
Gao, F. et al.: Fractional Maxwell Fluid with Fractional Derivative … 
THERMAL SCIENCE, Year 2016, Vol. 20, Suppl. 3, pp.  S871-S877 S871 

 FRACTIONAL  MAXWELL  FLUID  WITH  FRACTIONAL  DERIVATIVE 
WITHOUT  SINGULAR  KERNEL 

by 

Feng GAO and Xiao-Jun YANG* 

State Key Laboratory for Geomechanics and Deep Underground Engineering,  
School of Mechanics and Civil Engineering, China University of Mining and Technology, 

Xuzhou, China 

Original scientific paper 
DOI: 10.2298/TSCI16S3871G 

In this paper we propose a new model for the fractional Maxwell fluid within frac-
tional Caputo-Fabrizio derivative operator. We present the fractional Maxwell 
fluid in the differential form for the first time. The analytical results for the pro-
posed model with the fractional Losada-Nieto integral operator are given to illus-
trate the efficiency of the fractional order operators to the line viscoelasticity. 
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Introduction 

Fractional-order viscoelasticity used to describe the laws of deformation for model-
ling the viscoelastic behavior of real materials had firstly studied by Scott-Blair [1]. The 
Scott-Blair presented the constitutive relationship of fractional mechanical element, given by 
[2, 3]: 

d ( )( )
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α
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α
ε τσ τ µ
τ

= Λ (1a) 

where Λ,  μ, and α are material-dependant constants and /α ατ∂ ∂  is the Riemann-Liouville 
fractional derivative operator. 

A generalized version of eq. (1a), suggested by Gerasimov [4], was written: 

0
d ( )( )

d

β

β
ε τσ τ Ε
τ

= (1b) 

where E0 is the generalized viscosity of the material and /β βτ∂ ∂  is the fractional derivative 
[3, 4].  

When α = 1, from eq. (1a) we have: 

d ( )( )
d
ε τσ τ µ
τ

= Λ (1c) 

which is used to describe the Newton's law of Newtonian fluids [5]. 
–––––––––––––– 
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When α = 0, from eq. (1a) we have: 

 ( ) ( )σ τ ε τ= Λ  (1d) 

which is used to explain the Hooke's law of elastic body [5].  
Another version of eq. (1a), structured by Caputo and Mainardi [6, 7], was written:  

 d ( )( )
d

χ
χ

χ
ε τσ τ µ
τ

= Λ  (1e) 

where Λ, μ,  and χ are material-dependant constants and /χ χτ∂ ∂  is the Caputo fractional de-
rivative [8-10].  

Recently, fractional Caputo-Fabrizio derivative [10, 11] and fractional Losada-Nieto 
integral [12] were proposed and developed to model the fractional electrical circuit [13, 14] 
and mass-spring-damper system [15].  

In view of the previously mentioned results, the aim of the paper is to propose the 
fractional Maxwell fluid within fractional Caputo-Fabrizio derivative.  

Mathematical tools  

We recall the fractional Caputo-Fabrizio (CF) derivative operator [10, 11], given by: 

 ( ) ( )1
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(2 ) ( )D ( ) exp ( ) ( )d
2(1 ) 1

CF
τ

ϑ
τ

ϑ ϑ ϑφ τ τ µ φ µ µ
ϑ ϑ

− ℘  = − − − − ∫  (2a) 

and fractional Losada-Nieto (LN) integral operator (inverse operator of fractional Caputo-
Fabrizio derivative) [12], given by: 

 
0

2(1 ) 2I ( ) ( ) ( )d
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where ( )ϑ℘  is a normalization constant depending on ϑ.  
In eqs. (2a) and (2b), ( )ϑ℘  is an unknown constant and it is inconvenient to com-

pute the physical parameters. In this case, Losada and Nieto suggested that there be
( ) 2/(2 ),ϑ ϑ℘ = −  which leads to the new fractional Caputo-Fabrizio derivative operator  

[10, 11]; 
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and fractional Losada-Nieto integral operator: 
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τ
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The Laplace transforms of eq. (2a) and (2b) are [12]: 
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respectively, where [ ( )] ( )L m m sτ =  represents the Laplace transform of the function ( ).m τ   
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Fractional Maxwell fluid in fractional  
Caputo-Fabrizio derivative 

Mathematical models  

Following Scott-Blair’s view [1], we can suggest the constitutive relationship of 
fractional mechanical element: 

 d ( )( )
d

ϑ
ϑ

ϑ
ε τσ τ µ
τ

= Λ  (3a) 

where , ,µΛ  and ϑ are material-dependant constants and /ϑ ϑτ∂ ∂  is the fractional Caputo-Fab-
rizio derivative operator. 

In this case, eq. (3a) is the Newton's law of Newtonian fluids of fractional dashpot 
and the element of the corresponding mechanical model is shown in fig. 1(a).  

When ϑ = 0, from eq. (3a) we obtain the Hooke's law of elastic body in the form: 

 ( ) ( )σ τ ε τ= Λ  (3b) 

where Λ is the viscosity of the material, and the element of the corresponding mechanical 
model is shown in fig. 1(b). 

The dashpot, fig. 1(a), is the viscous (or dissipative) element. The spring, fig. 1(b), is 
the elastic (or storage) element.  

The mechanical model of the fractional Maxwell fluid within fractional Caputo-
Fabrizio derivative is illustrated in fig. 2. 

   
Figure 1. (a) Newton’s law, (b) Hooke’s law Figure 2. Fractional Maxwell fluid within 

fractional Caputo-Fabrizio derivative 

The branch of the spring and fractional dashpot is in series. The shear stress-strain 
relationship in the fractional Maxwell fluid within fractional Caputo-Fabrizio derivative is 
written in the form: 

 1 d ( ) d ( )( )
d d

ϑ ϑ

ϑ ϑ ϑ
σ τ ε τσ τ

µ τ τ
+ = Λ  (3c) 

where 0 1/ ϑτ µ=  is called to be the relaxation time, and ϑµΛ  is the shear modulus.  
By using the Boltzmann superposition principle and under the assumption of causal 

histories, the constitutive equation of the stress and strain in eqs. (3a), (3b), and (3c) can be 
expressed through the equation of the Volterra type: 
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where [d ( )]/dϑ ϑσ µ τ  and [d ( )/d ]ϑ ϑε µ τ  involve a delta function ( ),δ τ  ( )J τ  is the creep 
compliance function of the material, ( )G τ  is the relaxation modulus function of the material, 
and EI and EG are instantaneous modulus functions of creep and relaxation in the material, re-
spectively.  

With the help of the Laplace transforms of eqs. (3d) and (3e) yields: 
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 (3f,g) 

where    [ ( )] ( ), [ ( )] ( ), [ ( )] ( ),  and [ ( )] ( ).L J J s L G G s L s L sτ τ ε τ ε s τ s= = = =  
From eqs. (3f) and (3g) we present the reciprocity relation in the Laplace domain, 

namely: 
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or 

  

2
1( ) ( )

(2 ) ( )
2[ (1 )]

J s G s
s

s s
JJ
J

=
 − ℘
 + − 

 (3i) 

Then, from eq. (3i) we rewrite: 
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By setting 0( ) ( ) : ( ) ( )d ,J G J Gττ τ τ µ µ µ= −∫  we have: 
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The creep and relaxation processes  

The creep representation with fractional Caputo-Fabrizio derivative operator is a 
slow continuous deformation of a material under constant stress 0( )= ( )σ τ σ τ .  

In view of eq. (3c), we obtain: 

 0
d ( ) ( )

d

ϑ

ϑ
ε τ σ τ
τ

Λ =  (4a) 

Thus, we obtain, from the result [12], the solution of eq. (4), namely: 
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−
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 (4b) 

where Πc is a constant.  
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Considering the initial condition 0(0) ( )/ ,ε σ τ= Λ  and substituting it into eq. (4b), we 
have: 

 0 0( ) ( )2(1 )
(2 ) ( ) c

σ τ σ τϑ
ϑ ϑ
−

= + Π
Λ − ℘ Λ

 (4c) 

which leads to: 
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 (4d) 

Thus, substituting eq. (4d) into eq. (4b), we obtain the solution of eq. (4a), namely: 
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 (4e) 

Making ( ) 2/(2 )ϑ ϑ℘ = −  [12], eq. (4e) can be written in the form: 
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When ϑ = 1, eq. (4f) becomes [16]: 
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The relaxation representation with fractional Caputo-Fabrizio derivative operator is 
that the model is subjected to a constant strain 0( ) ( ).ε τ ε τ=   

We obtain from eq. (3c): 
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Taking the Laplace transform of eq. (5a) gives: 
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which reduces to: 
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Thus, the solution of eq. (5a) is given by: 
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Taking the initial condition 0(0) ( ),σ ε τ= Λ  eq. (5d) can be written: 
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Thus, eq. (5d) can be written in the form: 
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Making ( ) 2/(2 )ϑ ϑ℘ = −  [12], eq. (5f) can be written in the form: 
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When ϑ = 1, eq. (6a) becomes [16]: 

 0
0 0( ) ( )e ( )e

ϑ
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τµ τσ τ e τ e τ

−
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Conclusion 

In this paper, we proposed the mathematical model for the fractional Maxwell fluid 
within fractional Caputo-Fabrizio derivative operator. The analytical results for the creep and 
relaxation processes with the fractional Losada-Nieto integral operator were discussed. The 
mathematical problems for the line viscoelasticity via fractional Caputo-Fabrizio derivative 
operator is open topics.  
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ε(τ) – strain, [–] 
σ(τ) – stress, [–] 

τ – time, [s] 
ϑ – fractional dimension, [–] 
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