air, 289.5 W absorbed by the ambient air around the stationary 
surfaces, 88,1 W conducted through the spindle and housing. The total is 525 W. Compared to 
the input power, there is an error of 5 W. 

Conclusions

A comprehensive method for determining temperature fields and considering a non-
linear thermal effect on high speed spindle is presented in this paper. Present model can be 
separated into two sub-models: the thermo mechanical bearing model and the thermal model 
of the spindle. Additionally, it is related to the bearing model through the generated heat, con-
vective coefficient and thermal contact resistance. On one hand, the presented bearing model 
can be used for non-stationary simulation of the interaction of the internal bearing behavior, 
and on the other hand, for heat transfer and structural deformation of the spindle elements. The 
bearing model can be used for any type of bearing with angular contact and lock-ring preload. 
The temperature field distribution of the high-speed spindle system was calculated. As tem-
perature changed, the variability in thermal contact resistance between two parts, such as balls/
rings, outer ring/housing, and inner ring/shaft, was also noted. The temperature distribution in 
the spindle-bearing system was presented and found consistent with experimental results. The 
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spindle shaft nose
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maximum difference of 2 to 5 °C (about 3 to 5%) in stationary state, depending on the measure-
ment points, is acceptable for the machine tool spindle analysis, especially since the suggested 
model assumes a uniform clearance between the outer ring and the housing around the entire 
perimeter. Changes in clearance affect the accuracy of several parameters, such as contact load, 
contact resistance, and generated heat in the bearing. On the other hand, any deviations of the 
numerical and experimental results are the consequence of errors in numeric mathematics of 
the 3-D model being discretized, the assumptions used in the mathematical model, and mea-
surement accuracy. The distribution of temperature field of the spindle system was character-
ized according to the simulation results. Although the model was developed for the analysis 
of a high-speed spindle system, it can also be used for thermal analysis of various machining 
systems. Finally, improving the analysis of thermal spindle behavior made the model more 
accurate and predictive.
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Nomenclature
A – distance between raceway groove curvature 

centers, [mm]
AN – distance between raceway groove curvature 

centers after preload, [mm]
A1, A2, A3 – areas of the characteristic cross-

sections (1, 2, 3) on the bearing ring 
according with fig. 4, [mm2]

a – semi-major axis of the contact area, [mm] 
b – semi-minor axis of the contact area [mm]
C0 – outer raceway groove curvature center, [mm]
Cb0 – ball center, initial position, [mm]
Cb1 – ball center, final position, [mm]
Ci1 – initial position, inner raceway groove 

curvature center, [mm]
Ci2 – final position, inner raceway groove  

 curvature center, [mm]
db – diameter of the balls, [mm]
dbT – diameter of the balls after thermal  

 expansion, [mm]
dm – bearing pitch diameter, [mm]
E’ – compl. ellip. integral of the second kind, [–]
E – moduls of elasticity, [Nmm–2]
E” – 2/(1 – η 2ring)/Ering + (1 – η 2ball)/Eball, [–]
F – external load, [N]
Fc – centrifugal force, [N]
Fp – initial preload, [N]
f – r/db, [–]
H – heat generated, [W]
K – load-deflection constant, [–]

L.1, L.2, L.3 – lenght of the characteristic cross-
sections (1, 2, 3) on the bearing ring 
according with fig. 4, [mm]

M – friction torque, [Nmm]
Mg – Gyroscopic moment, [Nmm]
Q – contact force, [N]
R – radius of the raceways, [mm]
Rx, Rv – effective radius, [mm]
Rxy,m – Rx,mRy,m/(Rx,m+ Ry,m), [mm]
r – groove curvature radius, [mm]
Z – number of the ball, [–]
κm – 1.0339(Ry,m/Rx,m)0.636, [–]

Greek symbols

α – contact angle, [°]
αp – contact angle after preload, [°]
δ – deformation or deflection, [mm]
δε – thermal expansion [mm]
εb – thermal expansion of the ball [mm]
η – Poisson coefficient, [–]
µ – friction coefficient [-]
ν – kinematic viscosity of lubricate [mm2s–1]
ψ – angular position of ball [°]
ωb –  angular velocity of the ball, [rads–1]
ωs – spin velocity [rads–1]

Subscripts

ax – axial direction
i – refer to inner raceway
o – refer to outer raceway
r – radial direction
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