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In the aim to optimize the flow systems, a numerical simulation is carried out 
to investigate the entropy generation of the aiding mixed convection within two 
non-parallel vertical plates. The computational procedure is made by solving the 
laminar, steady and bi-dimensional continuity, momentum, and energy equations 
with the finite volume method. The plates are symmetrically heated with uniform 
temperature. The mixed convection flow in the heated vertical channel is studied 
for two aiding buoyancy conditions (upstream flow between hot plates and down-
stream flow between cold plates). The calculations are performed for several pa-
rameters such as Richardson number or buoyancy parameter (Gr/Re2), Reynolds 
and Bejan numbers. The results showed that the velocity, temperature and entropy 
generation profiles within the channel are significantly affected by the later pa-
rameters. 
Key words: entropy generation, Richardson number, aiding mixed  

convection, nonparallel vertical plates 

Introduction 

Several studies on the mixed convection flow of viscous and incompressible fluid 
between two non-parallel plates (Jeffery-Hamel flow) have been carried out. The main cause 
of interest in this type of flows, is not just for the fundamental nature of the problem, but also 
mainly from the fact that, it is encountered in many applications such as chimneys, solar panels, 
double-skin facades, Trombe wall, cooling, and heating installations as well. 

Jeffery-Hamel flows has been widely studied, both experimentally and numerically, 
since the pioneering work of Millsaps and Pohlhausen [1] which was conducted in absence 
of body forces in 1953. The first numerical solution report about the same problem with the 
combined forced and free convection flow and heat transfer of a non-isothermal body exposed 
to a non-uniform free stream velocity, is performed by Sparrow et al. [2]. The authors subdi-
vided the buoyancy parameter on three intervals to distinguish when the flow is considered as 
pure (either forced or free) or as mixed convection. In their study, two cases were considered, 
aiding and opposed convection inside convergent channel. Katkov [3] presented only one nu-
merical solution for a very special case, the horizontal wall heated uniformly. Chen [4] tried to 
generalize the study of Jeffery Hamel flow induced by free convection in convergent divergent 
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channel. The channel is consisted of two non-parallel infinite porous plane walls where the used 
electrically conducting fluid is blown in or sucked out through these walls.

To better understand the mixed convection phenomenon in this flow system many ex-
perimental works have been carried out. Among others, Sparrow et al. [5] have performed an 
experimental study based on Nusselt number using water (Pr = 5) as working fluid. The results in-
dicated that the Nusselt number for converged channel could be brought into very close agreement 
with those of parallel-walled channel by employing correlation variables based on the maximum 
wall spacing. Huang et al. [6] have visualized the flow structure inside a channel by heating a 
smoke wire. The effect of a large range of buoyancy parameter (from 0.3 to 907) and Reynolds 
number (from 100 to 4000) on the reversed flow structure for assisted and opposed convection 
is studied. The Nusselt umber results are correlated in terms of relevant non-dimensional param-
eters for both pure and mixed convection. Bianco et al. [7] realized flow visualization of smoke 
inside non-parallel plates channel. The authors focused on the effect of minimal channel spacing, 
Rayleigh number (2.85 ≤ Ra ≤ 1.22E + 05) and the inclination angle (0°≤ θ ≤10°).

Other researchers treated and correlated this flow system numerically, using numer-
ical computer codes such as Fluent and Phoenics, as Kaiser et al. [8], and Premachandran and 
Balaji [9].

Jeffery hamel flow in the presence of body forces needs more optimization in order to 
make the flow system more efficient with minimizing the energy losses. Using average Nusselt 
number correlations as in the study of Bianco et al. [10]. Or with another important way, which 
is the study of the entropy generation in the considered system where the fluid friction dissipa-
tion is added to the heat dissipation, to adjust all energetic system parameters and to know their 
dominance. Thus, it is crucial to gain a deeper knowledge and understanding of both dynamic 
and thermal behaviors of such systems. This research project is within the latter perspective, 
since, these flow systems (chimneys, double-skin façades, etc.) has got, and it is still getting, 
substantial attention from the researchers. This leads to the optimization and consequently de-
veloping a new efficient designs of such systems. 

This new approach (entropy production) was studied in the first time by Shah [11], and 
Bejan [12-14]. Concerning the internal mixed and natural convection flows optimization was 
started recently, the vertical tube with uniform heat flux at the walls was studied by Ben-Man-
sour et al. [15]. The vertical duct symmetrically heated with uniform temperature was assumed 
by Yang et al. [16]. The flow between vertical plates having imposed constant temperature was 
treated by Padet et al. [17]. The cavities was also studied by Salari et al. [18] and Sortigi and 
Hosseinizadeh [19]. The flow of Poiseuille-Benard was analyzed by Nourollahi et al. [20].

The aim of the present work is to study numerically the entropy generation of the 
laminar aiding mixed convection flow and heat transfer in a symmetrically heated convergent 
channel. The two non-parallel channel walls were heated with uniform temperature. Numerical 
simulations have been performed with the commercial Fluent® CFD code based on finite vol-
ume method. This study is tempting to identify the causes of energy dissipation in such systems, 
since this flow is dissipative and irreversible. 

The influence of several parameters on the heat transfer and fluid flow characteristics 
is considered i. e. buoyancy parameter (Gr/Re2) ranging from 0.1-10 and Reynolds number 
from 10-200, using air as working fluid. The velocity and temperature distributions have been 
analyzed for two buoyancy aiding mixed convection conditions i. e. upstream flow between hot 
plates (Tw – T∞ ) > 0, and downstream flow between cold plates (Tw – T∞ ) < 0. Also, Bejan num-
ber is taken in consideration to confirm the dominance of one of two irreversible phenomena 
(the heat transfer or fluid friction) on the entropy generation.
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Mathematical formulation 

We considered laminar, assisted mixed 
convection, steady and incompressible flow 
of viscous and Newtonian fluid, between two 
non-parallel impermeable and isotherm plates 
(convergent channel).

The aiding buoyancy force has two cases 
[2, 21], fig. 1: 
–– Case 1: upstream flow between hot plates  

(Tw – T∞ ) > 0. 
–– Case 2: downstream flow between cool plates 

(Tw – T∞ ) < 0.
The variation of fluid thermophysical pro-

prieties with temperature has been neglected with 
the exception of buoyancy term, for which the 
Boussinesq approximation has been adopted [2].

Governing equations, continuity, momen-
tum, and energy in 2-D, are expressed as fol-
lows, respectively [2]: 
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The local entropy generation equation is written as [22]: 

	 heat fricTS S S= + 	 (5)

where Sheat and Sfric represent the entropy generation due to heat transfer and viscosity, respec-
tively, which can obtained from:
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The dimensional parameters used in this problem were: Reynolds number, Grashof 
number, Richardson number or buoyancy parameter, Nusselt number and Bejan number:
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Physical description of the problem

This duct is based on experimental work of Huang et al. [6], with 45 cm in length and 
5 cm in minimal spacing between plates at the outlet. The plates are tilted with 2° and heated 
uniformly in Case 1 or have the ambient temperature in the second case.

To simplify the treatment of this problem, we take only the half of the converging 
channel, as the plates have an equal temperature, whose the results are going to be symmetrical 
relative to the central axis.

The boundary conditions are established: 
–– at the entrance of the convergent: inlet velocity, v ∞, and inlet fluid temperature, T∞, 
–– at the exit of the convergent: outlet pressure (ambient pressure),
–– at wall: wall temperature, Tw, and 
–– in the center: the symmetric axis.

Numerical solution 

The coupled system of precedent governing eqs. (1)-(4) and (6) has been obtained 
by FLUENT code, based on a finite volume procedures according to SIMPLE algorithm. The 
equations are discretized on a staggered grid [23], using PRESTO scheme with a second order 
upwind scheme. 

The grid distribution employed is 45 nodes 
(1 grid size) vertically and 16 nodes horizontal-
ly with 1.1 double size ratios to provide a finer 
mesh in the vicinity of the walls.

Code validation 

The comparison of the local surface Nus-
selt number calculated by FLUENT code of this 
work and the one of the experimental studies of 
Huang et al. [6], calculated by their correlation 
(7), at Re = 200 and Richardson number takes 
two values 10 and 20. This comparison is shown 
in fig. 2, sufficient convergence was found with 
an average error of 2.22% between curves.

	
0.3306 0.42

0.4 2

Nu Gr0.9232 1 0.086
Re Reh

x
D

−     = +    
     

	 (7)

Results and discussion

It is noted that the laminar aiding convection in the convergent channel depends 
on many parameters such as Richardson, Reynolds, Grashof, and Prandlt numbers, and the 
aspect ratio of the convergent channel. In this paper the effect of two parameters are con-
sidered on air-flow through a given size of duct, i. e.: Richardson number in the range of  
0.1-10 to remain in mixed convection interval as used in [2, 21], and Reynolds number between 
10 and 200 to not exceed the limits of the internal laminar flow [24]. Also, the used temperature 
difference is 50 K, the half of the opening angle is α = 2° and the characteristic length is the 
maximum inter-plate spacing, Dh, at the inlet of the duct.

The velocity, the temperature and the entropy generation behaviors were discussed at 
three stages, at the entrance (E), the middle (M), and the outlet (S) regions in the convergent duct.
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Velocity patterns 	

Generally in the heated upward flow or in the cooled downward flow, the velocity 
profiles have the same shapes in its flow direction, taking into account some slight magnitude 
differences [25], fig. 3. 

For the first case where the vertical plates were heated uniformly, an acceleration of 
the fluid is noticed in the vicinity of the heated wall due to the aiding buoyancy force. In the 
second case, the fluid moves rapidly because it enters heated at 343 K in the channel, although 
it moves along the cold wall, it is the aiding convection effect. In the two cases the fluid in the 
core moves slowly. 

For the small Richardson number or buoyancy parameter (Ri = 0.1), no reversal 
flow is found. When this parameter increases (to Ri = 10), the flow field becomes increasingly 
skewed as (Gr / Re²) increases. The skewness is characterized by increased velocities in the 
flow direction near the wall, and by decreased velocities in the center of the duct [26], forming 
a V-shaped recirculation region, see fig. 4. The magnitudes and extents of the reversed flow 
increase with the buoyancy parameter, see fig. 3.

In general, the buoyancy parameter has the effect of causing the heated buoyant flow 
to move more rapidly, which leads to a deeper penetration of the reversed flow and wider re-cir-
culating region. However, the increase of Reynolds number has the opposite effect of pushing 
the reversed flow downward. At this location the heated buoyant flow has become thinner and 
moved more rapidly that can make the recirculating region wider, as shown in fig. 4. 

It is revealed that the increase of Gr / Re² can promote the flow reversal formation, 
whereas the increase of Reynolds number can promote its suppression.

In the middle region, compared with the entrance region, velocity profiles devel-
oped and the buoyancy effect becomes important, but near the exit of the convergent channel, 
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as shown in figs. 3(b) and 3(c), the flow 
accelerated and curves became less pro-
nounced, this is due to the convergence of 
plates.

Temperature profiles

The results clearly indicate that 
buoyancy assisted flow can enhance the 
heat transfer process.

The boundary-layer of temperature 
distribution at the entrance region, fig. 5(a) 
displays the same simple shape that found 
in the thermal boundary-layer of the pure 
forced convection flows. In the middle of the 
duct, fig. 5(b), at large buoyancy parameter 
(Ri = 10), the fluid heats up or cools down. 
Also the more this parameter is increased the 
more the fluid gets or loses the heat.

In the entrance region, when Reyn-
olds number is larger enough, the natural 
convection effect on the flow and heat 
transfer process is small, since the value 
of buoyancy parameter is relatively small 
and the physical process is dominated by 
forced convection. Then the fluid is heated 

Figure 4. Stream-wise developpement of axial 
velocity for Re = 10 and 100 ; Ri = 0.1 and 10, in 
two cases (upstream flow between hot plates and 
downstream flow between cold plates)
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gradually along the duct. When Gr / Re² 
increase, the natural convection effect 
becomes significant and starts to domi-
nate the physical process, see fig. 6. At 
lower Reynolds number, even the small 
Gr / Re² makes natural convection more 
dominant from the entrance of the con-
vergent duct. 

Entropy generation profiles 

The maximum entropy generation 
due to heat transfer, Sheat,  locates near-
by the plates, where the heat transfer is 
the largest, then it decreases towards the 
center of the duct. At the entrance and 
middle regions, Sheat is influenced by the 
buoyancy parameter. It decreases considerably with the increase of Richardson number, es-
pecially in the center of the duct. Such behavior can be explained by the fact that the fluid 
temperature gradient in that region decreases or does not exist. As seen earlier, fig. 7(a), but in 
the vicinity of plates, under the buoyancy effect, the trends of Sheat reverses, it increases with 
the increase of the buoyancy parameter, to the surroundings of V-shaped re-circulation, cited in 
velocity patterns discussion. At the exit of the duct the entropy generation due to heat transfer 
decreases with an increase of Richardson number, without turning its trends nearby the walls 
where the heat transfer process is achieved, see fig. 5(a).

In up-flow heating of fluid, the effect of free convection is to accelerate the velocity 
near the wall. To satisfy continuity, the velocity in the tube center is reduced [27]

When reversed flow occurs, the relatively lower velocity negative flow (in the tube 
center) hence carries a lower level of thermal energy. Since the net dimensionless mass-flow is 
fixed, an equal quantity of fluid is added to the fluid flowing in the positive (upward) direction 
and this flow adjacent to the hot wall thereby carrying a larger amount of energy [28]. 

Also Sheat is influenced by Reynolds number, as can be seen in fig. 8(a), the average Sheat 
(calculated by fluent) increases with an increase of Reynolds number. Moreover, in the fig. 7(a), the 
curves peaked and become bigger in the cooled downstream flow than that in the heated upstream flow.
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 Concerning the maximum values of the entropy generation due to fluid friction are 
always located at the channel walls, where the velocity gradient is the highest. Than it tends to 
zero toward the center of the convergent channel where the velocity gradient is small, fig. 7(b). 
The temperature difference in the channel is decreased by means of viscous dissipation effect 
due to the transformation of the fluid friction into heat. The Sfric increases with the increase of 
Richardson number along the convergent channel, and it increases from the inlet to the outlet 
under the effect of the convergence of plates, which accelerates the flow to the outlet, fig. 8(b). 
The effect of free convection is to increase the wall shear stress and that viscous dissipation is 
to reduce the same [27].

These maximum values are more important in the cooled upstream flow than those in 
the heated downstream flow. The effect of viscous dissipation is to augment heat transfer when 
the solid surface is cooled and to inhibit heat transfer when the solid surface is heated [27]. 
Also, the convergence of the channel makes the flow in the downstream faster. Reasonably for 
the largest Reynolds number, the Sfric takes its maximum values. 

The global entropy generation, fig. 9, takes more reaction of the Sfric along the conver-
gent duct with buoyancy parameter and Reynolds number influence. 

Figure 10 shows that the heat transfer irreversibility dominates at small Reynolds num-
bers from the inlet to the outlet of the convergent channel, whatever the buoyancy parameter. 

Bejan number 

The Bejan number ranges from 0 to 1. Accordingly, Be = 1 is the limit at which the 
heat transfer irreversibility dominates, while Be = 0 is the opposite limit at which the irrevers-

Figure 8. (a) Effect of Re and Ri on the average Sheat in all the duct, (b) effect of Re and Ri on the 
average Sfric in all the duct
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Figure 10 : Effect of Re and Ri on the average Be 
in all the duct
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ibility is dominated by fluid friction effects and Be = 1/2 is the case at which the heat transfer 
and fluid friction entropy generation rates at equal [29].

Figure 10 shows that the heat transfer irreversibility dominates at small Reynolds num-
bers from the inlet to the outlet of the convergent channel, whatever the buoyancy parameter. 
When Reynolds number becomes large enough (Re = 200), the heat transfer irreversibility begin 
to dominate. 

Conclusions

In this paper, the energy dissipation induced by the laminar aiding mixed convection 
flow within a convergent channel was studied numerically, using a finite volume method based 
code (FLUENT). The channel plates are non-parallel and symmetrically heated with uniform 
temperature. The present study focused more specifically on the buoyancy parameter and Reyn-
olds number effects. Two cases are considered each one has a buoyancy condition i. e. heated 
upstream and cooled downstream flows. 

The subsequent is a concise summary of the core results of this study.
yy The converging of the plate decreases the entropy generation inside the channel. Also, at the 

channel inlet, the aiding buoyancy force promote both the reversed flow occurrence and the 
heat transfer between the channel walls and the fluid. Also, the heat transfer irreversibility 
dominates much more in the vicinity of the channel walls especially for the lower Reynolds 
number. 

yy Often the local entropy generation takes more the behaviours of the heat transfer irrevers-
ibility, which implies the dominance of this later. This finding is confirmed by Bejan number 
plotes. 

Nomenclature 
Be	 – 	Bejan number, (= Sheat /ST)
Cp	 – 	specific heat of the fluid, [Jk–1K–1]
Dh 	 – 	characteristic length, [m]
Gr	 – 	Grashof number [= gβ(Tw – T∞)Dh

3/n2], [–]
g	 – 	acceleration due to gravity, [ms–2]
h	 – 	convective heat transfer coefficient, 

[Wm–2K–1]
k	 – 	thermal conductivity, [Wm–1K–1]
L	 – 	plate length, [m]
Nu	 – 	Nusselt number (= hL/k), [–]
P	 – 	pressure, [Nm-2]
Pr	 – 	Prandlt number (= μCp /k), [–]
Re	 – 	Reynolds number (= ρV∞ Dh/µ), [–]
Ri 	 – 	Richardson number (= Gr/Re2)
ST	 –	 entropy generation, [Wm–3K–1]
Sfric	 – 	energy dissipation due to fluid friction, 

[Wm–3K–1] 

Sheat	 – 	energy dissipation due to heat transfer, 
[Wm–3K–1] 

T	 – 	temperature, [K]
Tw	 – 	plates temperature, [K]
Tω	 – 	inlet temperature, [K]
u, v	 – 	velocity components along x, y, [ms–1] 
Vω	 – 	inlet velocity, [ms–1] 
x, y	 – 	cartesian co-ordinates, [m]

Greek symbols

α 	 – 	half of the opening angle, [°]
β 	 – 	volumetric coefficient of expansion, [K–1]
ρ 	 – 	density of the fluid, [kgm–3]
μ 	 – 	fluid dynamic viscosity, [kg m–1s–1]
n 	 – 	kinematic viscosity, [m²s–1]
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