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This study presents a numerical simulation of the 3-D laminar mixed convection
between two concentric horizontal cylinders with physical properties which de-
pend on temperature. The outer cylinder is subjected to an internal energy gen-
erated by the Joule effect whereas the inner cylinder is adiabatic. The flow and
thermal fields are modeled by the continuity, momentum, and energy equations
with appropriate initial and boundary conditions using a cylindrical co-ordinate
system. The model equations are numerically solved by a finite volume method with
a second order accurate spatiotemporal discretization. For the considered geomet-
ric, dynamic and thermal controlling parameters, it is found that the transverse
flow is always the cause of the circumferential variation of the temperature and the
physical properties of the fluid. The phenomenon of the temperature stratification
is highlighted and the vortices obtained lead to an improvement in the heat trans-
fer quantified by the increase in the number of Nusselt. The obtained axial Nusselt
number increases with the increased of Grashof number which is proportional to
the heat flux imposed at the surface of the outer cylinder.

Key words: mixed convection, concentric cylinders, temperature dependent
properties, finite volume method

Introduction

Mixed convection heat transfer in a horizontal annulus between concentric cylinders
has attracted considerable amount of numerical and experimental works because of its technical
importance, as it is present in numerous engineering applications such as gas-cooled electrical
cables, and double-pipe heat exchangers, just to mention a few examples. Several kinds of con-
vective flows which are dependent on geometric, dynamic and thermal controlling parameters
such as the aspect ratio, the Prandtl, Reynolds, and Grashof numbers can be developed. Rao et
al. [1] investigated the flow patterns of air (Pr = 0.7) and found three flow regimes depending
on diameter ratio (D,/L): a 2-D oscillatory flow for D,/L <2.§, a 3-D spiral flow for:
2.8<D;/L <8.5 and a 2-D multicellular flow for D,/L >8.5. Ouazzane et al. [2] presented a
numerical and experimental approach to the problem of mixed convection between two hori-
zontal plans at different temperatures. The results of this numerical study show a movement in
the form of transverse rolls moving in the direction of flow movement. The experimental results
obtained with air show a structure of the flow in the form of transverse rolls for the low values
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of the Reynolds number and longitudinal vortices for higher numbers of Reynolds number. A
linear stability analysis of the fully developed flow is performed by Chenier et al. [3] for air
flowing in an annular pipe of fixed radius ratio equal to 1.2. The synthesis of the results on the
transitions permits to build the map of stability for the steady and established mixed convection
flows. A stability diagram in the (Pe,Ra)-plane was drawn to define the stability regions of the
secondary flows. Hu et al. [4] studied the multiple steady solutions in natural convection be-
tween horizontal concentric cylinders with a constant heat flux wall, a fixed aspect ratio equals
to 2 is considered. It was found a new steady solution consisting more of eddies when the
Rayleigh number exceeds a certain critical value. Mojtabi and Caltagirone [5] studied numeri-
cally the laminar mixed convection hydrodynamically and thermally developed between two
horizontal coaxial cylinders. It was found that the exchange of heat at the two cylinders depends
only on the Rayleigh and Prandtl numbers and the radii ratio. Forced and free convective heat
transfer for thermally developing and thermally fully developed laminar air-flow inside hori-
zontal concentric annuli has been experimentally investigated by Mohammed et al. [6]. The
result was that the axial Nusselt number increases with the Reynolds number. Kotake and Hat-
tori [7] studied numerically a combined forced and free convection flows in a horizontal annu-
lus with the finite-difference method. The fluid in an annulus is heated axially with uniform heat
flux at the walls. With the numerical results, the flow features of combined forced and free
convection in the annulus are studied. The vortex associated increases its strength with the Gra-
shof number, especially more rapidly in the case of inner wall heating. Nazrul ez al. [8] studied
numerically the laminar mixed convection heat transfer in a horizontal annulus. The fluids used
are air and water. The thermal boundary conditions are: uniform heat flux at the inner wall and
an adiabatic outer wall. The results obtained show that the secondary flow is more intense in the
upper part of the cross-section. The Nusselt number at the end of the entrance zone is about 30%
higher than that of pure forced convection for a ratio of radius of 1.5 and 110% higher than that
of forced convection for a ratio of radius of 10. The effect of variable fluid properties on the
mixed convection has been numerically studied by Touahri and Boufendi. [9, 10] with a 3-D
conjugate heat transfer in an annular space between two horizontal cylinders, the external cyl-
inder heated by an electric current passing through its small thickness and the internal cylinder
being insulated. The thermal convection in the fluid domain is conjugated to the thermal con-
duction in the solid. The results obtained show the 3-D aspect of the thermal and dynamics
fields with considerable variation of the viscosity and moderate variation of the fluid thermal
conductivity. The mixed convection Nusselt number becomes more superior to that of forced
convection when the Grashof number is increased. Recently, the (2-D) fully developed mixed
convection equations in vertical annulus are analytically resolved for obtain exact solutions in
terms of Bessel’s functions and modified Bessel’s functions of first and second kinds, by Basant
et al.[11] and Oni [12] for different purposes. The first [11] exploit these solutions to study the
influence of both heat generating and absorbing fluid by considering one micro-concentric-an-
nulus while in [12] the authors treat the effects of different parameters such as heat source,
thermal radiation and porosity on mixed convection flow, considering the case of an annular
space filled with a porous material. At this stage of research development on the improvement
of convective heat transfer in annular geometry, special interest has been given to nanofluid
flows [13] and fluid properties thermal dependence [14].

In this work, we have studied numerically the heat transfer by mixed convection in
an annular space between two concentric cylinders, the physical properties of the fluid are ther-
mally dependent and heat losses with the external environment are considered. The aim of this
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work is to study the variations of the thermal and dynamic fields as a function of the volumetric
heating and the effects of the increase of this heating on the Nusselt number and heat transfer.

Mathematical model

The geometry of the studied system is illustrated in fig.1. We consider two hori-
zontal concentric cylinders having a length L = 1 m. The inner cylinder has the inside di-
ameter D;;=0.56 cm and the outside diameter D;, =0.60 cm, the external cylinder has the
inside diameter D,; =0.96 cm and the outside diameter D,, =1 cm. The cylinders are made
of Inconel having a thermal conductivity K, = 20 W/mK. The passing of an electrical inten-
sity along the thickness of external cylinder produced a generation of heat by the Joule ef-
fect. This heat is transferred to laminar incompressible flow of distilled water (Pr = 8.082),
while the inner cylinder is considered perfectly insulated (adiabatic). The thermo-depen-
dence effect of the physical properties x"(77) and K*(7") on the heat transfer is considered
and their variation with temperature was determined by Baehr and Stephan [15]. The flow
at the entrance system is of Poiseuille type, with a Re = 373.28 and a constant temperature
equal at 15 °C.
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Figure 1. Geometry of the problem

Mixed convection flow in the annulus formed by two concentric horizontal cylinders
is modeled by the mass conservation, momentum and energy equations using the initial and
boundary conditions, and written in cylindrical co-ordinates which are better suited to the ge-
ometry studied.

At =0:

— At ¢ >0 mass conservation equation:
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— Radial momentum conservation equation:
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— Angular momentum conservation equation:
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— Axial momentum conservation equation:
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— Energy conservation equation:
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0 in the fluid

The viscous stress tensor components are:
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The heat fluxes are:
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Boundary conditions

— At the annulus entrance: z* =0
— In the fluid domain: 0.83<7" <1.33and 0<9<2xn

Vi=V,=T =0, V, =1 9)

— In the solid domain: 0.77<7" <0.83 or 1.33<r <138 and 0<0<2x
Vi=V,=V, =T =0 (10)



Khemici, M., et al.: Numerical Study of Developing Laminar Mixed Convection in a ...
THERMAL SCIENCE: Year 2019, Vol. 23, No. 6A, pp. 3411-3423 3415

— At the annulus exit: z* =277.77
— In the fluid domain: 0.83<7" <133 and 0<0<2n

:an :aVi _ 8* K*GT* 0 (11)
Oz Oz Oz

s

v,
oz

— In the solid domain: 0.77<r  <0.83 or 1.33<r <138 and 0<60<2=n

V*:V;:V*:ai*[K*aT*J:O (12)

— At the inside wall of internal pipe: »* = 0.77

Vi =V,=V,=0 and

=0 (13)

— At the outer wall of external pipe: 7" = 1.38

The conductive heat flux is equal to the sum of the heat fluxes of the radiation and
natural convection losses.
— for 0€0<2n and 0<z <277.77

Vi=V,=V,=0
Lo (h.+h)D, . 14
_KaT*:(rJrc),T (14)
or K,
where
h.=eo(T* +T2)T +T,) (15)

The emissivity of the outer wall ¢ is arbitrarily chosen to 0.9 while /4, is derived from
the correlation of Churchill and Chu [16] valid for all Prandtl number and for Rayleigh numbers
in the range 107 <Ra < 10°.

1/6
Nu D)o, 0387Ra 16)

Rai [ (0.559)9“6?27
1+
PI.air

The Rayleigh and the Prandtl numbers defined, respectively, as:
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Nusselt numbers
At the solid-fluid interface, the local Nusselt number Nu(6,z") is defined:
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where the dimensionless bulk fluid temperature is given by:
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The axial Nusselt number is defined:

27
Nu(z") = i j Nu(,z")do (19)
0

Numerical method

The finite volume method, well exposed by Patankar [17], is applied to discretize
the physical domain and the model equations with boundary conditions. The numerical grid
used is uniform along each cylindrical co-ordinate direction. The mesh-independent study has
been realized with three different grids: 26x34x142, 26x44x162, and 52x88x162 in the radial,
azimutal and axial directions respectively. For a proper choice of the appropriate mesh, several
executions of the calculation code have been made. We find that the last two mesh give results,
qualitatively and quantitatively, quasi-similar. As, for example, the absolute difference between
the values of the average Nusselt numbers does not exceed 5%. Then, we preferred to choose
the 26x44%162 mesh, to gain in computing time. A graphical representation of the used numer-

ical grid is shown in fig. 2.

The discretization of the equations is based on the calculation of the integrals of the
partial differential equations terms by terms on each control volume to obtain the discretized
algebraic equations. The spatiotemporal numerical discretization is second order accurate: the
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Figure 2. Numerical grid used

numerical errorsare oforder (Ar’)?, (Az')?, (AO)?
and (At")?. The considered time step is A" =5-107*.
In fig. 3 we illustrate axial evolution of the circum-
ferentially mean local axial Nusselt number It is
seen that there is good agreement between our re-
sults and those of Carlo and Guidice [18] who stud-
ied numerically the conjugate mixed convection
heat transfer in annulus with the controlling param-
eters of the problem: Re = 1000, Pr= 0.7, Gr = 106,
and R,/R, =1

Results and discussions

The discussion presented here is pertinent to
the study of the 3-D laminar mixed convection heat
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transfer in an annular space. The studied Grashof 000 o o o o o1,
numbers are: 1432.55, 1813.07, 2238.35, 2708.41,

3223.23 and 3781.98, the Reynolds number fixed . "] 1°
at 373.28 and the Prandtl number equal to 8.082.In = . T Rt 11
the following discussions, we present results that o Pr=07  Re=1000 B
include details of the flow and temperature fields Rif=2  Gr=10°

in addition to axial Nusselt numbers for different
Grashof numbers. The obtained flow for the stud-
ied cases is characterized by a main flow along the
axial direction and a secondary flow influenced by

. ‘ot : 000 002 004 006 008 010
the density variation with temperature. 216

The transverse fluid motion and velocity field Figure 3. Axial evolution of the
) . ) circumferentially mean local axial Nusselt
The numerical solution of the hydrodynami-  pumber; a comparison with the results of

cally and thermally developing mixed convection  Carlo and Guidice [18]

with temperature dependent physical properties is

obtained by solving egs. (2)-(6) with the conditions specified by egs. (9)-(17). The Grashof num-
ber is varied. The results revealed that the flow is hydrodynamically and thermally developing
from the annulus inlet to the annulus exit. The flow field is composed of the main axial flow
(represented by the axial component of the velocity 7, ) and a secondary flow (represented by the
radial and angular components of the velocity). The secondary flow, in a given conduit cross
section, may also be conveniently represented by the contours of the 2-D stream functions of the
radial and angular components of the velocity. Close to the entrance of the system, the tempera-
ture is constant and the secondary flow is inexistent. Away from the annular space entrance, a
secondary flow is present; the secondary flow is induced by the buoyancy forces and intensifies
gradually in the axial direction and its momentum increases with the Grashof number. The form
of the buoyancy induced secondary flow depends on the Grashof number. The secondary flow
for Gr = 3781.98 is illustrated in fig. 4 at selected axial positions z*=13.02, 68.58,174.479, L',
where 174.479 is the axial position where the secondary flow is more intense. In the domain
33.85<z <L, this flow is accompanied by two identical counter-rotating cells in the plan
(r*— 0) that each vortex circulates in one half section at the opposed direction. This flow is well
explained by the buoyancy effect since the flow rises along the wall of the heated outer cylinder
(presented in fig. 4 by the red color) and descends along the relatively colder adiabatic wall of
the inner cylinder (presented in fig. 4 by the blue color). In tab. 1, we present the radial, axial and
angular position of ¥, for different studied Grashof numbers.

(a) (b) (@

Figure 4. Secondary flow for Gr = 3781.98 at given positions: (a) 7" = 13.021, (b) 7" = 174.479,
and (¢) 7" =277.77



Khemici, M., et al.: Numerical Study of Developing Laminar Mixed Convection in a ...
3418 THERMAL SCIENCE: Year 2019, Vol. 23, No. 6A, pp. 3411-3423

Table 1. Positions of the maximum velocity ¥, ., for different

Grashof numbers
Gr Vg r z" 0
1432.55 0.0103 1.2239 277.77 47837
1813.07 0.0124 1.2239 277.77 4.7837
2238.35 0.0144 1.2239 277.77 4.7837
2708.41 0.0162 1.2239 277.77 4.7837
3223.23 0.0182 1.2239 188.37 4.7837
3781.98 0.0202 1.2239 174.48 4.7837

The effect of the buoyancy induced secondary flow on the axial flow is fairly well
understood. Axisymmetric distribution of the axial flow is influenced by the generation of a
transverse movement and by the variation of the viscosity as a function of the temperature,
which causes an angular variation of the axial velocity, explained as follows: as the thermal
viscosity is inversely proportional to the fluid temperature and the axial velocity increases with
the decrease in the viscosity, a relatively high axial velocity will automatically be obtained in
the upper part of the annular space where the temperature of the fluid is greater than that of the
lower part. As seen in fig. 5 representing the variation of the axial velocity in the vertical plan
which passes through the angles #=0 and #=mr which is a plan of symmetry for the following
seven studied cases: Gr = 0 and Gr = 1432.55, 1813.07, 2238.35, 2708.41, 3223.23, and
3781.98. The results obtained clearly show that the effect of the decrease of the viscosity in the
upper part of the annular space on the axial flow becomes more important with the increase of
the volumetric heating, and that the effect of buoyancy force on the axial velocity becomes in-
creasingly important with the increasing of heating volume. In tab. 2, we present the axial, ra-
dial and angular position of V;:m for different studied Grashof numbers.

On the other hand, fig. 6 shows the axial velocity profile Vz* (") for different value of
the angle, 6, at selected axial position z =190.104 and z =277.777 (at the annulus exit) for
Grashof number equal to 3781.98, where z" =190.104 is the axial position where the axial ve-
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Gr=2708.41 Gr=3223.23 Gr=3781.98

Figure 5. Development of axial flow in the vertical plane as a function of the Grashof number
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Table 2. Maximum velocity positions Vz*ma‘ for different

Grashof numbers

Gr Vo z r 0
1432.55 1.571 230.035 1.067 0
1813.07 1.592 219.618 1.067 0
2238.35 1.613 214.409 1.067 0
2708.41 1.635 207.465 1.067 0
3223.23 1.654 197.049 1.067 0
3781.98 1.674 190.104 1.067 0

06 -

o4 [

08

(@

Figul;e 6. Axial velocity V; profile for different values of the angle, 6, at (a) z" =190.104 and
(b) z =277.7 for Gr =3781.98

locity is maximum, we note that the axial velocity is much greater near the outer cylinder in the
upper half of the annular space where the temperature of the fluid is greater than that of the
lower part. This fact is all the more markable when Grashof number is large. The axial velocity
takes a minimum value at the pipes wall and a maximum value in the top part of the annulus,
exactly at z° =190.104 and =0 which equal 1.674.

Temperature field and heat transfer

The fluid temperature is uniform at the annulus inlet. After, the flow is continuously
heated in the axial direction leading to axial continue increase of the cross-section mixing aver-
age temperature. The internal energy generation induced by the Joule effect in outer cylinder
creates a radial thermal gradient oriented towards the internal fluid such that the hot fluid is
close to the wall of the external cylinder and the relatively cooler fluid is close to the wall of the
internal cylinder. This fluid movement leads to a new temperature distribution for each axial
section.The cross-section temperature at the annulus exit is illustrated in fig. 7 for the consid-
ered Grashof numbers equals 3781.98, 1432.55, and Gr = 0. The comparison of the temperature
distribution clearly shows a wide qualitative and quantitative variation between forced and
mixed convection. In the mixed convection flow the thermal field is considered symmetrical
with respect to the vertical plane passing through =0 and == but the comparison of the
temperature distribution clearly shows a wide qualitative and quantitative variation between
forced and mixed convection. In the mixed convection flow the thermal field is considered
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Figure 7. Isotherms distribution at the annulus exit z* = 277.77 for the considered Grashof numbers

symmetrical with respect to the vertical plane passing through =0 and =7 but asymmetric
with respect to the axis of the annulus. This is due to the mixing in a rotary direction caused by
the secondary flow in the plane (+* — ) . This movement of the secondary flow is the cause of
the azimuthally temperature variation. However, due to the heat flow imposed on the wall, the
maximum temperature must be at the inner wall of the outer cylinder in the plane of symmetry
6=0.The thermal stratification at the upper part of the annular space is stable. Radially, the
temperature decreases from the wall of the outer cylinder towards the wall of the inner cylinder,
the minimum temperature is within the core fluid, in the lower part of the annulus at 6 = n. The
mixed convection annulus maximum dimensionless temperature is equal to 0.787, 0.812, and
0.819 for Grashof numbers of 1432.55, 2708.41, and 3781.98, respectively. These values are
higher than the forced convection annulus maximum dimensionless temperature equal to 0.716.

In fig. 8 an illustration will show the variation of temperature profile at the annulus
exit z =277.77 for different values of the Grashof numbers at the inner wall of the outer cyl-
inder " =1.33 and at outer wall of the inner cylinder r*=0.83, we note that the temperature is
much greater in the upper half of the annular space than that of the lower part. To understand
the effect of the buoyancy induced flow (secondary flow) on heat transfer, this may be accom-
plished by comparing the variations of the axial Nusselt numbers Nu(z*). In fig. 9, it is seen that

0.82 T T T T T T
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7 oomt 2 ar=32 / h o -2 =332 o
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ool o G=181307 ] 038 5 Gr=181307 ]
nie 6r=1432.55 ] oa [ 6 6r=143255 ]
0 1 032 L 1
084 | p
062 6 E 030 - b
060 [ 5, p o028 L ]
0s8 [ 4 ] ’
056 | 3 4 0,26 B
054 | % ] ozl 1
052 |- 4
L L L L L 022 1 1 1 L 1 L
o 1 2 3 4 5 6 4 0 1 2 3 4 5 6
14 0

Figure 8. Variation of temperature profile at the annulus exit for different Grashof numbers at
(a) ¥ =0.83 and (b) " = 1.33
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from the entrance to z =43, the large de- [T L T
crease of the axial Nusselt number is the same 0 - 2’=§§§§§§ 1

o« . . " —— Lr= -
for all cases. This is comprehensible because Ntz )18 + Gr=270841 ]
in this zone, the buoyancy induced flow is T oo

) . . 16 —— Gr=1813.07 ]

very weak. From this zone to the exit, this | : Gr 143255

. . . . —L_ Gr=0
secondary flow intensified rapidly and is en- 1 '

hanced by an increase of the Grashof number.
The axial Nusselt number take a maximum
value at the exit of the annulus equals to
5.847, 6.320, 6.566, 6.862, 7.208, 7.593, and
8.014 for Gr =0, 1432.55, 1813.07, 2238.35,
2708.41,3223.23, and 3781.98, respectively. e
Figure 10 shows the angular varia- z
tion of the local Nusselt number for a Gr =  Figure 9. Axial Nusselt number variation at

= 3781.98. From the entrance to the exit, we  different Grashof numbers

notice large axial and angular variations of lo-
cal Nusselt numbers. For each given section,
the local Nusselt number takes a minimum
value at § = 0 and a maximum value at § = 7.

NUSTZ
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16.909
15.999
15.089
14173
13268
12358
11.448
10533
9.625
8718
7808
6.595
5.987
5077
4167
3.257

Conclusion

The numerical simulation of the mixed
convection heat transfer between two hori-
zontal pipes is studied. The external cylin-
der is heated by an electric current while the
internal cylinder is insulated. The flow and
thermal fields of the mixed convection with  Figure 10. Local Nusselt number variation for
variable physical properties were presented.  Gr=23781.98
The results obtained show that the transverse
flow is always the cause of the circumferential variation of the temperature and the physical
properties of the fluid. While, the azimuthally variation of temperature in the given section is
important; this phenomenon is demonstrated by the circumferential temperature variation of the
wall. There is a large temperature wall difference between the top and bottom of the external
cylinder. Although, the physical properties are thermally dependent (the dimensionless dynam-
ic viscosity, u*, varies from 1.018 at the entrance to 0.232 at the exit) and finally, the obtained
Nusselt number increases with the increase of volumetric heating.

Nomenclature
D — diameter, [m] K — non-dimensional thermal
D, — hydraulic diameter, (= D,; —D,, ), [m] conductivity, (= K/K,), [-]
G — volumetric heat generation, [Wm™] L — non-dimensional annulus
Gr’ — modified Grashof number, length (= L/D,,), [-]
(= g,BGD,f /K sz ), [-] Nu(z*) - axial Nusselt number (= h(z)D,/K,), [-]
h(0, z*) — local heat transfer Nu(8, z*)— local Nusselt number
coefficient, [Wm™=K™] (= h(6,2)D, /K,), [-]
h., h.  — convective, radiative local heat transfer P — pressure, [Nm™]
coefficients respectively, [Wm’zK’ll P — non-dimensional pressure
K — fluid thermal conductivity, [Wm 'K '] [=(P-B)/pVil [

Pr — Prandtl number (= v/a), [-]



Khemici, M., et al.: Numerical Study of Developing Laminar Mixed Convection in a ...

3422 THERMAL SCIENCE: Year 2019, Vol. 23, No. 6A, pp. 3411-3423
q — heat flux, [Wm™] z" — non-dimensional axial
r* — non-dimensional radial co-ordinate, (= z/D,), [-]
co-ordinate (= r/D,), [-] z — axial co-ordinate
Re — Reynolds number (= V,D,/v,), [-]
T — temperature, [K] e Greek symbols
t — time, [s] a — thermal diffusivity, [m?s™']
T — non-dimensional mixing cup s — thermal expansion coefficient, [K™']
temperature, [= (7 — TO)/(GD,f/KS)], -] & — emissivity coefficient , [—]
r — non-dimensional time ( = V¢t/D,), [-] 0 — angular co-ordinate, [rad]
V', Vi Vo — non-dimensional U — dynamic viscosity, [kgm™'s™"]
velocities components, 1% — kinematic viscosity, [m*s™']
V1YoV VoVl V). 1] p ~ density, [kgm ]
V — mean axial velocity at the annulus o — Stephan-Boltzmann
entrance, [ms™'] constant (= 5.67-10%), [Wm K™

V,, V,, V.— radial, circumferential and axial

velocities components,
respectively, [ms™]
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