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In this paper, we combine the variational iteration method and perturbation the-
ory to solve a time-dependent singularly perturbed reaction-diffusion problem.
The problem is considered in the boundary layers and outer region. In the
boundary layers, the problem is transformed by the variable substitution, and
then the variational iteration method is employed to solve the transformed equa-
tion. In the outer region, we use the perturbation theory to obtain the approxima-
tion equation and the approximation solution. The final numerical experiments
show that this method is accurate.
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Introduction

The reaction-diffusion equation is a kind of classical partial differential equation in
fluid dynamics [1, 2]. The numerical methods [3-10] of singularly perturbed differential equa-
tions have received much attention. In this paper, we concern the singularly perturbed para-
bolic reaction-diffusion problem of the form:

Quu(x, ) ~ du(x, 1) + b(u(x,0) = f(x.1), - (1) €(0,1)x (0,T] (1)

subject to the initial and boundary conditions:
u(x,0)=0, xe[0,1] 2)
u(0,0)=p(t), u(l,t)=y (), t<[0,T] 3)

where ¢ is an arbitrary small parameter, such that 0 < ¢ <1, and b(x)>0.

The classical numerical methods for solving singularly perturbed problems have a
large amount of computation because they require extremely large number of mesh points to
produce satisfactory numerical approximations. So the meshes are redesigned such that the
standard finite difference methods [5] are still accurate. Meanwhile, researchers develop pa-
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rameter-robust numerical methods [6-9] whose accuracy can be guaranteed by the independ-
ent of the perturbation parameter for solving eq. (1). Sunil [10] gives an overlapping Schwarz
domain decomposition method for solving singularly perturbed parabolic partial differential
eq. (1). The numerical algorithm for eq. (1) is scant which inspires us to give a new algorithm
for eq. (1).

To overcome the influence of the small parameter, the piecewise approximation so-
lution is obtained in the boundary layers and outer region, respectively. In the boundary lay-
ers, the variable institution is introduced to expand the boundary layers, then the new equation
with the variable institution is solved by the variational iteration method. In the outer region,
the perturbation theory gives an asymptotic expansion solution for eq. (1), which is easy to be
determined.

Variational-perturbation algorithm

Due to the perturbation parameter ¢ in eq. (1), we divide the interval [0, 1] about
x into three parts, namely, the boundary layers [0,x.], [1—y,,1], and the outer region
[x,,1-1.], where 0<x, <1, 0<y, <1 is the thickness of the boundary layer. Next, we
will describe the variational-perturbation algorithm in the differential regions of x in de-
tail.

In the boundary layers

When (x,7)€[0,x,]1x[0,7] or (x,7)e[l-y,,1]1x[0,T], eq. (1) is transformed by
variable substitution, respectively.
(1) In [0,x.]x[0,T], putting X =x/"/& , U(X,t) =u(~/€X,t), then eq. (1) is converted into

the form:
U (X, 1) - EU(X,1)+ B(X)W(X,0) = F(%,1), (%,0)€ (0, jf_) x(0,T] (5)
&

where B,(¥) = b(JeX), F(%.0)= f(Jex.t), U(¥,0)=0.
(2) In [1-y,,11%x[0,T], putting X =(1—x)/e, V(X,t)=u(l-+/ex,t), then eq. (1) is trans-
formed into the form:

oV (x,t)— 6)271/(?, H+B,xV(x,t)=F(x,t), (X,t)e (O,yfg) x(0,T7] (6)
£

where B, (X)=b(1-ex), F(x,t)=f(1-ex,t),V(x,0)=0.
According to the variational iteration method [11-14], we can determine the La-
grange multiplier A = —1, thus the iteration formulas of egs. (5) and (6) are given by:

Uyt (Fo1) = U, (F.0) = [[0,U, (%.5) ~ 02U, (%,9) + B (DU, (F9) - FE)s  (7)
0

Vo (F.0) =V, (T.0) - [0, (F.5) = 80, (%.5) + By (W, (T.5) - BEs  (8)
0

where n=0,1,---. To begin with U,(x,7)=0, };(x,t)=0, one can obtain the approximation
solution:
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U(%t] (x,1) €[0,x,]1%[0,T]

u" (x,t) =

Vn(%’t} (x,8) €[1-y,,1]x[0,T]

In the outer region
When (x,7) €[x,,1—y,1x[0,7], using the perturbation technology [15], one has the
asymptotic expansion of the solution in eq. (1):
u(x,t) = uy (x, 1) + sy (X, 1) + 14 (x,£) + - )
Taking eq. (9) into eq. (1), and comparing the coefficient of &, we have:
Ojug (x,1) + b(x)@iuo 0= f(x0), (xt)e[x.,1-y.1x[0,T] (10)

where u,(x,0) = 0, then u,(x,?) is the approximation solution of eq. (1) in [x,,1— y,]x[0,T7].
Equation (10) is a typical partial differential equation, so there are many numerical methods to
obtain the approximation solution. Here we use command NDSolve in MATHEMATICA 8.0
to give numerical interpolation solution of eq. (10).
Numerical example
Considering the following time dependent singularly perturbed reaction-diffusion
problem [10]:
Ou — g@iu +[10+0.1sin(zx)ju = f (x,¢) €(0,1)x(0,1],
U(X,O) :O, XE[O,I],
u(0,0)=¢(1), u(l,t)=w(1), 1€[0,1],

where f, ¢, and w are chosen so that the exact solution is:
u(x,t) =[1-exp(—t/100)](exp(—x+/10/g) + exp[—(1 — x)~/10/¢)]

Here, we take x, =y, =+/¢, n=3. Table 1 displays the maximum errors for dif-
ferential & by the present method. We compare our numerical results with [10] in tab. 1,
clearly, these results are well in accuracy.

Table 1. Comparison of maximum errors with [10]

Conclusion
. . e=10" Our method Ref. [10]

In this paper, we give a new method
to solving a singular perturbation partial §=2 1.55E-05 2.64E-05
differential equation by combing the varia- s=3 7 75E-06 2.65E-05
tional iteration method anq perturbation =4 6. 16E-06 5 65E-05
technology. For the perturbation parameter,
we introduce the variable substitution to §=35 7.87E-06 2.65E-05
overcome the influence of small parameter s=6 6.58E-11 2 65E-05
for th lems. The algorithm i t
for the problems. The a gorithm is easy to 7 8 45506 5 65E.05
implement, the final numerical results show
that this algorithm is accurate. s=8 8.48E-06 2.65E-05
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Nomenclature

n - real number, [] Greek symbols

t - time, [s] B .

x, X - displacements, [m] & B r;al nurfnber, [-] Lo

%, - real number, [] r - circumference ratio, [-]

v, - real number, [-]
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