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In or der to im prove the ac cu racy of sim u la tion, the lat tice Boltzmann method was
adopted to get the ther mal con duc tiv i ties of 3-D nanograins. For the wide ap pli ca -
tion, the length of nanograins axis is be tween 1 nm to 9 nm, and the di am e ter ra tio
of gap to spher i cal seg ment is 0.2 to 0.9, 30 sets of re sults of nu mer i cal sim u la tion
were taken. Cor re la tions were fit ted from the re sults of nu mer i cal sim u la tion by
mul ti ple lin ear re gres sion anal y sis. Then, in the range of tem per a ture be tween 294
K to 700 K, the tem per a ture value was taken ev ery 50 K. Then fi nal fit ted for mula of
ther mal con duc tiv ity for nanograins was got by the bi no mial fit ting method. The re -
sults of fit ted for mula agree well with the nu mer i cal re sults. The re sults show that
the ther mal con duc tiv i ties de crease with the di am e ter of nanograins re duc ing
within the 3-D spher i cal seg ment when the di am e ter ra tio, d, of the gap to spher i cal
seg ment is fixed. The ef fec tive ther mal con duc tiv i ties would in crease with the ra tio,
d, in creas ing when the spher i cal seg ment di am e ter is fixed and the ra tio is lower
than 0.6. The ther mal con duc tiv i ties would re mark ably de crease when the ra tio is
larger 0.6.

Key words: nanograins, lat tice boltzmann method, grain size,
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In tro duc tion 

With the de vel op ment of mi cron and nanotechnology, the re searches on the ther mal
prop erty of nanomaterials have at tracted wide at ten tion of re search ers [1, 2]. Due to the lim i ta -
tions of nanoexperimental mea sure ment tech niques, the o ret i cal pre dic tions, and nu mer i cal sim -
u la tions have be come the pri mary means of the re search for ther mal prop er ties of nanomaterials. 
When the solid ma te ri als are in nanoscale, the phonon bal lis tic trans ports play the dom i nant
role, and the mi cro and nanoscale ef fects oc cur in the in ter nal heat trans fer [3-5]. So far the re -
search ers have ex ten sively re searched on the nanowires and 1-D or 2-D nanofilms in the fields
of the ther mal prop er ties of solid ma te ri als. The mo lec u lar dy nam ics and Monte Carlo meth ods
are mainly used [6, 7].

In the fields of ther mal sci ence, the ther mal in su la tion sil ica nanomaterials have be -
come po ten tial in the fields of aero nau tics and as tro nau tics and con struc tion, due to the char ac -
ter is tics of light weight and low ther mal con duc tiv ity [8, 9]. The nanograins con sti tut ing its
solid skel e ton are 3-D spher i cal struc tures. The solid grain sizes of the ther mal in su la tion
nanomaterial are gen er ally 2-5 nanometer. So the Knudsen num bers are smaller (close to 0.1)
and close to the phonon mean free path. The phonon heat trans ports are in the quasi bal lis tic
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trans port re gion, which be long to the acous tic thick con di tion. The atom num bers are enor mous
in the solid grains, so nu mer ous nodes are usu ally used in nu mer i cal cal cu la tion, and a large
amount of com pu ta tion time is needed to cal cu late the phonon scat ter ing. In this case, the con -
sid er ably high com pu ta tional cost will be used by the mo lec u lar dy nam ics method [10]. Both
the lat tice Boltzmann method (LBM) and the Monte Carlo method have good com pu ta tional ac -
cu racy for the sim u la tion of phonon heat trans port in the quasi bal lis tic trans port re gion. But the
Monte Carlo method also needs a great deal of com pu ta tion time, for its cal cu la tion ac cu racy de -
pends on the num ber of sam pling be sides the lat tice den sity within the large size and high di -
men sion of nanograins [11]. Con sid er ing the com pu ta tional cost and ac cu racy, the LBM has
more ob vi ous com pu ta tional ad van tages [12]. 

In LBM, com plex mac ro scopic phe nom ena were re placed by reg u lar mi cro scopic par -
ti cle mo tions. The LBM has the ad van tages of easy im ple men ta tion and sim ple pro cess ing of
bound ary con di tions. In fact, LBM has been widely ap plied to sim u late the phonon heat trans fer
in solid ma te rial. Amona et al. [10] com puted the ther mal con duc tiv ity for in-plane and out
of-plane di rec tions at dif fer ent sur face scat ter ing fac tors for the thin sil i con film us ing LBM.
Christensen and Gra ham [13] in tro duced a cou pled lat tice Boltzmann fi nite dif fer ence method
to sim u late the phonon heat trans fer in a 2-D do main. The sim u la tions of heat trans fer in
nanometerials of mul ti di men sional struc ture were rarely found.

As afore men tioned, high com pu ta tional cost will be spent by nu mer i cal sim u la tion
when the scale of nanograin is in the subcontinuum. For fa cil i tat ing en gi neer ing ap pli ca tions, it
is im por tant to ob tain the cor re la tion for cal cu lat ing the ther mal con duc tiv i ties of nanograins.

In this study, the LBM was adopted to ob tain nu mer i cal re sults of the heat trans fer for
3-D nanograins of sil ica aerogel. The mul ti ple lin ear re gres sion anal y sis was uti lized to get the
fit ted for mu las cal cu lat ing ther mal con duc tiv ity of nanograins. The fit ted for mula showed the
ef fects of geo met ri cal sizes and tem per a ture of nanograins on the ther mal con duc tiv i ties.

Phys i cal and math e mat i cal mod els

Phys i cal model

The 3-D spher i cal seg ment model was es tab lished to dem on strate nanograins of sil ica
aerogel, as shown in fig. 1. In the fig ure, d, is the di am e ter of spher i cal seg ment, A – the di am e ter
of sur face gap, and L – the length of axis. To fa cil i tate the anal y sis, the dimensionless scale was
taken as d = A/d. Given the bound ary con di tions: the con stant tem per a ture bound ary was on the
sur face gap, and the left side was high tem per a ture T1 = 301 K; the right side was low tem per a ture
T2 = 300 K; the spher i cal sur face was adi a batic, and it is dif fuse scat ter ing bound ary.

The LBM

Boltzmann trans port equa tion (BTE)
was a gen eral fun da men tal equa tion for treat ing 
en ergy trans port prob lems:
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where f is the dis tri bu tion func tion of par ti cle, t
– the time, and a – the ac cel er a tion.

The col li sion term in the right of eq. (1)
was non-lin ear func tion. For sim plic ity, the re -
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Figure 1. Geometry and boundary condition of
spherical segment structure



lax ation time ap prox i ma tion was in tro duced. The BTE with re lax ation time ap prox i ma tion was
given:
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where t was the phonon re lax ation time.
The BTE un der the re lax ation time ap prox i ma tion can be trans formed to an equa tion

on the phonon en ergy den sity for mu la tion, and the lat tice Boltzmann equa tion of each lat tice
point could be de rived as [10]:

e r r t t e r t e r ti i i i i
( , ) ( ) ( , ) ( , )+ + = - +D D 1 b b eq (3)

where ei(r, t) is the en ergy den sity dis tri bu tion of dis crete phonon, eeq
i(r, t) – the en ergy den sity

dis tri bu tion of dis crete equi lib rium phonon, and bi – the weight func tion.
The en ergy den sity dis tri bu tion of dis crete equi lib rium phonon in lat tice could be cal -

cu lated by the for mula:
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where m is the to tal num ber of ve loc ity di rec tion in the lat tice. 
Ac cord ing to the lat tice vi bra tion en ergy and the cal cu la tions of states den sity and

Debye fre quency [11], the phonon en ergy den sity could be ob tained:
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where h is the num ber den sity of the wave vec tor, x – the dimensionless fre quency ( / )= hw k Tb , 
w – the fre quency of phon ons, h – the Planck con stant di vided by 2p, kb [JK–1] – the Boltzmann
con stant (=1.38×10–23), and T – the tem per a ture. 

The heat flux in nanograins could be ex press:
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i

m
=

=
å ( , )

0

(6)

Based on the tem per a ture and heat flux, the ef fec tive ther mal con duc tiv ity could be
solved through:
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where q is the steady heat flux through the me dia cross-sec tion area dS at y = 0 bound ary, and DT
– the tem per a ture dif fer ence of the left and right bound aries.

For the nanograins with 3-D struc ture, its nu mer i cal sim u la tions were per formed by
the D3Q15 ve loc ity model of LBM. The discretized ve loc ity for D3Q15 model which was
shown in fig. 2 was ex pressed:
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The phonon en ergy trans fer be tween lat tices
was re stricted by the re la tion be tween the lat tice
dis tance Dr and time step Dt:

D Dr c ti= (9)

Fit ted by mul ti ple lin ear re gres sion anal y sis

The axis length of nanograin was de fined as
the char ac ter is tic scale. By in ves ti gat ing the re -
sults of nu mer i cal sim u la tion, fig. 2, we could
dis cover that nanograin ther mal con duc tiv i ties
were af fected by the length of axis and the ra tio,
d, of di am e ter of gap to spher i cal seg ment. Be -
sides, sim i lar as lit er a ture [14], the ba sic form of
fit ted for mula was struc tured:

k

k
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where, x, y, z, and q were the un knowns, and as sumed,
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Sub sti tut ing eqs. (11), (12) for eq. (10), we have: 

Y x yX z= + +1 ( )Kn q (13)

Con sid er ing the ex pres sion form of ther mal con duc tiv ity for nanoscale thin film pro -
posed by Majumdar [14], the value of q should be in the field U(1, s). So the value of q was re -
spec tively as sumed to be 1.4, 1.3, 1.2, … , 0.6, and let:

X 2 = ( )Kn q (14)

Then eq. (13) is changed to:

Y x yX zX= + +1 2 (15)

In mul ti ple lin ear re gres sion anal y sis, the y was fit ted by n group val ues of (x1i, x2i, x3i,
........, xmi) (i = 1,2, ......., n) which were the ob served value of the x1, x2, x3, ........., xmi.

The form of lin ear ex pres sion is as sumed to be:

y b b x b x b xm m= + + + + +1 2 1 3 2 1....... (16)

where b1, b2,……, bm+1 were the re gres sion co ef fi cients. Ac cord ing to the least squares, the
value of fol low ing eq. (17) should be the small est. 

F = - + + + +å +
=
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2

1
(17)

So the re gres sion co ef fi cients should sat isfy the fol low ing equa tion set:
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Figure 2. The D3Q15 model
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The re gres sion co ef fi cients in eq. (18) could be solved by us ing the Cholesky sep a ra -
tion method. When the length of nanograins axis was be tween 1 to 9 nm, and the di am e ter ra tio
of gap to spher i cal seg ment is 0.2 to 0.9, 30 sets of re sults of nu mer i cal sim u la tion were taken.
The val ues of x, y, and z in fit ted eq. (15) were cor re spond ing to the re gres sion co ef fi cients of
equa tion set (18).
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The nu mer i cal re sults were sub sti tuted in set of eq. (18), and then the re gres sion co ef fi -
cients of eq. (20) were got. These val ues were re turned to fit ted eq. (15), and com pared with the
nu mer i cal re sults with out fit ted com pu ta tion. In the end, fit ted com put ing re sults were better
when the value of q equaled to 0.8 by taken its dif fer ent val ues close to 1. The x, y, and z were 1,
3, and 0.8 re spec tively.

Ex pres sion of ther mal con duc tiv ity for spher i cal seg ment grains was ob tain:
k

k

A

eff

bulk Kn

=

+ +

1

1 3 08 0 8L
. ( ) .

(21)

where Kn is the Knudson num ber and it is de fined as the ra tion of phonon mean free path and
char ac ter is tic length of the sys tem.

The phonon mean free path was used in the previous fit ted for mula, so it could be ap -
plied to com put ing the ther mal con duc tiv ity of dif fer ent ma te ri als with spher i cal seg ment struc -
ture. For sil i con di ox ide nanograins, the phonon mean free path was equal to 0.6 nm.

By ob serv ing the re la tion ship be tween ther mal con duc tiv ity and tem per a ture of
nanograins, fig. 3, the same law to bulk ma te ri als was re vealed. In the range of tem per a ture be -
tween 294 K to 700 K, and its value was taken ev ery 50 K. Then fi nal fit ted for mula of ther mal
con duc tiv ity for nanograins was got by the bi no mial fit ting method. The eq. (22) showed the re -
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la tion ship of ther mal con duc tiv ity, di am e ter of
spher i cal seg ment gap, Knudsen num ber, and
tem per a ture of nanograins.
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where k0 is ther mal con duc tiv ity of bulk ma te rial 
when 300 K and T0 – the value equals to 300 K.

Equations (21) and (22) could be ap plied to
non-me tal lic solid ma te ri als.

Pro gram val i da tion

In this pa per, the nor mal phonon heat trans -
ports  were  nu mer i cally  sim u lated  in  sil i con  film and the re sults were com pared with the [14]. 
For sil i con, the group ve loc ity, mean free path and phonon re lax ation time were 6400 m/s, 41 nm,
and 6.53 ps, re spec tively. 

The ti tle name of y axis is film thick ness and the ver ti cal axis is the ra tio of the film ef -
fec tive ther mal con duc tiv ity to the bulk, and the ti tle name of x axis is the thick ness of sil i con
film in fig. 3. As can be seen from the di a gram, the nor mal ther mal con duc tiv ity would de crease
with the de crease of the film thick ness. The re sults from the de vel oped LBM is rea son ably
matched with those of Majumdar [14], which are de rived by us ing the Matthiessen rule for dif -
fuse bound ary scat ter ing un der the gray ap prox i ma tion.

Re sults and dis cus sion 

Re sults of nu mer i cal sim u la tion 

The phonon heat trans fer was sim u lated in 3-D nanograins by LBM. For sil ica, the
group ve loc ity, mean free path and phonon re lax ation time were 4100 m/s, 0.6 nm and 0.1463
ps, re spec tively. 

Fig ure 4 shows the ther mal con duc tiv ity
vari a tion with the di am e ter of the spher i cal
seg ment nanograin at the dif fer ent d, and the d
are 0.2, 0.4, 0.6, and 0.8, re spec tively. The
nanograin ther mal con duc tiv i ties in creased
with the di am e ter in creas ing at all d in fig. 4.
This was be cause the phonon trans ports were
in the dif fu sion-bal lis tic re gions within the
sim u la tion scale. The re gions would pres ent
bound ary scat ter ing ef fect. That was the
phonon bound ary scat ter ing ef fect was en -
hanced and the ad di tional ther mal re sis tance
was gen er ated in the smaller size nanograins.
Thus, the ef fec tive ther mal con duc tiv i ties be -
come lower when the di am e ters of nanograin
de crease.
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Figure 3. Comparison of normal thermal
conductivity in Si films at 300 K

Figure 4. Effective thermal conductivities
changing with the nanograin diameters at
different d



In ad di tion, the ef fec tive ther mal con duc tiv i ties in creased with the d in creas ing at
same di am e ters of spher i cal seg ment in fig. 4. And the in creas ing in ten si ties of the ther mal con -
duc tiv ity be come smaller and smaller with d in creas ing. This was be cause that d in creas ing
causes the gap area of spher i cal seg ment in creas ing and ax ial size de creas ing. Fur ther more, the
changings make the ther mal con duc tiv i ties in crease. But the chang ing in ten si ties will be come
weaker at la ger  d. That was due to the ef fects of gap area of the spher i cal seg ment in crease
weaker than di am e ter de crease. 

Re sults of fit ted for mula

Fig ure 5 in di cates com par i son of ther mal
con duc tiv ity re sults of nu mer i cal sim u la tion
and fit ted eq. (21) when the tem per a ture of
nanograins was 300 K and the value of   re -
spec tively was 0.3 and 0.7. We could find that
ther mal con duc tiv i ties of nanograins would in -
crease when the di am e ter and axis of spher i cal
seg ment in creased. The re sults of fit ted for -
mula were in better agree ment with nu mer i cal
sim u la tion.

Fig ure 6 shows the ef fec tive ther mal con -
duc tiv i ties of the nanograin at dif fer ent tem -
per a tures cal cu lated from the fit ted eq. (22),
and its com par i son with the nu mer i cal sim u la -
tion re sults. As could be seen, the same vari a -
tion trend of the ther mal con duc tiv ity for
nanograin to bulk ma te rial with tem per a ture
was re vealed. The re sults of fit ted for mula are
also in better agree ment with the nu mer i cal re -
sults.

Con clu sion

The ther mal con duc tiv ity of 3-D
nanograins was fit ted for nu mer i cal sim u la -
tion re sults of LBM by mul ti ple lin ear re gres -
sion anal y sis in the work. The ther mal con duc -
tiv ity of nanograins would rise with the
in creas ing of di am e ter and axis of spher i cal
seg ment. The ef fec tive ther mal con duc tiv i ties
also in creases with the di am e ter ra tio, d, of gap 
to spher i cal seg ment in creas ing when di am e -
ter of spher i cal seg ment was fixed. But the in -
creas ing de gree would be come lightly when the ra tio was larger than 0.6. The re sults of fit ted
for mula agree well with the nu mer i cal re sults. The vari a tion of ther mal con duc tiv ity of
nanograins with tem per a ture had the same law as the bulk ma te ri als. The vari a tion of ther mal
con duc tiv ity of fit ted re sults with tem per a ture and scales from the fit ted for mula was con sis tent
with the nu mer i cal re sults.
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Figure 5. Fitted result of effective thermal
conductivities of SiO2 nanograin at 300 K

Figure 6. Fitted result of effective thermal
conductivity of SiO2 nanograin at different
temperatures
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No men cla ture

A –  the force per unit mass
a –  ac cel er a tion
d –  the di am e ter of spher i cal seg ment, [m]
dS –  the in fin i tes i mal area ver ti cal to di rec tion 

....of heat-flow, [m2]
ei(r, t) – the energy density distribution of discrete

...phonon
f – the dis tri bu tion func tion of par ti cle
Kn – the Knudson num ber
k0 – the ther mal con duc tiv ity of bulk ma te rial

...when (T = 300 K) [Wm–1K–1]
kbulk –  the ther mal con duc tiv ity of

    bulk ma te rial [Wm–1K–1]
kb –  the Boltzmann con stant and

    (=1.38×10–23), [JK–1]
L –   the axis length of spher i cal seg ment, [nm]
m –  the to tal num ber of di rec tion lat tice point
q –  the steady heat flux, [Wm–2K–1]
r –  radius of spherical segment, [m]
Dr –  the lattice distance, [nm]
S –  surface
T0 –  the value equals to 300 K
T1 –   the left side temperature of the model, [K]

T2 –  the right side temperature of
    the model, [K]

DT –  the temperature difference of the left and
.....right boundaries, [K]

Dt –  the time step, [s]
v –  velocity
X1 –  the value of vector
x –  the dimensionless frequency,

    ( ) / ** **x k Tb= hw

Greek sym bols

h –  the number density of the wave vector
q –  the parameter to be obtained
t –  the phonon relaxation time, [s]
w –  the frequency of phonons, [Hz]

Sub scripts

eff –  the effective value
c –  collision of particle
eq –  equilibrium of the discrete phonon direction

....of particle velocity
i –  direction of particle velocity bul
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