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The analytical solutions of the 3-D diffusion equation in fractal heat transfer is
found. The reduced differential transform and variational iteration methods are
considered in the local fractional operator sense. In order to show the power and
robustness of the proposed techniques, illustrative example is presented. The re-
sults reveal that the presented methods is very effective and simple, and can be
used for other problems in mathematical physics.
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Introduction

Diffusion problems of the important equations in mathematics which plays a major
role in all areas of the engineering and physical sciences. Recently, the diffusion problems in 1-,
2-, and 3-D were considered by several authors by using local fractional decomposition method
[1-3], variational iteration method [3-5], Laplace decomposition method [6], Laplace variational
iteration method [7], function method [8], differential transform method [9, 10], variational itera-
tion transform method [11], and local radial point interpolation method [12]. In this paper, the lo-
cal fractional reduced differential transform method (LFRDTM) and local fractional variational
iteration method (LFVIM) are used to find the analytical approximate solutions of the 3-D diffu-
sion equation in fractal heat transfer within local fractional derivatives (LFD) was proposed [1]:

1 o@m,mn,.m,9)
o o&”

subject to initial condition:

=V2aa)(771a7727773’§) (1)

@(1,,1,,15,0) = g(1n,,71,,77) (2)

where o is a non-differentiable diffusion coefficient, @ (7,,7,,7,,¢) — satisfied with the non-dif-
ferentiable temperature distribution, and V>“ — the local fractional Laplace operator defined [1, 7]:
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The local fractional reduced differential transform technique [13] is an iterative pro-
cedure for getting Taylor series solution of PDE. This method reduces the size of computational
work and easily applicable to many physical problems. The LFRDTM is a powerful tool for
solving linear and non-linear PDE, it can be applied very easily and it has less computational
work than other existing methods like local fractional differential transform method [14].
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The LFRDTM for 3-D diffusion model in fractal heat transfer

In this section, we will present the definition and theorems of 3-D reduced differential
transform via LFD:

Definition 1. If o(n,,n,,n,,&) is local fractional analytic function in the domain of
interest, then the local fractional spectrum function:

1 " o (17,,15115S)
'+ pa) o0& c

Q,u (.1,,m5) = 4)

=4
is the reduced differential transformed of the function w(#,,7,,7,,£) via local fractional oper-
ator, where £ =0,1,2,...,nand 0 < <1.

Definition 2. The differential inverse reduced transform of Q  (#,,7,,77,) with local
fractional operator is defined:

O 15 E) = 3 Q11111 (€ = £, 5)

u=0

By using eqgs. (4) and (5), the theorems of the local fractional transform method are
deduced:
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From eq. (6), it is obvious that the local fractional reduced differential transform is
derived from the local fractional Taylor theorems.
Whenever &, =0, the egs. (4) and (5) become:

1 o w(n,,n, 1.,
Q, (y,7157) = G, 10:5) @)
T+ ua) o0& -
and
w(maﬂz,ﬂg,f)=ZQ;¢('71,’72J73)§””’ 3)

u=0

In view of eqgs. (4) and (5), the theorems of LFRDTM in 3-D are deduced:
Theorem 1. 1f @(n,,1,,15,$) = ¢(11,,17,,1;,6) + O(17,,1,, 175, S) , then:

Qﬂ(m,ﬂzﬂh)=‘1),,(771,772,773)+®,4(771,772,773)- ©)
Proof. Immediately from eq. (5).
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Theorem 2. If w(n,,n,,n;,&) = Ad(n,,1,,1m,,&), where A is a constant, then:

Qy(nla7727773):/1®/1(771’7729773) (10)
Proof. Immediately from eq. (4).
Theorem 3. 1f w(n,,1,,15,$) = ¢(11,,1,,15,$) 0@, 15,775, &) , then:

U
Q#(Ulaﬂzﬁh):zq)z(ﬂpﬂzﬁh)@,HOLa7725773) (11)

1=0

Proof. From the definition of w(n,,7n,,7,,£) , we get:

w(771:772:773s‘f):|:Zw:q),u(7717772a773)(§_Szo)#ai“:i@y(manzam)(g_éo)/m:|:
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+(D,0, + 0,0, +D,0, +D,0,)(¢-¢ )3“ +(0,0,+9,0,+0,0, +
+0,0, +®4®0)(§_§o)4a T =
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u=0 1=0

Therefore, we obtain:

u“
Q,(m,,1m,,15) = Z(Dl(npnz:773)®;,71(771=772’773)
=0

Theorem 4. 1€ @ (117,415, &) = (010E Y (1, 1,17, €), then:
I+ (u+ea]
T(+pa)
Proof. Using the definition of Q ,(7,,7,,7,), we can conclude that:

a”aa)(nlan2ﬂ7]37§):| —
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Qﬂ(ﬂlaﬂz’ns): ®ﬂ+1(771’772"73) (12)
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Theorem 5. If w(n,,1,,15,&) = (0"/0n," Yp(n,,1,,75,&), where i =1,2,3, n € N, then:
on;"
Proof. From the expression (4), we obtain:

Qy(ﬂlaﬂZ:ﬂ}): cD,,(Up’?z:’h) (13)
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The LFVIM for 3-D diffusion model in fractal heat transfer
The LFVIM [4, 15] presents a correction local fractional functional for eq. (1):
@, (771’7729773a§) =, (771’7729773aé:) +

a

7/ aaa’n(771>772’773”() av72a ~ j| a
-0V (n,,n,,n,,x) |(dx 14
F(1+a)[ oK o , (1157155175, ) | (d ) (14)
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where y“/T'(1+ ) is a fractal Lagrange multiplier.
Making the local fractional variation of eq. (14), we obtain:

5aa)n+l(n1’7729773’§) = 50;6‘)"(771,772’773,5)"'

5, [ 1" [0"60 (11,510,571, K) 2 }
+ a n -o’V¥m (n,,n,,1,,) | (dx)* 15
F(1+a)~([l“(l+a) K" AR (G (15)

The extremum condition of ,,,(7,,77,,77;,&) requires that 6, @,,,(n,,1,,7,,&) = 0.
This yields the stationary conditions:

a a ({Z)
1+—7 -0, |-~ -0 (16)
Fd+a)|._, I'l+a) ez
This in turn presents Lagrange multiplier:
/4 -1 (17)

T(+a)
Substituting eq. (17) into eq. (14), we obtain the iteration formula:
a)n+1(77157727773’§) = a)n(771,772:773’§) -

1 j[ﬁ“w,,(m,nz,m,fc)_
Ir'd+a)sy ok“

Gavzawn(nl77725773’K):|(dK)a (18)

Consequently, from eq. (18), we have the solution of eq. (1):

w(ﬂ.aﬂzaﬂs,f)=’11§f010wn(771,7725773,§) (19)
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Illustrative example
The following local fractional diffusion equation:
OO =V 0 ) (20)
is presented and its initial values are defined:
@ (1,,71,1715,0) = sin,, (1, ) cos,, (17, ) cos,, (7,") 21

We first solve eq. (20) by using LFRDTM.

Implementing the RDTM via local fractional derivative to eq. (20), we have the fol-

lowing relation:
1+ (u+Dea]
I+ ua)
which equivalent to the following formula:

__DQ+pa)
Q. s155115) = L1+ (u+Da]

Q ., (17,,1,,m3)= V> Q,, (1,17, 17;)

[vzaQy (17,155 773)]
Using the initial condition eq. (21), we get:

Q, (1,,11,,15) = sin,, (11, ) cos , (1, ) cos,, (7,
In view of eqgs. (23) and (24), we obtain:

Q1(77177727773): [VMQO(U.,UZ,%)]Z

1
I'l+ea)
1

" T'(+a)

[—3 sin, (1,) cos,, (17," ) cos,, (17, )J =

3 " " .
=— Sin COS COS
ri+a) « (%) cos,, (1, )cos,, (17,%)

I'+ea)

VZU(Q , , —
F(1+2a)[ (751, 773)]

Q,(m,1,,15) =

=——sin_(n,“)cos “)cos *
T+ 2a) «(m7)cos, (17,%) cos,, (11,”)

I'(l+2a)

VzaQ b b =
F(1+30!)[ 2011, |

Q3(771:772a773)=

27 . . . "
=——S1N COoS COS
T+ 3) « (17 )cos,, (17," ) cos,, (17,7)

and so on.
Finally, the reduced differential inverse transform of Q  (1,,7,,7;) gives:

a)(n19772a773,§) = ZQ”(maﬂzﬂh)gW =
u=0

(22)

(23)

24)

(25)

(26)

27)
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a 2a 2 3a )
=|1- 3 + % - T +--- |sin, (7,%)cos,, (17," )cos, (17, ) =
I'l+a) T'U+2a) T'(+3a)

= E,(=3¢")sin, (1) cos, (11,") cos,, (17,”) (28)

Now, we solve eq. (20) by using LFVIM.
From eq. (21) we have:

@, (1,,71,,175) = sin, (,") cos,, (17, ) cos,, (77" (29)
By using eq. (18) we structure a local fractional iteration procedure:

@, (1,,1,,15,8) = @, (17,,1m,,7115, &) —

_ 1 j~|:8aa)”(771,772,773,1()
rd+ea) oK*“

Hence, from egs. (29) and (30) we can derive the first approximation term:

@, (1,,10,5115,8) = @y (17,,17,,775,6) —

_Vzaa)n(nl’77257737K):|(dlf)a, n>0 (30)

0

1 g[aawo(npnzamv’() 2 :l
- _V “ ) ) ) d “ =
fir o j e @, (151057155 K) | (dK)
: (24 a a 3 “
=sin,, (7,")cos, (1," ) cos,, (1, ){I_F(li a)} (31)

The second approximation can be calculated in the similar way, which is:
a)z(ﬂl,772>773’§) = a’l(’]nﬂz:ﬂbé) -
! j[ﬁ“wl (151751735 )

- Vzawl(’h,’hvﬂsa’f)} (dr)* =

- rd+a)y ok“
, « a a 3¢ 9&*
=sin cos cos 1- + 32
« () cos,, (17,%) cos,, (1, ){ e F(1+2a)} (32)
Proceeding in this manner, we get the third approximation:
w3(771>772:773’§) = a)z(7715772:773>§) -
1 é[aawz(npnza’ks’() 2 :|
- _V aa) ) D) 7K dK * =
F(1+0{)'([ K" 5 (17,517,517, K) | (dK)
- « « « 3¢” 9 278
=sin cos cos 1- + — 33
«(17)cos,, (17," ) cos,, (17, ){ Flra) T(+2a) T(+32) (33)

@,(1,155115,6) = @, (17,,17,,775,6) —

1 j[a“wﬂ(m,m,mm
rd+ea) oK*“

_{ n (_3)k§ka

il (+ka)

- Vzawn—l (7,512,571 ,K):| (dx)* =

0

}Sina(m“)cosa (1,")cos,, (17,") (34)
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Thus, we have the final solution reads:

@(1510,5705,6) = lim @, (17,71, 715, ) = E,, (=36 )sin,, (1, ) cos,, (1," ) cos,, (1,")  (35)

Remark. From eqs. (28) and (35), the analytical solution of the given problem eq. (20)
by using reduced differential transformation method is the same results as that obtained by the
variational iteration method.

Conclusion

In this work, the local fractional reduced differential transform and variational iter-
ation methods have been successfully used to solve the 3-D diffusion equation in fractal heat
transfer within LFD and LFIO. The reduced differential transform method reduces significant-
ly the numerical computations compare with the variational iteration method and differential
transform method.
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