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Constructing analytical solutions for non-liner partial differential equations aris-
ing in thermal and fluid science is important and interesting. In this paper, Hiro-
ta’s bi-linear method is extended to a new generalized Ablowitz-Kaup-Newell-Se-
gur hierarchy which includes heat conduction equation, advection equation, ad-
vection-dispersion equation, and Korteweg-de Vries equation as special cases. As 
a result, bi-linear form of the generalized Ablowitz-Kaup-Newell-Segur hierarchy 
is derived. Based on the derived bi-linear form, exact and explicit n-soliton solu-
tions of the generalized Ablowitz-Kaup-Newell-Segur hierarchy are obtained. 
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Introduction 

Recently, constructing analytical solutions of non-linear PDE is relatively active be-
cause of searching for as many as meaningful exact solutions are of both theoretical and prac-
tical value. In the past several decades, mathematicians and physicists have made many sig-
nificant researches in this direction and some effective methods have been proposed [1-12]. It 
was shown that direct algorithm [11] of the exp-function method [4] for non-linear PDE has 
an advantage in dealing with the so-called middle expression expansion problem. Among 
these existing methods, Hirota’s bi-linear method [2] is a direct method for constructing mul-
ti-soliton solutions of non-linear PDE. However, there is little research work in extending Hi-
rota’s bi-linear method to a whole hierarchy of non-linear PDE. It is because that transforming 
a given hierarchy of non-linear PDE to its bi-linear form is very difficult. In this paper, we 
shall extend Hirota’s bi-linear method [2] to the generalized Ablowitz-Kaup-Newell-Segur 
(gAKNS) hierarchy with time-dependent coefficients: 
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where ai(t) are the arbitrary continuous functions of t, the operator L is employed: 
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It should be noted that eq. (1) generalizes the known AKNS hierarchy [12]: 
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For a special case of eq. (1), we take m = 3 and gain the gAKNS equations with 
time-dependent coefficients [13]: 

 2
3 2 1 0( )( 6 ) ( )( 2 ) ( ) ( )t xxx x xx xq a t q qrq a t q q r a t q a t q= − + − + + −   (4) 

 2
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which include the heat conduction equation qt = qxx, the advection equation qt = qx, the advec-
tion-dispersion equation qt + qx = qxx, and the KdV equation – a mathematical model of waves 
on shallow water surfaces qt = 6qqx + qxx as some special cases. 

Main results 

Theorem 1. Taking the following rational transformation: 
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the gAKNS hierarchy (1) can be bi-linearized: 
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under the condition that: 

 2D 2 0x f f gh⋅ + =   (8) 

where Dx and Dt are Hirota’s differential operators [7], and 0 0D · D ·x tf g f g f g= =  is assumed. 
Theorem 2. The gAKNS hierarchy (1) possesses exact and explicit n-soliton solu-

tions determined by eq. (6) with: 
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where 0
iξ  and 0

iη  are arbitrary constants, the summation ∑μ = 0,1 refers to all possible combi-
nations of each μi = 0,1 for i = 1, 2, …, n, A1(μ), A2(μ), and A3(μ) denote that when selecting 
all the possible combinations μi = 0,1 (j = 1, 2,…,2n) the following conditions hold, respec-
tively: 
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Proofs of theorems 

Theorem 1. For conveniently, we first suppose that: 

 
i

i

t

q q
L

r r
−   

=   
   

,    
1

1

i i

i

t t

q q q
L L

r r r
+

+ −     
= =     

     
  (14) 

namely 
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Substituting eq. (6) into eq. (15) and using eq. (8) we have: 
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We next rewrite the right-hand side of eq. (1): 
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In view of eqs. (6) and (17), we transform the right-hand side of eq. (1): 
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On the other hand, with the substitution of eq. (6) the left-hand side of eq. (1) be-
comes: 
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Then we easily derive eq. (7) from eqs. (18) and (19). The proof of Theorem 1 is 
ended. 

Theorem 2. We expand g, h, and f: 
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Substituting eq. (20) into eqs. (7) and (8) and then collecting all the coefficients with 
same order of ε, we get a system of differential equations (SDE): 
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 4
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and so forth. 
It is easy to see that eq. (21) has solutions: 
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Substituting eqs. (25) and (26) into eq. (22), yields: 
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If g3 = h3 = f4 =…= 0, then eqs. (25)-(27) satisfy all the other equations in the 
previous SDE. We therefore obtain one-soliton solutions of eq. (1): 
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To construct two-soliton solutions, we select another pair of solutions of eq. (21): 
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then solving eqs. (22)-(24) yields: 

 1 1 13 2 1 231 2 14 2 2 24
2 e e e ef ξ η θ ξ η θξ η θ ξ η θ+ + + ++ + + += + + +   (31) 

 1 2 1 12 13 23 1 2 2 12 14 24
3 e eg ξ ξ η θ θ θ ξ ξ η θ θ θ+ + + + + + + + + += +   (32) 

 1 1 2 13 14 34 2 1 2 23 24 34
3 e eh ξ hh  θ θ θ ξ hh  θ θ θ+ + + + + + + + + += +   (33) 

 1 2 1 2 12 13 14 23 24 34
4 ef ξ ξ η η θ θ θ θ θ θ+ + + + + + + + +=   (34) 

where 
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We can verify that if g5 = h5 = f6 =…= 0, then those unwritten equations in the pre-
vious SDE all hold. Thus, we obtain two-soliton solutions of eq. (1): 
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Similarly, we can obtain three-soliton solutions of eq. (1). In this case, g, h, and f in 
eq. (6) are determined: 
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 ( )

2
1e , ( , 1,2,3)

( )
i j n

i j
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+
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By induction, we can finally reach the n-soliton solutions determined by eqs. (6) and 
eqs. (10)-(14) of eq. (1). Thus, we finish the proof of Theorem 2. 

Conclusion 

In summary, we have extended Hirota’s bi-linear method [2] to a new gAKNS hierar-
chy in eq. (1). One of the key steps in the procedure of extending Hirota’s bi-linear method [2] 
is to reduce eq. (1) to the bi-linear form in eqs. (7) and (8) by the transformation eq. (6) intro-
duced in this paper. As a result, exact and explicit one-soliton solutions, two-soliton solutions, 
three-soliton solutions and the uniform formulae of n-soliton solutions of the new gAKNS hier-
archy are obtained. The continuous functions α1(t), α2(t),…, and αn(t) in the obtained solutions 
provide enough freedom for us to describe enrich structures of these soliton solutions.  

Acknowledgment 

This work was supported by the PhD Start-up Funds of Liaoning Province of China 
(20141137) and Bohai University (bsqd2013025), the Liaoning BaiQianWan Talents Program 
(2013921055) and the Natural Science Foundation of China (11547005). 

References 
[1] Gardner, C. S., et al., Method for Solving the Korteweg-de Vries Equation, Physical Review Letters, 19 

(1967), 19, pp. 1095-1197 
[2] Hirota, R., Exact Solution of the Korteweg-de Vries Equation for Multiple Collisions of Solitons, Phys-

ics Review Letters, 27 (1971), 18, pp. 1192-1194 
[3] Wang, M. L., Exact Solutions for a Compound KdV-Burgers Equation, Physics Letters A, 213 (1996),  

5-6, pp. 279-287 
[4] He, J. H., Wu, X. H., Exp-Function Method for Non-Linear Wave Equations, Chaos, Solitons & Frac-

tals, 30 (2006), 3, pp. 700-708 
[5] Zhang, S., Xia, T. C., A Generalized Auxiliary Equation Method and Its Application to (2+1)-Dimen-

sional Asymmetric Nizhnik-Novikov-Vesselov Equations, Journal of Physics A: Mathematical and The-
oretical, 40 (2006), 2, pp. 227-248 

[6] Zhang, S., Xia, T. C., A Generalized F-Expansion Method and New Exact Solutions of Konopelchenko- 
-Dubrovsky Equations, Applied Mathematics and Computation, 183 (2006), 3, pp. 1190-1200 

[7] Zhang, S., et al., A Generalized (G'/G)-Expansion Method for the MKdV Equation with Variable Coef-
ficients, Physics Letters A, 372 (2008), 13, pp. 2254-2257 

[8] Zhang, S., Zhang, H. Q., Fractional Sub-Equation Method and Its Applications to Non-Linear Fractional 
PDE, Physics Letters A, 375 (2011), 7, pp. 1069-1073 

[9] Zhang, S., Xia, T. C., Variable-Coefficient Jacobi Elliptic Function Expansion Method for (2+1)- 
-Dimensional Nizhnik-Novikov-Vesselov Equations, Applied Mathematics and Computation, 218 
(2011), 4, pp. 1308-1316 

[10] Zhang S., et al., Painleve Analysis for a Forced Korteveg-de Vries Equation Arisen in Fluid Dynamics 
of Internal Solitary Waves, Thermal Science, 19 (2015), 4, pp. 1223-1226 

[11] Zhang, S., et al., A Direct Algorithm of Exp-Function Method for Non-Linear Evolution Equations in 
Fluids, Thermal Science, 20 (2016), 3, pp. 881-884 

[12] Chen, D. Y., Introduction to Soliton (in Chinese), Science Press, Beijing, 2006 
[13] Zhang, S., Gao, X. D., Exact N-Soliton Solutions and Dynamics of a New AKNS Equations with Time-

Dependent Coefficients, Nonlinear Dynamics, 83 (2016), 1, pp. 1043-1052 
 
 
Paper submitted: June 23, 2016 © 2017 Society of Thermal Engineers of Serbia.  
Paper revised: October 15, 2016 Published by the Vinča Institute of Nuclear Sciences, Belgrade, Serbia. 
Paper accepted: October 25, 2016 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.  

http://www.vin.bg.ac.rs/index.php/en/


<<

  /ASCII85EncodePages false

  /AllowPSXObjects false

  /AllowTransparency false

  /AlwaysEmbed [

    true

  ]

  /AntiAliasColorImages false

  /AntiAliasGrayImages false

  /AntiAliasMonoImages false

  /AutoFilterColorImages true

  /AutoFilterGrayImages true

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalCMYKProfile (Coated FOGRA39 \050ISO 12647-2:2004\051)

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Warning

  /CheckCompliance [

    /None

  ]

  /ColorACSImageDict <<

    /HSamples [

      1

      1

      1

      1

    ]

    /QFactor 0.15000

    /VSamples [

      1

      1

      1

      1

    ]

  >>

  /ColorConversionStrategy /LeaveColorUnchanged

  /ColorImageAutoFilterStrategy /JPEG

  /ColorImageDepth -1

  /ColorImageDict <<

    /HSamples [

      1

      1

      1

      1

    ]

    /QFactor 0.15000

    /VSamples [

      1

      1

      1

      1

    ]

  >>

  /ColorImageDownsampleThreshold 1.50000

  /ColorImageDownsampleType /Bicubic

  /ColorImageFilter /DCTEncode

  /ColorImageMinDownsampleDepth 1

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /ColorImageResolution 300

  /ColorSettingsFile ()

  /CompatibilityLevel 1.3

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /CreateJDFFile false

  /CreateJobTicket false

  /CropColorImages false

  /CropGrayImages false

  /CropMonoImages false

  /DSCReportingLevel 0

  /DefaultRenderingIntent /Default

  /Description <<

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /DAN <>

    /DEU <>

    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

    /ESP <>

    /FRA <>

    /ITA <>

    /JPN <>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /PTB <>

    /SUO <>

    /SVE <>

  >>

  /DetectBlends true

  /DetectCurves 0.10000

  /DoThumbnails false

  /DownsampleColorImages false

  /DownsampleGrayImages false

  /DownsampleMonoImages false

  /EmbedAllFonts true

  /EmbedJobOptions true

  /EmbedOpenType false

  /EmitDSCWarnings false

  /EncodeColorImages true

  /EncodeGrayImages true

  /EncodeMonoImages true

  /EndPage -1

  /GrayACSImageDict <<

    /HSamples [

      1

      1

      1

      1

    ]

    /QFactor 0.15000

    /VSamples [

      1

      1

      1

      1

    ]

  >>

  /GrayImageAutoFilterStrategy /JPEG

  /GrayImageDepth -1

  /GrayImageDict <<

    /HSamples [

      1

      1

      1

      1

    ]

    /QFactor 0.15000

    /VSamples [

      1

      1

      1

      1

    ]

  >>

  /GrayImageDownsampleThreshold 1.50000

  /GrayImageDownsampleType /Bicubic

  /GrayImageFilter /DCTEncode

  /GrayImageMinDownsampleDepth 2

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /GrayImageResolution 300

  /ImageMemory 1048576

  /JPEG2000ColorACSImageDict <<

    /Quality 30

    /TileHeight 256

    /TileWidth 256

  >>

  /JPEG2000ColorImageDict <<

    /Quality 30

    /TileHeight 256

    /TileWidth 256

  >>

  /JPEG2000GrayACSImageDict <<

    /Quality 30

    /TileHeight 256

    /TileWidth 256

  >>

  /JPEG2000GrayImageDict <<

    /Quality 30

    /TileHeight 256

    /TileWidth 256

  >>

  /LockDistillerParams false

  /MaxSubsetPct 100

  /MonoImageDepth -1

  /MonoImageDict <<

    /K -1

  >>

  /MonoImageDownsampleThreshold 1.50000

  /MonoImageDownsampleType /Bicubic

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /MonoImageResolution 1200

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /NeverEmbed [

    true

  ]

  /OPM 1

  /Optimize true

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /BleedOffset [

        0

        0

        0

        0

      ]

      /ConvertColors /NoConversion

      /DestinationProfileName ()

      /DestinationProfileSelector /NA

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure true

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles true

      /MarksOffset 6

      /MarksWeight 0.25000

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /NA

      /PageMarksFile /RomanDefault

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /LeaveUntagged

      /UseDocumentBleed false

    >>

    <<

      /AllowImageBreaks true

      /AllowTableBreaks true

      /ExpandPage false

      /HonorBaseURL true

      /HonorRolloverEffect false

      /IgnoreHTMLPageBreaks false

      /IncludeHeaderFooter false

      /MarginOffset [

        0

        0

        0

        0

      ]

      /MetadataAuthor ()

      /MetadataKeywords ()

      /MetadataSubject ()

      /MetadataTitle ()

      /MetricPageSize [

        0

        0

      ]

      /MetricUnit /inch

      /MobileCompatible 0

      /Namespace [

        (Adobe)

        (GoLive)

        (8.0)

      ]

      /OpenZoomToHTMLFontSize false

      /PageOrientation /Portrait

      /RemoveBackground false

      /ShrinkContent true

      /TreatColorsAs /MainMonitorColors

      /UseEmbeddedProfiles false

      /UseHTMLTitleAsMetadata true

    >>

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXBleedBoxToTrimBoxOffset [

    0

    0

    0

    0

  ]

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXOutputCondition ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputIntentProfile (None)

  /PDFXRegistryName ()

  /PDFXSetBleedBoxToMediaBox true

  /PDFXTrapped /False

  /PDFXTrimBoxToMediaBoxOffset [

    0

    0

    0

    0

  ]

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /ParseICCProfilesInComments true

  /PassThroughJPEGImages true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness false

  /PreserveHalftoneInfo false

  /PreserveOPIComments false

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Remove

  /UCRandBGInfo /Remove

  /UsePrologue false

  /sRGBProfile (sRGB IEC61966-2.1)

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [2159.000 2794.000]

>> setpagedevice



