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A Burgers-like equation is studied by a general sub-equation method, and some 
new exact solutions are obtained, which include the traveling wave solutions, 
non-traveling wave solutions, multi-soliton solutions, rational solutions, and oth-
er types of solutions. The obtained results are important in thermal science, and 
potential applications can be found. 
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Introduction 
Many mathematical models of thermal science and fluid mechanics are based on non-

linear partial differential equations (PDE). Because of this, an important research area is con-
nected to the obtaining of exact analytical solutions of such equations. In past decades, the 
most impressive methods for obtaining exact solutions have been presented such as the inverse 
scattering method [1], Backlund transformation method [2], the homogeneous balance method 
[3], tanh-function method [4], F-expansion method [5], sub-ordinary differential equation 
(ODE) method [6], exp-function method [7, 8], (G′/G)-expansion method [9, 10], etc. 

Recently, we introduced a general sub-equation method to look for exact solution of 
non-linear evolution equations (NLEE) [11]. In the method, we chose a solution expression in 
a polynomial form of a solution to a variable coefficient ODE as auxiliary equation. This 
method can yield a Backlund transformation between the NLEE and a related constraint equa-
tion. By dealing with the constraint equation, we can derive infinite number of exact solutions 
for the NLEE. These solutions include the traveling wave solutions, non-traveling wave solu-
tions, multi-soliton solutions, rational solutions, and other types of solutions. 

The exact solutions to the Burgers-like equation 
In this article, we give new exact solutions to the Burgers-like equation: 

 0t x x xxu u uu uβ α+ + − =   (1) 

where α, and β are constants by applying the general sub-equation method. 

The general method 

First we show the general procedure of the general sub-equation method. The gen-
eral sub-equation method is consisted of the following four steps: 
–––––––––––––– 
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Step 1. By considering the homogeneous balance between the highest order deriva-
tives and non-linear terms in eq. (1), we suppose that the solutions to eq. (1) can be expressed 
in the following general form: 

  0 1( , ) ( , ) ( , ) ( )u t x a t x a t x φ x= +   (2) 

where functions α0(t, x), a1(t, x), and ξ = ξ(t, x) are determined later, and φ = φ(ξ) satisfies a 
first order ODE: 

 
2 2( ) 0ξ φ φ δξφ µ′ + + + =   (3) 

It has three types of general solution: 

 1 2 1 2
1

1 2

[(1 ) 2 ]sin( ln | |)+[2 +(1 ) ]cos( ln | |)( )
2 [ sin( ln | |) cos( ln | |)]

c c c c
c c

δ η η ξ η δ η ξ
φ ξ ε

ξ η ξ η ξ
− − −

= ×
+

,     if s > 1  (4) 

 
2

1 2
2 2

1 2

(2 +1) | | (2 + 1)( )
2| |( | | )

c c
c c

η

η
η δ ξ η δ

φ ξ ε
ξξ

− − −
= ×

+
,     if s < 1  (5) 

  1 2 2
3

1 2

(1 )( ln | |) 2( )
2 ( ln | |)

c c c
c c

δ ξ
φ ξ ε

ξξ
− + +

= ×
+

,     if s = 1  (6) 

where c1, c2, δ, and μ are constants, 
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s sδ δ µ η= − + = −   (7) 

Step 2. We substitute eq. (2) along with the auxiliary eq. (3) into eq. (1), and collect 
all terms with the same order of φ. As a result, the left-hand sides of eq. (1) are converted into 
a polynomials in φ. Equating each coefficient of powers of φ to zero, we obtain a set of over-
determined PDE for α0(t, x), a1(t, x), and ξ(t, x).

 

 
Step 3. Solving the differential system obtained in Step 2 by MATHEMATICA, we 

obtain the expressions of α0(t, x), a1(t, x) represented by ξ(t, x): 

  ,2 1 1
0 1( , ) ( )( ) ( , ) 2xx t x x xx xa t x a t xaxx xx xx aδx βxx aβ x− −= − − − = −   (8) 

where ξ = ξ(t, x) satisfies the equation: 

 2 2 4 3 2( ) [( 2 ) +(4 2 )( )x xx x xxxx txx tt x xx t tx xxx xsα x xx x x αx x x x x x x αx x− + − + − − +  

 2 2 2+( 3 4 ) ] 0xxt t xx xxx α x αx x x+ − =   (9) 

Equation (9) is called the constraint equation of ξ.  
For obtaining non-trivial solutions, we consider the case of ξx ≠ 0. Any solution of 

eq. (9) leads to a group of coefficients in eq. (8). Consequently, we obtain three classes of ex-
act solutions (2) of eq. (1): 
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 0 1( , ) ( , ) ( , ) ( )i iu t x a t x a t x φ x= +   (10) 

where i = 1 for s > 1, i = 2 for s < 1, and i = 3, for s = 1. The φi(ξ)
 
is the solutions of eq. (3). 

Therefore, the solution expressions (10) have established a Backlund transfor-
mation between eq. (1) and eq. (9). By using the Backlund transformation, one can obtain 
infinite number of exact solutions to eq. (1). When ξ = ξ(x – Vt)

 
is a solution of eq. (9), we 

can obtain the exact traveling wave solutions of eq. (1). If ξ ≠ ξ(x – Vt), we can obtain the 
exact non-traveling wave solutions of eq. (1). So the solution of expression (10) provide us 
with abundance of general form non-trivial exact solutions to eq. (1) when the solutions of 
eq. (9) are given.  

Step 4. In the following, we determine the exact traveling wave solutions and non- 
-traveling wave solutions of eq. (1) by solving eq. (9).  

The exact traveling wave solutions 

If ξ(t, x) = ξ(x – Vt) then eq. (9) can become the following form: 

 
2 4 (3) 2 (4) 3 3[ ( ) ( ) ( )] ( ) [4 ( ) ( ) ( ) ( ) ( ) 3 ( ) ] ( ) 0s z z z z z z z z z z zξξξξξξξξξξξ          ′ ′′ ′ ′ ′′ ′ ′′− + − − =  (11) 

where z = x – Vt. With the transformation ξ(t, x) = ξ(z), ξ'(z) = Y(ξ), eq. (11) becomes: 

  
3 (3) ( )+ [ ( ) ( )] 0Y s Y Yξξξξξ    ′ − =  

which has general solutions: 
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(12) 

where d1, d2, and d3 are arbitrary constants. For a non-trivial solution, these constants should 
not be equal to zero simultaneously. Correspondingly, from ξ'(z) = Y(ξ)

 
 and eq. (12), we have 

obtained twelve kinds of exact solutions to eq. (9) [11]. Substituting these solutions into eqs. 
(4)-(6) and (8), and assembling them in eq. (10), we can obtain twelve kinds of exact traveling 
wave solutions of eq. (1). The multi-composite solutions which are constructed by compound-
ing several elementary functions is a feature of these solutions. For example, in the case s > 1, 
the solutions are the compounding of five elementary functions exp, arctan, tanh, tan, arcos, 
etc. These solutions can not be obtained by using other methods [4-10]. When s < 1 or s = 1, 
these solutions have included soliton solutions and rational or irrational solutions if we proper-
ly take the parameters. These solutions already significantly expand the set of exact solutions 
to eq. (1). Here we omit showing of the expressions of these solutions because of space. 

New exact solutions of the Burgers-like equation  
In fact, eq. (9) can be written: 

 
2 4 3 2( ) [ ( 2 ) 2 ( ) ( ) ] 0xx x x xx xx x xx x t x xx xs P P P P P P Pxx x x x αx x αx x γ α x− + − + − + − − =   (13) 

where t xx xP x αx γx= − − for arbitrary constant .γ   
We consider the following two cases for getting more general form exact solutions 

to eq. (9). 
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Case I. For 2 0xx xxx x− =
 
and 22 4 .s δ δ µ= − +   

In this case, we obtain ξ(t, x) = d4 exp[(d2x + d3)(t + d1)–1], which results in exact so-
lutions of eq. (1) given by (10) with (8): 

 3 2 1 2 3 22 4

2 1 1 1

[ (1 )] 2( , ) exp ( )
( ) ( )i i

d d x t d d d d xd du t x
d d t d t d t

α d α
φ x

β β
 + − − + − +

= −  + + +   
(14)  

in which i = 1 for s > 1, i = 2 for s < 1, and i = 3 for s = 1.  The φi(ξ) is the solutions of eq. (3), 
and di are arbitrary constants. 

Case II. For s = 2δ – δ2 + 4μ = 0. 
In this case, eqs. (9) or (13) admits the solutions ξ(t, x) of the linear heat equation: 

 = +t xx xx αx γx   (15) 

with a conductive term γξx for arbitrary constant γ. 
We have found a transformation in the form of eq. (10) between eqs. (1) and (15). 

Using the transformation, we will obtain infinite number of exact solutions of eq. (1). That 
means each solution of eq. (15) yields a set of exact solutions of eq. (1). Moreover, the con-
nection provides us with an insight into integrability of eq. (1). For example, we can study the 
multi-soliton solutions, rational solutions and other types of solutions to the Burgers-likes 
equation by the transformation.  

As we know, eq. (15) has infinite number of exact solutions. Some representatives 
of them are listed: 

 

2
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∫  

where A, B, C, c0, and k are the arbitrary constants, ω(θ) – the any integrable function, erfc(y) 
– the error function, and cn, n = 1, 2,… is constant given by the initial or boundary conditions 
of eq. (15). It is noticed that the last solution in eq. (16) yields an exact solution to the Burg-
ers-like equation containing an arbitrary function, which may give more freedom to solve re-
lated problems of the equations. 



Wang, X.-M., et al.: A General Sub-Equation Method to the Burgers-Like Equation 
THERMAL SCIENCE, Year 2017, Vol. 21, No. 4, pp. 1681-1687 1685 

General form exact solutions 

In Case II, substituting any solution of eq. (15) into eq. (8) and assembling them in 
eq. (10) with i = 2, we can obtain exact solutions to eq. (1). We give four exact solutions uj  
(j = 1, 2, 3, 4) of eq. (1): 

 1/2 2 1 2
1( , ) exp[ ( ) (4 ) ] , ( , )t x At x t t B t x Rx γ α− −= − + + ∈  

3/2
1 3/21
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In all of these cases, φ2(ξ)

 

is given in eq. (5), and A, B, C, and c0 
 
are arbitrary con-

stants, 

1 1/2
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By the same manner, from the rest two solutions in eq. (16), we should obtain addi-
tional exact solutions in different styles to the Burgers-like equation. Due to the lack of space, 
we omit the reasoning and the solution expressions. 

Remark. In author's knowledge, this is the first time showing these kinds of exact so-
lutions to eq. (1). 

The multi-soliton solutions  

Using the transformation between solutions of eqs. (1) and (15), we can get the mul-
ti-soliton solutions of eq. (1). We can check that eq. (15) admits solutions: 

2
0

1
( , ) + exp[ ( ) ]

n

i i i i i
i

t x A A k x k k t Bx α γ
=

= + + +∑  



Wang, X.-M., et al.: A General Sub-Equation Method to the Burgers-Like Equation 
1686 THERMAL SCIENCE, Year 2017, Vol. 21, No. 4, pp. 1681-1687 

for arbitrary constants ki, Ai, Bi (i = 0, 1,…,n) and positive integer n, which yield multi-soliton 
solutions of eq. (1) given by eqs. (8) and (10) with i = 2. 

The rational solutions 

Suppose that eq. (15) has a solution in the form: 

 
0

( , ) ( ) ,
n

i
i

i
t x k X t X x tx γ

=
= = +∑   (21) 

for arbitrary positive integer n. Substituting eq. (21) into eq. (15) and setting the coefficients 
of ti(i = 0, 1,… n) to be zero, we obtain ODE for ki(X) as 0nk ′′ = and 1 ,j jk kα −′′ = j = n, …, 1 
which yield the solutions: 

 

2( 1 ) 2( 1 )

1
( )= , 0,1,2, ,

[2( 1 ) ]!

n i n i j

i j
j

Xk X i n
n i j

α
+ − + − −

=
=

+ − −∑ 

 

for arbitrary constants αj. Substituting the solutions into eq. (21), we obtain the polynomial solu-
tions of eq. (15), which yield rational solutions of eq. (1) given by eqs. (8) and (10) with i = 2. 

Conclusions  
In this paper, a great number of new exact solutions of the Burgers-like equation are 

obtained by using the general sub-equation method. Essentially, the constraint equation is re-
lated to linear heat equation which results in new exact solutions of the Burgers-like equation. 
These solutions include the traveling wave solutions, non-traveling wave solutions, multi-so-
liton solutions, rational solutions, and other types of solutions. These solutions are different 
from those given in [12]. It shows that our method is more flexible in finding more general 
form exact solutions and the method can be used for many other NLEE in mathematical phys-
ics. As a result, our method effectively enhances the existing auxiliary equation methods, such 
as those given in [4, 9], which demonstrates that the proposed method is effective and pro-
spective. The obtained results are important in thermal science, and can be found potential 
applications. 

We have also tested other several commonly used auxiliary equations, such as Ric-
cati equation [4], the auxiliary equation of F-expansion method [5], to get exact solutions of 
the Burgers-like equation considered in the article. But, it can not produce the results present-
ed in the paper. So eq. (3) has its own advantages which are not admitted by other auxiliary 
equations. 
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