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In this paper, we propose a new non-linear partial differential equation to de-
scribe the heat transfer problems at the extreme excess temperatures. Its exact
traveling wave solutions are obtained by using Cornejo-Perez and Rosu method.
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Introduction

The approximate, analytical, numerical, and exact solutions for the non-linear heat
transfer problems have been investigated by a great many of engineers and scientists for many
years [1-2]. Many technologies were proposed to find the solutions for them, such as the ho-
motopy perturbation method [3], heat-balance integral method [4], variational iteration meth-
od [5], and integral transforms [6], and so on.

Recently, Cornejo-Perez and Rosu [7] proposed a new method to find the exact solu-
tions to non-linear ordinary differential equations (ODE) and to apply to derive the exact trav-
eling wave solutions for the non-linear partial differential equations (PDE) [8]. The targets of
the previous paper are to address a new non-linear heat transfer equation and to find its exact
traveling wave solutions.

Mathematical model proposed
Let us consider the non-linear heat transfer equation [1, 4]:
00¢.) 0’O(&,7) _

or o&E?

where a [Wm'K'] is the heat diffusion coefficient and A[@( 7)] — the non-linear heat
source.

A[O(E,7)] (1)

When A[O(& 7)] is expanded for the constants C; determined by the temperature
field:
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A[O,7)]= ZC@Z (&.7) 2)
i=0
Equation (1) can be re-written:
00(¢é, T o*O(&E,r ! ;
(f )_a (i ):Zci@l(g’z_) (3)
ot o0& :
Radiative loss N As a special case of eq. (2), we consider the
%H, N Radiative radiative loss of heat at the extreme excess temper-
poE. n+x0'¢c. 1) ature field shown in fig. 1, denoted by A(&, 7):
./\VFP
N 4
e A7) = fO(E, 1) + kO (£.7) @)
./\N\Nd S High excess
{-;r:]"p?:gteusrz temperature where f and k are constants, and @(&, 7) is the ex-
cess temperature field.
Figure 1. The extreme excess temperature The governing equation at the extreme excess
field temperature can be written as:

00(¢, 7) _ 6 O&,7)

4
P 2¢? - PO, 1) -kO(&5,7),  (£,7)€[0,00)x[0,00) (%)

At the low excess temperature, eq. (2) reads [9]:

00(,7) _ 6 O,7)

By o8 - poO(S, 1),  (5,7)€[0,00)x[0,0) (6)

where £ is a constant and &(&, 7) — the low excess temperature field.
At the high excess temperature, eq. (2) can be re-written [10]:

00(.7) _ 0’01

o Y —xkO*(&,1),  (&,7)€[0,0)x[0,) (7)

where « is related to Stefan's constant and @(&, 7) — the excess temperature field.

Equation (1) adopting in the previous paper is called the heat transfer equation at the
extreme excess temperature and the parameters f and x are determined by the different tem-
perature fields.

Analysis of method

In this section, we introduce the traveling wave transformation method based on
theory of Cornejo-Perez and Rosu group [7, 8].

In order to illustrate the methodology, we consider the PDE with respect to ¢ and ¢
given by:

| 29.7) 0’O(&, 1) 0O(E,T)
or  o£? o0&

2

,@(5,1),@"(5,7)}0 (8)

where £ is a positive integer.
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The TTM can be written:
0=¢(-97 9)
where 9 is a constant.
Due to the chain rules:

00(6.7) _ 400(4.7) 0’O(&,7) _2°0(8)

d 10a,b
or 00 o 0&E? 06° ( )
Equation (8) becomes the ODE with respect to 8 given by:
2
N L20) 990) 59),0% ) | =0 (1)
d¢g d¢g
Following the Cornejo-Perez and Rosu group [7, 8], eq. (11), can be written:
d d
——1O) || —-v,(O)|©=0 12
(4 oS o) "
which reduces to the following equation of the factorized form
d’e0) [dvl ©) } de(9)
- O+v(O)+v,(O +v,(OW,(O)Z(O)=0 13
10° 10 1()2()d9 1(O),(O)=(0) (13)
which leads to:
L6 11,@)+1,@)-40),  v©@w,©) =12 (142,5)

where ©(0) = 0, vi[O(9)] = vi(O), 2[O(F)] = v2(0), 4[O(F)] = A(O), and I1[O(I)] = 11(O).
Thus, eq. (12) can be re-written as the second order ODE with respect to  given by:

d’e(0) de(o)
=~ ANO)—Z+1(0)=0 15
" ©) 10 (©) (15)
Thus, we obtain the following ODE from eq. (15) that:
0, @e0-0, CO_1,©00)-0 (16.5)

Furthermore, we directly write the solutions of eq. (15) from egs. (16a) and (16b).
Conveniently, we call this technology as the CPRM [8].

Traveling wave solutions for the non-linear
heat transfer problem

In this section, the CPRM is used to solve the non-linear heat transfer equation.
From egs. (5), (10a), and (10b) we have the non-linear ODE:

do©) _ d’e(0)

-9 -
do do?

- BO0) - kO}(0) (17)

which leads to:
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d2(9(0) 9de®) B

400y —
102 a W —0O0)- @ @)=0 (18)
Following eq. (12), we give:
d
{@_ 0@ )M —02(@)}@ 0 (19)

which yields the following equation in the factorized form:

de(9)

2
d*e(9) _[dm ©) +01(0)0,(0)E(©) =0 (20)

102 10 @+01(@)+0'2(@)}

where

doy(0)

0+0,(0)+0,(O) =2 0'1(@)0'2(@)=—£{£+@3(9)} (1a,b)
de a al K

Thus, we have from eq. (21b) that:

ooz o]
o (@)=—1I|i,|—02O)F, [~ |, o,(O)=H,,|i,|—O*(O)*,|— (22a,b)
H, a a ’ o a

where H, ; is an unknown coefficient.
From egs. (22a) and (22b), eq. (21a) can be written as:

2;1(@2(9”—{(@2(9) \/7]+H“|:z\/:@2(9)+\/7] 723

which leads to:

(24a,b)

5
Hyy =% 5 (25)
which lead from eq. (19) to:

3 3
o (@) =+ /3 {i /5@2(0)1‘/%, 0,(@) =+ /i{i Ko20)+ /ﬁ] (26a,b)
5 a a 2 a a

It follows from eqgs. (26a) and (26b) that:

From eq. (24a), we obtain:
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_ X -
400) _ + 2 i\/g@2 (0)1\/E OO)=0 27
do 5 a a
_ X _
400) _ + &l i\/E@2 (Q)i\/Z e6)=0 (28)
do 2 a a
By integrating eqs. (27) and (28), we obtain the following exact solutions, which are
given by:
K oY T K spoY T
O(0) =———| tanh (—j +1 or O(f)=———|tanh (—j +1 (29a,b)
4p 10 45 8a
Thus, we obtain the exact traveling wave solutions, which are given by:
2
O, 7) = —L{tanhw + 1} (30a)
48 10a
2
O, 7) = —i[tamhM . 1} (30b)
44 8a
where

9:[@ -\E]@ (30¢)

with > 0. The travelling wave solutions of eq. (4) for the different parameters are illustrated
in figs. 2(a) and 2(b).

(b)
Figure 2. (a) The travelling wave solution (30a) for f =1, a =1, and x = —1, (b) the travelling wave
solution (30b) for f=1,a=1, and kx =-1

Conclusion

In the present work, a non-linear heat transfer equation was proposed for the first
time. With the help of the CPRM, its exact traveling wave solutions were graphically illus-
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trated. The CPRM to obtain the exact solutions were as an alternative technology proposed to
find a class of the non-linear PDE in mathematical physics.
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Nomenclature

a — heat diffusion coefficient, [Wm 'K '] x — constant, [Ks™]

p — constant, [1s7] ¢ — space co-ordinate, [m]
O(¢ 1) — exess temperature, [K] 7 — time co-ordinate, [s]
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