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In this paper, an analytical investigation of nanofluid flow and heat transfer in a ro-
tating system is studied by a semi exact method based on weighted residual called
least square method. We used this method to solve the governing nonlinear coupled
equations of the described problem and compared it with numerical method (Run-
ge-Kutta 4" order). Comparisons indicate that least square method is so suitable
computational process. The results indicate that skin friction parameter increases
with augment of Reynolds number and rotation parameter but it decreases with
increase of injection parameter. Also it can be found that Nusselt number has a
direct relationship with Reynolds number and injection parameter while it has a
reverse relationship with rotation parameter, Schmidt number, thermophoretic, and
brownian parameter.

Key words: nanofluid, fluid flow, thermophoresis, particle transport,
Schmidt number

Introduction

Effective cooling techniques are absolutely needed for cooling any sort of high energy
device. Common heat transfer fluids such as water, ethylene glycol, and engine oil have limited
heat transfer capabilities due to their low heat transfer properties. In contrast, metals thermal
conductivities are up to three times higher than the fluids, so it is naturally desirable to combine
the two substances to produce a heat transfer medium that behaves like a fluid, but has the ther-
mal conductivity of a metal.

Many studies are investigated about nanofluid recently. Steady MHD free convection
boundary-layer flow past a vertical semi-infinite flat plate embedded in water filled with a nano-
fluid has been theoretically studied by Hamad ez al. [1]. They found that Cu and Ag nanoparti-
cles proved to have the highest cooling performance for this problem. Several recent studies on
the modeling of nanofluid flow and heat transfer have been studied [2, 3].

The incompressible fluid flow and heat transfer over rotating bodies have many indus-
trial and engineering applications such as gas turbine engines and electronic devices. Originally
Karman [4] discussed the steady flow of Newtonian fluid over a rotating disk, who introduced
an elegant transformation that enabled the Navier-Stokes equations for an isothermal, imper-
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meable rotating disk to be reduced to a system of coupled ODE. Using momentum integral
method, he obtained an approximate solution to the ODE. Sibanda and Makinde [5] investigat-
ed the hydromagnetic steady flow and heat transfer characteristics of an incompressible viscous
electrically conducting fluid past a rotating disk in a porous medium with the ohmic heating and
viscous dissipation, they found that magnetic field retards the fluid motion due to the opposing
Lorentz force generated by the magnetic field and the magnetic field and Eckert number tend to
enhance the heat transfer efficiency.

In most of the available studies, the base fluid is a common fluid with low thermal
conductivity. The resulting performances of such thermal systems are poor. A recent way of
improving the performance of these systems is to suspend metallic nanoparticles in the base
fluid. Rashidi et al. [6] considered the analysis of the second law of thermodynamics applied to
an electrically conducting incompressible nanofluid flowing over a porous rotating disk. They
concluded that using magnetic rotating disk drives has important applications in heat transfer
enhancement in renewable energy systems. Ellahi [7] studied the MHD flow of non-Newtonian
nanofluid in a pipe. He observed that the MHD parameter decreases the fluid motion and the ve-
locity profile is larger than that of temperature profile even in the presence of variable viscosities.

All the previous studies assumed that there are no slip velocities between nanoparti-
cles and fluid molecules and assumed that the nanoparticle concentration is uniform. Nield and
Kuznetsov [8] studied the natural convection in a horizontal layer of a porous medium. Their
analysis revealed that for a typical nanofluid (with large Lewis number) the prime effect of the
nanofluids is via a buoyancy effect coupled with the conservation of nanoparticles, the contribu-
tion of nanoparticles to the thermal energy equation being a secondorder effect. Khan and Pop
[9] published a paper on boundary-layer flow of a nanofluid past a stretching sheet. They indi-
cated that the reduced Nusselt number is a decreasing function of higher Prandtl number and
a decreasing function of lower Prandtl number for each Lewis, Nb, and Nt numbers. Recently,
there have been published several numerical studies on the modeling of natural convection heat
transfer and effect of using nanofluids on heat transfer enhancement [10-13].

Least square method (LSM), collocation method (CM), and Galerkin method (GM)
called the weighted residuals methods. Lately, more attention has been dedicated to these analyt-
ical methods for using in the heat transfer problems and other engineering application [14-21].
Recently, LSM is introduced by Aziz and Bouaziz [22] and is applied for prediction of the
performance of a longitudinal fin [23]. They found that LSM is simple compared with other
analytical methods.

An analytical investigation is applied for unsteady flow of a nanofluid squeezing be-
tween two parallel plates studied by Pourmehran et al. [24] recently. They applied CM and
LSM to solve the governing equations. The results demonstrate that when the two plates move
toward together, the Nusselt number has a direct relationship with nanoparticle volume fraction
and Eckert number while it has a reverse relationship with the squeeze number. Rahimi-Gorji
et al.[25] studied an analytical investigation of the heat transfer for the micro-channel heat sink
(MCHS) cooled by different nanofluids (Cu, AL,Os, Ag, TiO, in water and ethylene glycol as
base fluids) using porous media approach and the GM. They applied response surface meth-
odology to obtain the desirability of the optimum design of the channel geometry. They found
that Ag-water nanofluid has the maximum Nusselt number enhancement. Recently Pourmehran
et al. [26] presented a thermal and flow analysis of a fin shaped MCHS cooled by different
nanofluids (Cu and AL,O; in water) based on saturated porous medium and LSM then results
are compared with numerical procedure. They proved that Cu-water nanofluid is more lucrative
thermally versus Al,O;-water nanofluid.
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In this work we applied two phase model for simulating nanofluid flow and heat trans-
fer in a rotating system. Also, LSM is used to solve the reduced non-linear ODE. The effects
of Reynolds number, rotation parameter, injection parameter, Schmidt number, thermophoretic
parameter, and Brownian parameter on flow, heat and mass transfer are studied.

Problem description and
governing equations

Consider the steady nanofluid flow be-
tween two horizontal parallel plates when the
fluid and the plates rotate together around they
axis which is normal to the plate switch an an-
gular velocity. A Cartesian co-ordinate system
is considered as follows: the x-axis is along the
plate, the y-axis is perpendicular to it, and the
z-axis is normal to the xy plane, fig. 1.

The upper plate is subjected to a constant
wall injection velocity v, (>0). The plates are
located at y = 0 and y = h. The lower plate is
being stretched by two equal and opposite forc-
es so that the position of the point (0, 0, 0) re-
mains unchanged. The upper plate is subjected

SNEDJe

Porous plate

Tw G,

Figure 1. The schematic diagram of the
physical model

to a constant flow injection with a velocity vo. The governing equations in a rotating frame of

reference are:

u v, +w, =0 (1)

pyluu, +vu, +20w) = —p: +uu, +u,) 2
Py, =—p) + (v, +v,) 3)
pruw, +vw, =20w) = u(w, +w,) @)

(pC,) D
ul, +vT, +wl, =a(T, +T, +T )+ CP)" DB[CXY;+CyTy+CZZ;}+TT[T;+TyZy+TZ§] (5)

(pC,),

D
uC, +vC, +wC, = D,(C, +C, + sz)+(TTJ{Tm +7T, +7.| (6)

0

Here u, v, and w are the velocities in the x-, y-, and z-directions, respectively. Also p”
is the modified fluid pressure. The absence of p." in eq. (4) implies that there is a net cross-flow
along the z-axis. The relevant boundary conditions are:

y=0 = u=ax,v=0,w=0,T=7,,C=C,

(7)
y=+h = u=0,v=y,,w=0,T=1,,C=C,
The following non-dimensional variables are introduced:
Yy ’ T- T;z c- Ch
==, = . = — h . = . 0 = , = 8
n=i u=ef (), v=-ahf(n), w=axg), 00 T_T @(m) c-c, (8)
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where prime denotes differentiation with respect to #. By substituting eq. (8) in egs. (1)-(4), we

have:
1 . v S"2K,
- — — - 4
ph Py =4 x(f 7 Re Re gj ®)
—Lp* :azh(ff,'+Lf’,j (10)
ph " Re
g"-Re(fg—-fg)+2K, ["=0 n
and the non-dimensional quantities are defined:
2 2
Re= 9 g L0 (12)
14 14

Equation (9) with the help of eq. (10) can be written:

f"=Re(f7-f")-2K}g=4 (13)
Differentiation of eq. (13) with respect to # gives:
" =Re(ff" = f")-2K7¢' =0 (14)

Therefore, the governing equations and boundary conditions for this case in non-di-
mensional form are given by:

fr-Re(ff" - ff")-2K'g' =0 (15)
g"-Re(fg—-fg)+2K, f'=0 (16)
Also egs. (5) and (6) turn to:
0"+ PrRe 0+ Nb§'0' + Nto"™ =0 (17)
Nt
v ReSerd'+ Mo _ o (18)
¢"+ReScf ¢ b

With these boundary conditions:

n=0 —> [=0, f'=1, g=0, 0=1, ¢=1 (19)
n=1 - f=1, f'=0, g=0, =0, ¢=0
Other non-dimensional quantities are defined:
/I:V—O, Pr:L, Sc:L
ah pra p;D
C T, (20)
Nb=(pc),D L Nt=(pc), D, —1—
(po), " p0),a (po), " p0), o,

Skin friction coefficient, Cy, along the stretching wall and Nusselt number along the
stretching wall are defined:

¢, =%cf = £7(0), Nu=-6'(0) (21)
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Least square method

If the continuous summation of all the squared residuals is minimized, the rationale
behind the name can be seen. In other words, a minimum of [24]

S = j R(x)R(x)dx = j R (x)dx (22)

In order to achieve a minimum of this scalar function, the derivatives of S with respect
to all the unknown parameters must be zero. That is:

oS OR
—=2|R(x)—dx=0 23
O, J ) oc, (23)
Comparing with eq. (22), the weight functions are seen to be [25]
W, = ka—R , k=2 (24)
oc,

i

However, the coefficient £ can be dropped, since it cancels out in the equation. There-
fore, the weight functions for the LSM are just the derivatives of the residual with respect to
the unknown constants

OR
W=~
O,

(25)

Results and discussion

In the present paper LSM is applied to obtain an approximate analytical solution
of two phases modeling of nanofluid in a rotating system with permeable sheet. A compari-
son between the LSM and numerical method is investigated. For this aim eqs. (16)-(18) are
solved by LSM and comparison with numerical method (NUM) is demonstrated in fig. 2.
Presented curves in figs. 2 and 3 confirm that LSM is an accurate and convenient method for
solving such nanofluid flow.

0.3
- LSM
== NUM
fin) 0.03]
g(n)
0.2
0.021
0.1
0.01
Re=1,2,3,4,5 Re=1,2,3,4,5
0 0.2 0.4 0.6 0.8 . 1 0 0.2 0.4 0.6 0.8 . 1

Figure 2. Comparison of velocity profiles (f, g) between LSM and NUM when 4 = 0.3, Nt =Nb=0.1,
Pr=10,Sc=0.5,and K,=0.5 for Re=1,2,3,4,and 5

The presence of nanoparticles in a fluid (nanofluid) results in the change of physical
properties such as thermal conductivity and specific heat that are functions of the nanoparticles
concentration. So we can have result as follows.
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Figure 3. Comparison of velocity profiles (f, g) between LSM and NUM when Re = 0.1, N¢=Nb = 0.1,
Pr=10,Sc=0.5,and K,=0.5for A=0,0.5,1,2,3,4,and 5
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Figure 4. The effect of injection parameter on velocity profiles (f, g), temperature profile (¢), and
concentration profile () when Re =1, K, =1, Sc = 0.5, Nb = Nt = 0.1, and Pr=10
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Effect of injection parameter on velocity, temperature, concentration profiles is shown
in fig. 4. As injection parameter increases, velocity profiles increase. Temperature profile de-
creases with increase of injection parameter while opposite trend is observed for concentration
profile, it physically means than when the temperature profile decrease, the temperature gradi-
ent increases so we can have better heat transfer performance in this manner.

Figure 5 shows the effects of Reynolds number on velocity, temperature, and concen-
tration profiles. It is worth to mention that the Reynolds number indicates the relative signifi-
cance of the inertia effect compared to the viscous effect. Thus, both velocity and temperature
boundary-layer thicknesses decrease with the increase of Reynolds number and in turn increas-
ing Reynolds number leads to the increase in the magnitude of the skin friction coefficient and
Nusselt number also in physics of boundary-layer it is obvious that by decreasing the tem-
perature boundary-layer thickness lead to increasing the temperature gradient so we can have
the more heat transfer rate in performance. It can be seen that concentration profile increases
with augment of Reynolds number. Also it can be seen that Nusselt number increases with the
increase of injection parameter. With increasing rotation parameter, the transverse velocity in-
creases. As rotation parameter increases thermal boundary-layer thickness decreases and in turn
Nusselt number increases with the increase of X..

1 0.3
fn) / Re =20, 15, 10, 5, 2, 1
0.8
Re=1,2,5,10, 15, 20 /
0.6
0.4
0.2
0.380 0.390 0.400

0 02 04 06 08 1

n
1 1.4
o(n) ¢<’73 N
087 Re = 20, 15, 10, 5, 2, 1
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o+ . —_— ‘ 0 . . . ;
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 5. The effect of Reynolds number on velocity profiles (f, g), temperature profile (¢) and
concentration profile (p) when A=1, K, =1, S¢ = 0.5, Nb = Nt =0.1, and Pr =10
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Figure 6. The effect of Schmidt number on concentration profile and Nusselt number when; (a) Re=1,
A=1,K,=0.5,Nb =Nt=0.1,and Pr=10; (b) Re=1, K.=1, Nb = Nt=0.1, and Pr=10
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Figure 6 shows the effect of Schmidt number on concentration profile and Nusselt
number. Schmidt number is a dimensionless number defined as the ratio of momentum dif-
fusivity (viscosity) and mass diffusivity. Concentration profile decreases as Schmidt number
increases. Also it can be concluded that increasing Schmidt number causes a slight decrease in
the rate of heat transfer.

Effects of Brownian parameter and thermophoretic parameter on temperature, con-
centration profiles, and Nusselt number are shown in fig. 7. These active parameters have
similar effects on heat and mass transfer characteristics. It means that temperature boundary-
-layer thickness increases with their increase while opposite trend is observed for concen-
tration boundary-layer thickness. Nusselt number is a decreasing function of thermophoretic
parameter and Brownian parameter. According to previous explanation it is obvious that
LSM is a powerful method that can solve such complicated problem especially for high order
of Reynolds number and A number.

Conclusion

The aim of this paper is to employ the LSM to study the strongly non-linear four
coupled differential equations that arises from nanofluid flow and heat transfer between two
horizontal parallel plates in which plates rotate together. By using the appropriate transfor-
mation for the velocity, temperature and concentration [27], the basic equations governing
the flow, heat and mass transfer were reduced to a set of ODE. The current method was ap-
plied without any discretization, restrictive assumptions, or transformation and is free from
the round-off errors. Further, this technique can be used to develop valid solutions even to
problems that are highly non-linear and may be considered as an important and significant
refinement of the formerly developed methods. As the results are compared with NUM, it
is clear that LSM has a good agreement with NUM and provides highly accurate analyt-
ical solutions for non-linear problems and markedly reducing the extent of calculations
required. Moreover, effects of active parameters on flow, heat and mass transfer are con-
sidered. The important effects of Brownian motion and thermophoresis have been included
in the model of nanofluid. The results show that concentration boundary-layer thickness
decreases with the increase of thermophoretic parameter and Brownian parameter.

Nomenclature

C _ —nanofluid concentration Greek symbols
Cy, C; — skin friction coefficients

,  —specific heat at constant pressure o B thermal. diffusivity
D, _ diffusion coefficient 0 — dimensionless temperature
DB thermophoresis coefficient A — dimensionless suction/injection parameter

= A
h — distance between the place H dynamlq viscosity
K, — rotation parameter v B kln'ematlcvwscosuy
Nb  — Brownian motion parameter P B ﬂ}nd de_nsny .
Nt —thermophoretic parameter ¢ B d1mens1onles§ concentration
Nu - Nusselt number Q — constant rotational velocity
P° —modified fluid pressure Subscripts
Pr  —Prandtl number .
Re —Reynolds number {1 B lﬁiie fluid
Sc  — Schmidt number o _cold
T — temperature .

P — nanoparticle



Pourmehran, O., et al.: Analysis of Nanofluid Flow in a Porous Media Rotating ...

3072 THERMAL SCIENCE: Year 2017, Vol. 21, No. 6B, pp. 3063-3073

References

(1]
(2]

(3]
(4]
(3]

(6]
(7]
(8]
(9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

(21]

(22]

Hamad, M., et al., Magnetic Field Effects on Free Convection Flow of a Nanofluid Past a Vertical Semi-In-
finite Flat Plate, Non-linear Analysis: Real World Applications, 12 (2011), June, pp. 1338-1346

Hatami, M., Ganji, D., Thermal Performance of Circular Convective—Radiative Porous Fins with
Different Section Shapes and Materials, Energy Conversion and Management, 76 (2013), Dec.,
pp- 185-193

Malvandi, A., Ganji, D., Magnetohydrodynamic Mixed Convective Flow of Al,O;-Water Nanofluid In-
side a Vertical Microtube, Journal of Magnetism and Magnetic Materials, 369 (2014), Nov., pp. 132-141
Karman, T. V., Uber Laminare und Turbulente Reibung, Zeitschrift fiir Angewandte Mathematik und
Mechanik, 7 (1921), pp. 233-252

Sibanda, P., O. Makinde, O., On Steady MHD Flow and Heat Transfer Past a Rotating Disk in a Porous
Medium with Ohmic Heating and Viscous Dissipation, International Journal of Numerical Methods for
Heat & Fluid Flow, 20 (2010), 3, 269-285

Rashidi, M., et al., Entropy Generation in Steady MHD Flow Due to a Rotating Porous Disk in a Nano-
fluid, International Journal of Heat and Mass Transfer, 62 (2013), July, pp. 515-525

Ellahi, R., The Effects of MHD and Temperature Dependent Viscosity on the Flow of Non-Newtonian
Nanofluid in a Pipe: Analytical Solutions, Applied Mathematical Modelling, 37 (2013), 3, pp. 1451-1467
Nield, D., Kuznetsov, A., Thermal Instability in a Porous Medium Layer Saturated by a Nanofluid, /nter-
national Journal of Heat and Mass Transfer, 52 (2009), 25-26, pp. 5796-5801

Khan,W., Pop, 1., Boundary-Layer Flow of a Nanofluid Past a Stretching Sheet, /nternational Journal of
Heat and Mass Transfer, 53 (2010), 11-12, pp. 2477-2483

Tabassum, R., et al., Impact of Viscosity Variation on Oblique Flow of Cu-H,O Nanofluid, Proceedings
of the Institution of Mechanical Engineers, Part E: Journal of Process Mechanical Engineering, (2017),
On-line first, https://doi.org/10.1177/0954408917732759

Mosayebidorcheh, S., ef al., Transient Thermal Behavior of Radial Fins of Rectangular, Triangular and
Hyperbolic Profiles with Temperature-Dependent Properties Using DTM-FDM, Journal of Central South
University, 24 ( 2017), 3, pp. 675-682

Rahimi-Gorji, M., ef al., An Analytical Investigation on Unsteady Motion of Vertically Falling Spherical
Particles in Non-Newtonian Fluid by Collocation Method, Ain Shams Engineering Journal, 6 (2015), 2,
pp- 531-540

Rahimi-Gorji, M., et al., Modeling of the Air Conditions Effects on the Power and Fuel Consumption of
the SI Engine Using Neural Networks and Regression, Journal of the Brazilian Society of Mechanical
Sciences and Engineering, 39 (2016), 2, pp. 1-10

Ozisik, M. N., Heat Conduction, John Wiley & Sons, New York, USA, 1993

Yousefi, M., et al., CFD Simulation of Aerosol Delivery to a Human Lung via Surface Acoustic Wave
Nebulization, Biomechanics and Modeling in Mechanobiology, 16 (2017), 6, pp. 2035-2050

Kiwan, S., Effect of Radiative Losses on the Heat Transfer from Porous Fins, International Journal of
Thermal Sciences, 46 (2007), 10, pp. 1046-1055

Pourmehran, O., et al., Comparison Between the Volumetric Flow Rate and pressure Distribution for Dif-
ferent Kinds of Sliding Thrust Bearing, Propulsion and Power Research, 4 (2015), 2, pp. 84-90
Biglarian, M., et al., H,O Based Different Nanofluids with Unsteady Condition and an External Magnetic
Field on Permeable Channel Heat Transfer, /nternational Journal of Hydrogen Energy, 42 (2017), 34,
pp. 22005-22014

Pourmehran, O., et al., Thermal Analysis of a Fin with the Power-Law Temperature-Dependent Thermal
Conductivity and Heat Transfer Coefficient Using Numerical Method, Proceedings, 1% National Con-
ference on Development of Civil Engineering, Architecture, Electricity and Mechanical in Iran, Gorgan,
Iran, 2014

Pourmehran, O., et al., Heat Transfer and Flow Analysis of Nanofluid Flow Induced by a Stretching Sheet
in the Presence of an External Magnetic Field, Journal of the Taiwan Institute of Chemical Engineers, 65
(2016), Aug., pp., 162-171

Rahimi-Gorji, M., et al., Unsteady Squeezing Nanofluid Simulation and Investigation of its Effect on
Important Heat Transfer Parameters in Presence of Magnetic Field, Journal of the Taiwan Institute of
Chemical Engineers, 67 (2016), Oct., pp. 467-475

Aziz, A., Bouaziz, M., A Least Squares Method for a Longitudinal Fin with Temperature Dependent In-
ternal Heat Generation and Thermal Conductivity, Energy Conversion and Management, 52 (2011), 8-9,
pp. 2876-2882



Pourmehran, O., et al.: Analysis of Nanofluid Flow in a Porous Media Rotating ...
THERMAL SCIENCE: Year 2017, Vol. 21, No. 6B, pp. 3063-3073 3073

[23] Bouaziz, M., Aziz, A., Simple and Accurate Solution for Convective—Radiative Fin with Temperature
Dependent Thermal Conductivity Using Double Optimal Linearization, Energy Conversion and Manage-
ment, 51 (2010), 12, pp. 2776-2782

[24] Pourmehran, O., et al., Analytical Investigation of Squeezing Unsteady Nanofluid Flow between Parallel
Plates by LSM and CM, Alexandria Engineering Journal, 54 (2015), 1, pp. 17-26

[25] Rahimi-Gorji, M., et al., Statistical Optimization of Microchannel Heat Sink (MCHS) Geometry Co-
oled by Different Nanofluids Using RSM Analysis, The European Physical Journal Plus, 130 (2015),
Feb., pp. 1-21

[26] Pourmehran, O., et al., Numerical Optimization of Microchannel Heat Sink (MCHS) Performance Cooled
by KKL Based Nanofluids in Saturated Porous Medium, Journal of the Taiwan Institute of Chemical En-
gineers, 55 (2015), Oct., pp. 49-68

[27] Joneidi,A., et al., Three Analytical Methods Applied to Jeffery-Hamel Flow, Communications in Nonlin-
ear Science and Numerical Simulation, 15 (2010), 11, pp. 3423-3434

Paper submitted: May 24, 2016 © 2017 Society of Thermal Engineers of Serbia
Paper revised: June 27, 2016 Published by the Vinca Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: June 30, 2016 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions



