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Effects of thermal radiation and radial applied magnetic field on the peristaltic 
motion of Casson material in a channel are investigated. Heat equation contains 
Joule heating and viscous dissipation characteristics. The flow equations in wave 
frame are reduced in view of long wavelength and small Reynolds number. Stream 
function formulation is adopted. Closed form solutions of physical quantities have 
been developed. Physical interpretation through graphs is assigned. It is found 
that pressure gradient and fluid velocity decreases for Casson fluid parameter. Also 
temperature is decreasing quantity of thermal radiation parameter and Prandtl 
number.
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Introduction

There is no doubt that peristaltic transport of fluid has relevance for chyme movement in 
the gastrointestinal tract, urine passage from kidney to bladder, blood circulation, locomotion of 
worms, ovum movement in the fallopian tube and spermatozoa in ductus efferents. Industrial ap-
plications of peristalsis may include transport of sanitary, corrosive and noxious materials. Roller 
and finger pumps and heart lung machine operate subject to principle of peristalsis. Such activity 
is also quite important in processes of pharmaceutical, cosmetic and paper industries. Having 
all such significance in mind, Latham [1] and Shapiro et al. [2] made earliest investigations for 
peristaltic transport of viscous fluid in a channel. Afterwards the peristaltic activity for viscous 
and non-Newtonian fluids has been analysed widely. Relevant information on the topic in view 
of diverse aspects is extensive. However few most recent attempts in this regard can be consulted 
via the refs. [3-12].

It is noted from the available information about peristalsis that mostly attention in the past 
has been focused to the flow in straight channels/uniform applied magnetic field. Consideration of 
magnetic field is important since many materials like corrosive, toxic, saline water and blood is 
electrically conducting. Further configuration in physiological and pipe flows are curved. With this 
view point some advancement is made to examine peristaltic flow of fluid in absence/presence of 
constant applied magnetic field. Mention may be made to the refs. [13-20] in this regard.
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Moreover to achieve high targets, the thermal radiation depends on various types of 
physical systems like gas flow, heat, and mass transportation. Especially at high temperatures, the 
thermal radiation characteristics in heat transfer processes become provocatively more apprecia-
ble. Its acceptable applications in engineering are to design the diverse tools for satellites, aircrafts 
and different other space machines. Processes in which involves high temperature e. g. nuclear 
power plants, polymer and glass productions, gas turbines and so forth radiation mode contributes 
significantly. Impact of radiative convection in MHD flow of nanoliquid produced via non-linear 
boundary is explored by Pal and Mandal [21]. A numerical investigation for radiative MHD flow 
of Al2O3-water nanoparticles is delivered by Sheikholeslami et al. [22]. Hayat et al. [23, 24] ad-
dressed the thermally radiative stretchable flow of convected Eyring Powell and Maxwell liquids. 
Thermal radiation and magnetic field impacts on 2-D Williamson nanofluid flow are reported by 
Bhatti and Rashidi [25]. Moreover few recent studies which comprise the thermal radiation as-
pects can be view through refrs. [26-30].

Viscoplastic liquids have a complex transformation between a liquid-like and a sol-
id-like reaction. Such fluids can be characterized via yield stress. In such kind of material 
when ratio of the shear stress to the yield stress is less than the unity it behaves like solid 
and it deforms when this ratio is higher than unity. It shows shear-thinning characteristics for 
larger yield stress. Mostly the Casson [31], Herschel-Bulkley [32] and inelastic Bingham [33] 
models are considered to highlight the properties of viscoplastic materials. In these three fluid 
models the most simplest model is Bingham liquid model, this model deals only with a yield 
stress. Due to its simplicity, the most frequently considered model in numerical and theoreti-
cal investigation is the Bingham fluid model. But this model is not realistic for all rheological 
materials. Because mostly the real fluids characterized as shear-thinning yield stress materials 
like Herschel-Bulkley/Casson liquids. Currently the Casson model is used in food stuff process-
ing’s [34]. Also this model has been utilized to model the rheological behavior of chocolate by 
the International Office of Cocoa and Chocolate. Furthermore, various working materials e. g. 
molten plastics, artificial fibers, polymeric materials, foodstuffs, blood, slurries and synovial 
liquids which demonstrate characteristics non-Newtonian liquids. Liquids of such kinds having 
relationships in the form of shear-stress-strain which are materially dissimilar from the viscous 
model. Various non-Newtonian models require some form of amendment to the momentum 
constraints. In the category of these non-Newtonian materials, the Casson material has different 
key features. In polymer processing industry and in the field of biomechanics it has consider-
able demands. Sometimes the Casson material is found very better for rheological data when 
compared with general viscoplastic models for various fluids. In the above aforementioned 
context, various researchers, [35-45] and several references therein are studied the heat transfer 
flow of Casson liquid with distinct physical aspects.

The purpose of present communication is to address the peristaltic flow of Casson 
material in a curved channel. Flow formulation is constructed in presence of radial applied 
magnetic field. Stream function formulation is followed. Large wavelength and low Reynolds 
number are taken into consideration for the whole computational analysis. Results for small 
occlusion are presented. The pressure gradient, pressure rise per wavelength, velocity, tempera-
ture and streamlines are analysed for the influences of Hartmann number, curvature, Casson 
parameter, amplitude ratio, Brinkman number, thermal radiation and Prandtl number.

Formulation

In fig. 1 we consider an incompressible fluid in a curved channel of width 02a  coiled 
in a circle of radius R∗  with centre lying at point O . Here 1V  and 2V  are the velocity compo-
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nents in radial (R ) and axial (X ) directions, re-
spectively. Applied non-uniform magnetic 
field, B , is in the radial direction.

The fluid-flow inside the channel is due 
to peristaltic waves along the flexible wall of 
channel. Mathematical description of wall sur-
faces is:

  ( ) ( )0 1
2, sinH X t a a X ct
λ

 π  = ± + −    
  (1)

In previous expression c  denotes the 
wave speed, 1a  – the wave amplitude, λ  – the 
wavelength, and t  – the time in laboratory frame. The velocity, V , and extra stress tensor, S , 
for Casson fluid model are given:
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The laws of conservation of mass, momentum and energy for the considered geometry 
are mentioned below [15-20]:
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Figure 1. Physical diagram

Peristaltic channel walls
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In previous equations P  denotes the pressure, ρ  – the fluid density, t  – the time, 
and XXS , RRS , RXS  – the extra stress components. Rossland approximation for thermal radia-
tive flux is expressed [25-28]:
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in which σ ∗  the Stefan-Boltzmann and k∗  – the mean absorption quantities, respectively. Note 
that flow is unsteady in fixed frame ( , )R X  whereas the flow in the channel can be treated as 
steady in wave frame ( , )r x  moving with wave speed c . Relations between co-ordinates, ve-
locity components and pressure in both frames are:
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where ( ,x r ), ( 1 2,v v ), and p  are, respectively, the co-ordinates, velocity components and 
pressure in wave frame. Now eqs. (6)-(9) yields:

	 ( ) 2
1 0vR r v R

r x
∗ ∗ ∂∂  + + = ∂ ∂

	 (12)

	

( ) ( )

( )

2
2 21 1 1

1

1 rx xx
rr

R v c v cv v v pc v
x r x rR r R r

S SRR r S
r xR r R r R r

ρ
∗

∗ ∗

∗
∗

∗ ∗ ∗

 + +∂ ∂ ∂ ∂
 − + + − = − +

∂ ∂ ∂ ∂+ +  
  ∂∂  + + + −  ∂ ∂+ + + 

	 (13)

	

( )

( )
( ) ( )

22 2 2 1 2
1

2*2 2
0 22 *

1

∗ ∗

∗ ∗ ∗

∗
∗

∗∗

   +∂ ∂ ∂ ∂
− + + − = − +   

∂ ∂ ∂ ∂+ + +    

   ∂∂  + + + − +    ∂   ∂+ +   +

xx
rx

R v cv v v v v R pc v
x r x xR r R r R r

SR RR r S B v c
r xR r R rR r

ρ

σ 	 (14)

	

( )
( ) ( ) ( )

( )

2 2 2
2

1 2 2 2

2*
22 22 1 2

0 2*

1

1

p

rx rr xx

r

V RT T T T T R Tc c v
x r x rR r r R r xR r

v cv v vR RS S S B v c
r x rR r R r R r

R r Q
rR r

ρ κ

σ

∗ ∗

∗ ∗ ∗

∗

∗ ∗

∗
∗

 
 ∂ ∂ ∂ ∂ ∂ ∂ − + + = + + +   ∂ ∂ ∂ ∂+ ∂ + ∂  +  

   +∂ ∂ ∂
+ − + + − + + −  ∂ ∂ ∂+ + +   

∂  − + ∂+
	 (15)



Farooq, S., et al.: A Theoretical Analysis for Peristalsis of Casson Material with Thermal Radiation ... 
THERMAL SCIENCE: Year 2019, Vol. 23, No. 6A, pp. 3351-3364	 3355

We further write the following dimensionless parameters:

	

( )

01 2
1 2

0 0
1/22

00 0
0 0

0
32

0 0 0

1 0 1 0

22 , , , , , ,

2 , ,  M , Re , Pr  

16, Ec , Br Pr Ec, ,
3

∗

∗

∗

ππ
= = = = = = = ±

 π
= = = = = 

 

−
= = = = =

− −

c c c

p

B c B B

d ij ýj
p BB p

av vx ct r Hx t r v v
a c c a

ca p caRp k B a
c a

T T T ac R S S
T T T T c ck c

δ η
λ λ λ

µρσ
µ λ µ µ κ

σ
θ

µµ

	 (16)

where δ  is the wave number, k  – the curvature parameter, M – the Hartmann number, Re  – 
the Reynolds number, Pr  – the Prandtl number, Ec – the Eckert number, Br – the Brinkman 
number, and dR  – the thermal radiation constant.

The velocity components in terms of stream functions ψ  can be defined:
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Physically it is found that large wavelength and small Reynolds are very useful for 
flow of chyme transportation in small intestine [46]. In small intestine wave speed c = 2 cm/min, 
width 0 1.25 cma =  and wavelength 8.01 cmλ = . Also it is important to note that the half width 
of intestine is small in comparison to wavelength i. e. 0 / 0.156a λ = . Lew et al. [47] also justi-
fied in their study that Reynolds number is very small in small intestine. Further several re-
searchers use such assumption during studying peristalsis [48-50]. In view of all the mentioned 
facts eq.  (12) is satisfied identically and assumptions of long wavelength and low Reynolds 
number further reduce the governing equations:
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Dimensionless boundary conditions subject to the problem are:

	 ( ) , 1, 0 at  
2
Fr r

r
ψψ θ η∂

= − = = = +
∂

	 (22)

	 ( ) , 1, 1 at  
2
Fr r

r
ψψ θ η∂

= = = = −
∂

	 (23)



Farooq, S., et al.: A Theoretical Analysis for Peristalsis of Casson Material with Thermal Radiation ... 
3356	 THERMAL SCIENCE: Year 2019, Vol. 23, No. 6A, pp. 3351-3364

	 ( )( ) 1 sin 2= + π  x xη  	 (24)

where 1 0/a a=  is the amplitude ratio or occlusion. Present study can be reduced to straight/
planner channel when k →∞  (i. e. larger curvature parameter).

Solution methodology

Closed form solution for pressure gradient d /dp x , stream function, ψ , velocity, 2v  
and temperature, θ , is of the form:
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Discussion

Pumping phenomena

The purpose of this section is to explain impacts of different physical parameters. 
Responses of the pressure gradient for different values of amplitude ratio, , Hartmann num-
ber, M, curvature parameter, k , and Casson fluid parameter, ξ , are shown in the figs. 2-5, re-
spectively. It is observed that pressure gradient d /dp x rises upward when the amplitude ratio  
and Hartmann number are increased, see figs. 2 and 3. It means that for larger amplitude ratio 
 the clasping and compressing phenomena are affected. Radially imposed magnetic field play 
an important role for the pressure gradient d /dp x  against the resistive forces of the flow. Figures 
4 and 5 illustrate that the pressure gradient d /dp x decreases when curvature parameter, k , and 
Casson fluid parameter, ξ , are enhanced. It is important to note that the pressure gradient is 
greater for Casson fluid when compared with viscous fluid. The pressure rises per wavelength 

pλ∆  is the quantity which shows the flow behavior for different pumping regions. It is very 
difficult to evaluate pressure rise per wavelength pλ∆  analytically. Hence numerical integration 
is used to compute its expression. It is very important to know that the pressure rise per wave-
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length studies the fluid-flow in three different regions i. e. peristaltic pumping region ( 0pλ∆ >
), free pumping region ( 0pλ∆ = ) and copumping region ( 0pλ∆ < ). Figure 6 shows that the 
pressure rise per wavelength increases peristaltic ( 0pλ∆ > ) and free pumping ( 0pλ∆ = ) re-
gions whereas it decreases in copumping region ( 0pλ∆ < ) as we increase the amplitude ratio 
 . Pressure rise per wavelength pλ∆  increases in the peristaltic pumping region ( 0pλ∆ > ) and 
it decreases in the copumping region ( 0pλ∆ < ) through Hartmann number, see fig. 7. Opposite 
behavior of pressure rise per wavelength pλ∆  is observed for different values of curvature pa-
rameter, k , and Casson fluid parameter, ξ , see figs. 8 and 9. From figs. 7 and 8 it is very easy 

Figure 2. Shows dp/dx for  with ξ = 103, Θ = 1,  
M = 2, k = 3

Figure 3. Shows dp/dx for M with ξ = 103, Θ = 1, 
 = 0.3, k = 3 
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 = 0.3
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Figure 4. Shows dp/dx for k with ξ = 103, Θ = 1,  
 = 0.3, M = 2

Figure 5: Shows dp/dx for ξ with k = 3, Θ = 1,  
 = 0.3, M = 2

x x
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ξ = 105

Figure 6. Shows Δpλ for  with ξ = 103,  
M = 2, k = 3 

Figure 7: Shows Δpλ  for M with ξ = 103,  
 = 0.3, k = 3
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to observe that the peristaltic phenomenon is present. It is found that the pressure rises per 
wavelength pλ∆  is low for viscous fluid when compared with Casson fluid.

Figure 8. Shows Δpλ for k with ξ = 103,  
 = 0.3, M = 2

Figure 9. Shows Δpλ for ξ with M = 2,  
 = 0.3, k = 3 

Θ Θ
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λ
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ξ = 105

Velocity

Variations of different parameters of interest on the velocity are displayed in the figs. 
10-17. Here 3-D plots are presented. Figure 10 shows that velocity near lower wall decreases 
while it increases near upper wall when curvature parameter, k , is increased. Figure 11 depicts 
that velocity decreases at the centre of the channel and it enhances near the walls of curved chan-
nel when Hartmann number is increased. Figure 12 has the similar qualitative effect for Casson 
fluid as that of Hartmann number on the velocity in fig. 11. Further magnitude of velocity in Cas-
son fluid is more than that of viscous fluid. The 3-D plot captured in fig. 14 show that velocity is 
increasing function of volume flow rate, Θ.

Figure 10. Shows v2 for k with ξ = 103, Θ = 1,  
 = 0.3, M = 2, x = 0   
(for color image see journal web site)

Figure 11. Shows v2 for M with ξ = 103, Θ = 1, 
 = 0.3, k = 3, x = 0   
(for color image see journal web site)

v2 v2

rr

xx

Temperature

Figures 14-18 are prepared to describe the impact of embedded parameters of interest 
on temperature through 3-D plots. Figure 14 discloses, the behavior of temperature for 
curvature,  k . This figure indicates that temperature decays at centre and it rises near the channel 
walls. Evidently, temperature rises due to slow velocity field for larger Hartmann number, see 
fig. 15. Physical, Lorentz force is responsible for this because it resist the flow field as a result 
fluid particles dissipates energy thus temperature rises. Similar situation is observed in fig. 16 
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temperature for Brinkman number as for Hartmann number shown in fig. 15. Figure 17 corre-
sponds to the behavior of temperature for different values of thermal radiation parameter, dR . 
This figure indicates the temperature reduces significantly with the enhancement of dR . Simi-
larly, temperature also reduces for Prandtl number, see fig. 18.

Note that the parameter values used in 3-D plots versus different colours are disclosed 
in tab. 1.

Figure 12. Shows v2 for ξ with k = 3, Θ = 1,  
 = 0.3, M = 2, x = 0 
(for color image see journal web site)

Figure 13. Shows v2 for Θ with k = 3, ξ = 103,  
 = 0.3, M = 2, x = 0  
(for color image see journal web site)

v2 v2

r r

x x

Figure 14. Shows θ for k with ξ = 103, Θ = 1,  
 = 0.3, M = 2, x = 0, Pr = 2, Br = 2, Rd = 0.5 
(for color image see journal web site)

Figure 15. Shows θ for M with ξ = 103, Θ = 1,  
 = 0.3, k = 3, x = 0, Pr = 2, Br = 2, Rd = 0.5 
(for color image see journal web site)

θ θ

r r
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Figure 16. Shows θ for Br with ξ = 103, Θ = 1,  
 = 0.3, M = 2, x = 0, Pr = 2, k = 3, Rd = 0.5 
(for color image see journal web site)

Figure 17. Shows θ for Rd with ξ = 103, Θ = 1,  
 = 0.3, M = 2, x = 0, Pr = 2, k = 3, Br = 2 
(for color image see journal web site)
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θ
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Streamlines

Now the figs. 19-22 have been prepared for the outcome of different embedding pa-
rameters on the trapped bolus. Figure 19 depicts that shape of trapped bolus is increasing func-
tion of amplitude ratio parameter, . Effect of curvature parameter, k , on trapping bolus is 
plotted in fig. 20. Here trapped bolus decreases for increasing values of curvature parameter, k . 
It is noted that for 100k =  the trapped bolus splits away. Figure 21 depicts that the trapped 
bolus decreases in size for larger values of Hartmann number. For Casson fluid model the 
trapped bolus decreases, see fig. 22. It is very interesting to know that the size of trapped bolus 
in Casson fluid is larger than for Newtonian fluid.

Table 1. Parameter values for each 3-D 
curves made for velocity and temperature

Parameters
Colour name for 3-D curve

Orange Green Blue Red
k 2 3 4 100
M 1 2 3 4
ξ 1 3 5
Θ 0.1 0.2 0.3 0.4
Br 0.5 1.0 1.5 2.0
Rd 0.0 0.4 0.8 1.5
Pr 0.5 1.0 1.5 2.0

Figure 18. Shows θ for Pr with ξ = 103, Θ = 1,  
 = 0.3, M = 2, x = 0, Br = 2, k = 3, Rd = 0.5 
(for color image see journal web site)

θ

r

x

Figure 19. Streamlines for  with k = 3, M = 5.5, ξ = 103, Θ = 2.7

r r

x(a) (b) x

Concluding remarks

The main observations are given as follows.
yy Symmetry of velocity profile is disturbed at centre line in curved channel situation.
yy Velocity for Casson fluid is more than the viscous material.
yy Temperature has similar response for thermal radiation and Prandtl number.
yy Temperature enhances for both Hartmann and Brinkman numbers due to higher amount of 

collision between fluid particles.
yy Behaviors of Hartmann number, curvature and Casson fluid parameter on the trapped bolus 

are qualitatively similar.
yy Variations of Hartmann number and amplitude ratio on the trapped bolus are opposite.
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