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This paper proposes one family of compact schemes for Korteweg-de Vries equa-
tion. In the deterministic case, the schemes are convergent with fourth-order ac-
curacy both in space and in time. Moreover, the schemes are stable. The numeri-
cal dispersion relation is analyzed. We compare the schemes with one second-or-
der scheme. The numerical examples test the effect of the schemes. In the stochas-
tic case, we simulate the wave profile and three discrete dynamical quantities for
Korteweg-de Vries equation with small noise. The white noise has stochastic in-
[fluence on the profile and dynamical quantities of the solution. If the size of noise
increases, the perturbation on the profile and dynamical quantities will increase
accordingly.
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Introduction

Korteweg-de Vries (KdV) equation and its modifications are widely used to study
shallow water wave with small amplitude or with weakly non-linear restoring force, MHD
wave in collision less plasma, bubble-liquid mixing wave, and non-linear long wave in non-
harmonic lattice [1]. The KdV equations describe the interaction and balance of dispersion
term and non-linear term. There exist stable solitons and reconstruction of initial waveform
for KdV equations. Some theoretical analysis and numerical simulation for KdV equations
have been proposed, for examples, the variational iteration method [2-4], the homotopy per-
turbation method [2, 5], the exp-function method [6, 7], and first integral method [8],
symplectic scheme [9, 10], finite element method [11], the meshless method of lines [12], and
finite difference method [13].

Recently compact schemes, which possess high accuracy, compactness, and eco-
nomic resource, are widely used in scientific computation [14-18]. A compact splitting multi-
symplectic scheme for some Schrodinger equations is proposed in [15]. Kanazawa et al. [17]
investigates a conservative compact finite difference scheme for the deterministic KdV equa-
tion. A pseudo-compact scheme for the Rosenau-KdV equation coupling with the Rosenau-
RLW equation is analyzed in [18].
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It is found that, for stochastic KdV equations, the reference of compact schemes is
lacking. The compact scheme is valid for deterministic KdV equation and its theory has al-
ready been well established [17, 18], but what will happen for its stochastic partner? How will
the compact scheme behave? The two questions motivate us to design efficient schemes for
stochastic KdV equation. By applying compact operators, we construct one-parameter family
of compact schemes to an initial value problem of the following stochastic KdV equation:

{ut ‘uu, +EUL =Y, XE [O,L]

u(x,0)=g(x), te [O,T] M

where g(x) is a differential function, u#,,u , and u . are the mean partial derivatives of u
with respect to ¢ and x, respectively, 4 is a small real number, and y — a real-valued white
noise which is delta correlated in time, either smooth or delta correlated in space. For KdV
equations, uu,, &u,,., and uy are non-linear term, dispersion term, and stochastic disturb-
ance term, respectively. If g =0, the system (1) is a deterministic system and preserves some
physical quantities [19] under periodic condition:

H @)= ju(x,tf —3eu (x,t) dx, H,(t) = ju(x,t)%x, Hi(t)= ju(x,t)dx 2)

These physical quantities can be used to test the efficiency of numerical methods for
the stochastic KdV equation.

Compact schemes

Further in the text, by applying a kind of compact operators, we present a kind of
compact schemes for KdV equation (1). For simplicity, we consider the uniform mesh grids
{x; =kh,t, = nt} with step-sizes & = L/N and t = T/M. Numerical values of u(x;,t,) are de-
noted by wu,, ur, and u" stand for solution vectors at x = x; and ¢ = ¢ with components
u(x;,t) and wu(x,t,), respectively. For spatial discretization of eq. (1) under periodic condi-
tion, we consider the linear operators Au, = au,_; +u; +au,,,; and:

Bu, =b Mird TMed g M T Cup =a Upyy = 2y + 20y — Uy ) 3)
4h 2h 2K
We adopt the operators:
é‘xuk = AilBuk, 53xuk = Ailcl/lk (4)
to approximate #, and u, , respectively [14, 15]. Denote four cyclic matrices by:
0 Kk K -k, -k
M, = , My(kyky) = (5)
k k —ky k0 ),
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M, =M(al2h,bl4h),M, = (al21’ )M (=2,1). Then, under periodic conditions, the
matrix form of (4) is:
Oy =Mf1M2uk, sy ZMflMﬂk (6)
One-parameter family of fourth-order approximations Jy to u, are defined by 3a =4 +
+ 2a, 3b =40 — 1. When a = 2, a = 0.5, a fourth order approximation d3, to U is predicted.

Taylor analysis yields that, the leading truncation errors of dy and Js, are 4/5!(30t — 1)(txxxxx)ich*
and 42/7! (uxxxxxx)ch*, respectively. The Fourier analysis yields that:

Oy, =ivuy, Oty =ivylly, (7)
where
. _ 2asin(ph) + bsin(2h) _ 2asin(fh)[cos(fh) - 1]
LT 2h[L+ 2acos(Bh)] 2 R+ 2acos(Bh)] ®)

Discretizing KdV equations (1) in spatial direction with compact operators (4) yields
the following ordinary differential equation of z(¢) = u(x,?):

z'+28,z+ &85,z = 1y, &)
By applying famous 4-stage Runge-Kutta method [20] to eq. (9) we can get:

=2 @K + S (T 1)]

1 1 3
Y=z +{Zf<z,m+[z—%f@,m}

Y, =Zn+T{(i+%f<n,m+§f<a,¥2)} (10)

where f(t,z) =28,z — 6,2+ . T, =t, + 3—=~3)2/6,T, =1, + (3+~/3)7/6.

Deterministic analysis

Consider the deterministic case that z =0 . Suppose thatu; =u(x;,t,). Taylor anal-
ysis yields that the compact schemes (10) are convergent with 4-order accuracy both in time
and in space. The schemes are most compact tridiagonal schemes with minimal spatial grid.
The leading terms of local truncation errors of (10) are:
ht+

n n
XXXXX )k XXXXXXX )k

4 s 42
=1Ba -1 h +—!
5( )u Z (u

+7

_r4 (4) 3 (3) ’ 3 rn2 2,12 on 14 "
N IS YV AP At MUY VA TN - AP At AT Y |
2160 540 1440 1440 360 |

Consider the compact schemes (10) applied to the linear case u, + pu, +qu . =0.
By computing we get that:

it T (PO, +483,)" —67(pd, +48,)+12
Tz (pdx + q§3x)2 + 6r(p5x + q53x) +12
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Since the eigenvalues of compact operators Jy, d3, are zeros or imaginary num-
bers, the modules of multiplying matrices are 1 and so the schemes (10) are linearly sta-

ble.
Then we consider the dispersion relation in linear case. Suppose that the exact solu-

tion is in the form:
u(x,t) = exp[i[éx + Qtﬂ
h T

where £ is the wave number and w — the frequency. Then by inserting it into the linear equa-
tion we can get the exact dispersion relation:

_Cs
o+ef-—& =0 (11)

where ¢ = pt/h and d = ph*/q.

Assume that the formal numerical solution is u; = exp[i(k& + nw)).

By computing according to eq. (10), we get the following numerical dispersion rela-
tion:

2
sinw = —£2A(A > 12) (12)
A" +1247 +144
where
_ ¢ 2(sin2& -2sin &) e 3siné

d 1+cosé 2+cosé

Second-order scheme

If b=0,a=1, and o =0, then the compact operators 0, and &5, are second-order
with the leading truncation errors (1/6)(u,,, )kh and (1/4)(u 0 )1 P 2 , respectively. By apply-
ing the forward difference formula of first derivative and the averaging operator to eq. (9), we
can get that:

n+l n
u

k + (1/[5 u)n+1/2 + 853x n+1/2 — ﬂ2£+1/2 (13)
where

12 _ n+1/2

+ ullg )) ;(I’cH \/_ Xk
where y} 12 isa sequence of independent random variables with normal distribution law
N(0, 1) [21]. This means that we discretize eq. (9) in temporal direction:

n+1/2 ( n+l

u]:lJrl uk +T(u5 u)n+1/2 +T€53X n+1/2 — Tﬂanrl/z (14)

Consider the deterministic case that 4 = 0. Suppose thatu; =u(x;,t,). Taylor analy-

sis yields that the scheme (13) is convergent with second-order accuracy both in time and in
space. The leading terms of local truncation errors of eq. (13) is:

1 ni2 1 ni2 Tz 2 12 1
- W4~ W+ (-2
6 (uxxx )k 4 (uxxxxx k 24 (ff f f)k
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The scheme (14) applied to linear equation generates the formula:

2™ —u"y+ prS, (u" +u") + qudy (" +u")=0
which means that:

n+l n+l n+l1 c n+l n+l n+l n+l\ _
du T+ C(”k+1 U ) + ;(”lﬁz = 2upyy + 2upT — U ) =

_ n n n c n n n n
=duy — c(“k+1 U ) —E(”/Hz = 2wy + 2wy — U, )

Therefore, the module of multiplying matrix is 1 and so the scheme (14) is linearly
stable.

Then we consider the dispersion relation in linear case. By computing according to
eq. (14), we get numerical dispersion relation:

4B
B*+4

sinw =

(15)
where B =csiné + (¢/d)(sin2& —2sin &).

Non-periodic case

Now we consider spatial discretization under non-periodic condition. At some dis-
crete points near to the boundary, we apply the following compact operators for scheme (10):

6h 6h
Oty — 1565,y = %(22»{1 —T6uy +98uy —58u, +16us —2u ),

5xu1 + 35xu2 =

1
O3 Uy — 1505, uy_ =h_3(_22uN +T76uy_ —98uy_o +58uy_ 3 —16uy_4 +2u y_s),
—L§ U + 05 .u —ié' u —L(—lOu +35u, —46u, +28u, —8us +u )
14 O3xt T O3lly T Oy =0 1 2 3 4 5 TUg)

1 1 1
—— O3 Uy + O3 Uy —— O3 Uy =—(10uy —35uy_ +46uy_» —28uy 5 +8uy_4 —u
14 03N T O3l ~ Oselin— 7h3( N N-1 N-2 N-3 +8Uy_4 U N _s5)
Meanwhile, for scheme (14), we give the discrete spatial operator at boundary
points:
Sy =t Ty g Sy Z R Uy
2h 2h

Ox Uy =$(—3u1 +10u, —12u5 + 6u, —us),

O3y :#(ﬁw —10uy_y +12uy 5 —6uy 3 +uy_4)
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Numerical examples
Now we apply the schemes (10) and (14) to solve the KdV equation (1) with:

K,

c=484e—4, L=2, K =03 K, = 25, g =3K, sech’(K,x—6)

For the sake of simplicity, we choose a = 1/4 for J, to eq. (12). Numerical results are
similar to other different a.

First to test the efficiency of the schemes in the deterministic case, we suppose that
1= 0. In fact, in this deterministic case, the exact solution of the system (1) is:

u=3K, sech®(K,x - K,K,t - 6)

In fig. 1 we depict the exact dispersion relation (11) and numerical dispersion rela-
tions (12) and (15) corresponding to ¢ = 0.2 and different d. The numerical dispersion curve
of scheme (10), relative to scheme (14), is closer to the exact curve.

0.15 0.2
w exact 2] exact
01 * 2™ order 0.15 Joserten,) * 2™ order{{
——4" order * . —4" order
0.1
0.05
0.05
0
0
-0.05
-0.05
-0.1
-0.1
-0.15 _0.15
-0. -0.2
. g2 -1 0 1 2 -2 -1 0 1 2

Figure 1. Dispersion relation curves d = 1.98 (a), d = 6.13 (b)

In fig. 2 we plot the second-norm errors between numerical solutions and exact solu-
tion at £ =1 with 2 =0.05, 7= 0.001. The errors conform that the schemes (10) are more accu-
rate than the scheme (14).

We define three discrete dynamical quantities for H1(¢), Ha(¢), and H3(?):

HY =hYy (@) -3e(6a)’),  Hy =hy, ), Hy=hY uf  (16)
Denote the residual errors of H|', H, and H! by:
AH[ = H{' - H,(ty),  AHy=Hy-H)(1y),  AH3 =Hj —H;(1)) (17)

respectively. From figs. 3-5, we depict the residual errors AH|',AH,, and AH; for numerical
solution with 4 = 0.05, 7= 0.001. These figures show that for deterministic KdV equation, the
compact schemes (10) simulate the discrete dynamical quantities (16) more approximately
than the scheme (14).
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Figure 2. Errors of numerical solutions for scheme (10) (b) and scheme (14) (a)
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Figure 3. Errors of Hi for scheme (10) (b) and scheme (14) (a)
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Figure 4. Errors of H: for scheme (10) (b) and scheme (14) (a)

Next we simulate the profile of stochastic KAV wave with small . In fig. 6 we plot
the 3-D profile of |u; |with scheme (10) for one trajectory with # = 0.05, z = 0.0001,
u = 0.025 (b), and x = 0.009 (a). From |u; | depicted in the figure, we find that the white
noise produces stochastic influence on the KdV waves.

At last we simulate the stochastic influence of white noise on the physical quantities.
From figs. 7-9, we depict the discrete quantities (16) for numerical solution with (10) of one
trajectory with 2= 0.05, 7= 0.0001, &« = 0.05 (b), and © = 0.009 (a).
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Figure 5. Errors of H3 for scheme (10) (b) and scheme (14) (a)
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Figure 7. The H;' for numerical solution with x# = 0.05 (b) and x = 0.009 (a)
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Figure 8. The H, for numerical solution with # = 0.05 (b) and # = 0.009 (a)
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Figure 9. The H; for numerical solution with # = 0.05 (b) and x = 0.009 (a)

From the results depicted in figs. 7-9, we can find that the white noise produces sto-
chastic perturbation on the three discrete dynamical quantities. If the size of noise increases,
the perturbation on the profile and dynamical quantities will increase accordingly. The larger
the size of noise is, the more the perturbation will be.

Conclusion

For KdV equation, we present compact schemes (10) with minimal spatial grids.
They are stable and convergent with fourth-order accuracy in each direction for deterministic
KdV equation. Compared with scheme (14), the schemes (10) are more efficient (see figs.
1-5) in simulating the solutions, dispersion relation and physical quantities. For stochastic
equation, the white noise has stochastic perturbation upon the wave profile and discrete dy-
namical quantities (see figs. 6-9). We observe that the perturbation will increase with the size
of noise. Next, further discussion and research about the strong and weak convergence for the
schemes will be needed.
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