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In this paper, the local fractional Euler’s method is proposed to consider the 
steady heat-conduction problem for the first time. The numerical solution for the 
local fractional heat-relaxation equation is presented. The comparison between 
numerical and exact solutions is discussed.  
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Introduction 

The theory of local fractional calculus (LFC) [1-8] has been a potential tool for solv-
ing the non-differentiable problems in applied science, especially in thermal problems defined 
on Cantor sets [3, 9, 10]. The ordinary differential equations (ODE) via local fractional deriv-
ative (LFD) were reported to model the steady phenomena in engineering practice [3, 9-11]. 
In order to solve the problems, there are a lot of the proposed methods for the ODE, such as 
the local fractional Fourier transform [1], local fractional Laplace transform [1], local frac-
tional Sumudu transform [10], and the asymptotic perturbation method [11]. The numerical 
integration via the LFC was proposed in [12].  

However, the numerical differentiation via the LFC have not developed. In this arti-
cle, our aim is to propose the local fractional Euler’s method to solve the steady heat-
conduction problem (local fractional heat-relaxation equation), which is given by the expres-
sion [9]:  
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where k represents the thermal conductivity of the fractal material and ( )µΘ  is the fractal
heat flow.  

Mathematical tools and local fractional Euler’s method 

In this section the basic theory of the LFD is given and the local fractional Euler’s 
method used in this paper is introduced.  

Let ( , )a bϑ  be a set of the non-differentiable functions [1-12]. 
The LFD of ( )µΛ  

of order ϑ (0 1)ϑ< <  
at the point 0µ µ=  is given, [1-12]: 
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where 
 ( ) ( )0 0[ ( ) ( )] (1 )[ ]ϑ µ µ ϑ µ µ∆ Λ − Λ ≅ Γ + Λ − Λ  (3) 

with ( ) ( , ).a bϑµΛ ∈  

Local fractional Taylor’s theorem is given as [1, 8, 9, 12]:  
Suppose that ( 1) ( )k ϑ µ+Λ ( , )a bϑ∈ , for 0,1,...,k n=  and 0 1ϑ< ≤ , then we have: 
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In view of eq. (4), we have: 
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where 0 0( ) [( ) ]R O ϑ
ϑ µ µ µ µ− = − . 
Let µ τ ς= + , then we obtain:  
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In order to present the numerical method, we can write n nτ ς=  and ( ).n nτΛ = Λ   
The approximation in eq. (6) gives rise to the method of numerical solution: 

 1 ( , )
(1 )n n n n

ϑς τ
ϑ+Λ = Λ + Ξ Λ

Γ +
 (7) 

where [d ( )] / d [ ( ), ]ϑ ϑτ τ τ τΛ = Ξ Λ  and 0 (0).Λ = Λ   
Thus, taking in succession 0,1,..., 1n n= − , the approximate values nΛ  at the mesh 

points nτ  can be easily obtained. This numerical method is known as the local fractional Eu-
ler’s method.  

When 1ϑ = , eq. (7) becomes the classical Euler’s method [13].  

The numerical solution for the steady heat-conduction problem 

We now rewrite the local fractional heat-relaxation equation [9]: 

 d ( ) 1 ( )
d k
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ϑ
µ µ

µ
Λ

= − Λ  (8a) 

subject to the initial value condition: 

 (0) 1Λ =  (8b) 
where the exact solution is given as: 
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and k represents the thermal conductivity of the fractal material. 
Suppose that we apply a timestep ς  then n nµ ς= , ( ),n nµΛ = Λ  and the local frac-

tional Euler’s method gives: 

 1 1
(1 ) (1 )n n n nk k
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with 0 (0) 1.Λ = Λ =   
Thus, we have: 
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and so in general: 
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The approximate values of the local 
fractional heat-relaxation equation when 

ln 2/ln 3ϑ = and 1k =  and are listed in tab. 1.  
Suppose that the timestep ς  is refined, 

and then our numerical approximation tends to 
the exact solution, namely: 
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The numerical and exact solutions of the local fractional heat-relaxation equation with 
the smaller value 1ς =  when 1Λ , 2Λ , 3Λ , 4Λ  and ( )µΛ  are shown in fig. 1.  

Table 1. The numerical approximation of the  
solution of non-differentiable type 

n ς Λn 

0 1 1 

1 1 ln 2/ln 31 1 / (1 ln 2/ ln3)− Γ +  

2 1 ln 2/ln 3 2[1 1 / (1 ln 2/ ln3)]− Γ +  

3 1 ln 2/ln 3 3[1 1 / (1 ln 2/ ln3)]− Γ +  

4 1 ln 2/ln 3 4[1 1 / (1 ln 2/ ln3)]− Γ +  
 



Gao, F., et al.: Local Fractional Euler’s Method for the Steady Heat-Conduction  … 
S738 THERMAL SCIENCE, Year 2016, Vol. 20, Suppl. 3, pp. S735-S738 

Conclusions 

In this work, we proposed the local frac-
tional Euler’s method to consider the steady 
heat-conduction problem. We presented the 
proposed method to obtain the numerical ap-
proximation of the non-differentiable solution 
for the local fractional heat-relaxation equa-
tion. The comparison between numerical and 
exact solutions of the steady heat-conduction 
problem was discussed.  
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Nomenclature 
μ – space co-ordinate, [m] ϑ – fractal dimension, [–] Λ(μ) – temperature, [K]

References 
[1] Yang, X. J., et al., Local Fractional Integral Transforms and their Applications, Academic Press, New 

York, USA, 2015 
[2] Zhang, Y., et al., An Efficient Analytical Method for Solving Local Fractional Nonlinear PDEs Arising 

in Mathematical Physics, Applied Mathematical Modelling, 40 (2016), 3, pp. 1793-1799 
[3] Zhao, D., et al., On the Fractal Heat-Transfer Problems with Local Fractional Calculus, Thermal Sci-

ence, 19 (2015), 5, pp. 1867-1871 
[4] Yang, X. J., et al., Local Fractional Similarity Solution for the Diffusion Equation Defined on Cantor 

Sets, Applied Mathematical Letters, 47 (2015), Sep., pp. 54-60 
[5] Jafari, H., et al., A Decomposition Method for Solving Diffusion Equations via Local Fractional Time 

Derivative, Thermal Science, 19 (2015), Suppl. 1, pp. S123-S129 
[6] Yang, X. J., et al., A New Numerical Technique for Solving the Local Fractional Diffusion Equation: 

Two-Dimensional Extended Differential Transform Approach, Applied Mathematics and Computation, 
274 (2016), Feb., pp. 143-151 

[7] Zhang, Y., et al., Local Fractional Variational Iteration Algorithm II for Non-Homogeneous Model As-
sociated with the Non-Differentiable Heat Flow, Advances in Mechanical Engineering, 7 (2015), 10, pp. 
1-7 

[8] Sarikaya, M. Z., et al., On Generalized some Integral Inequalities for Local Fractional Integrals, Applied 
Mathematics and Computation, 276 (2016), Mar., pp. 316-323 

[9] Yang, X. J., Advanced Local Fractional Calculus and its Applications, World Science, New York, USA, 
2012 

[10] Wang, Y., et al., Solving Fractal Steady Heat-Transfer Problems with the Local Fractional Sumudu 
Transform, Thermal Science, 19 (2015), Suppl. 2, pp. S637-S641 

[11] Yang, X. J., et al., An Asymptotic Perturbation Solution for a Linear Oscillator of Free Damped Vibra-
tions in Fractal Medium Described by Local Fractional Derivatives, Communications in Nonlinear Sci-
ence and Numerical Simulation, 29 (2015), 1, pp. 499-504 

[12] Erden, S., et al., Generalized Pompeiu Type Inequalities for Local Fractional Integrals and its Applica-
tions, Applied Mathematics and Computation, 274 (2016), Feb., pp. 282-291 

[13] Robinson, J. C., An Introduction to Ordinary Differential Equations, Cambridge University Press, Cam-
bridge, UK, 2004 

 

 
Figure 1. The numerical and exact solutions with 
the smaller value ς = 1 

Paper submitted: December 21, 2015 
Paper revised: January 5, 2016 
Paper accepted: January 28, 2016 



<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (Coated FOGRA39 \050ISO 12647-2:2004\051)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Warning

  /CompatibilityLevel 1.3

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.1000

  /ColorConversionStrategy /LeaveColorUnchanged

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness false

  /PreserveHalftoneInfo false

  /PreserveOPIComments false

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Remove

  /UCRandBGInfo /Remove

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages false

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages false

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages false

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages false

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages false

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages false

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (None)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /DAN <>

    /DEU <>

    /ESP <>

    /FRA <>

    /ITA <>

    /JPN <>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /PTB <>

    /SUO <>

    /SVE <>

    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /BleedOffset [

        0

        0

        0

        0

      ]

      /ConvertColors /NoConversion

      /DestinationProfileName ()

      /DestinationProfileSelector /NA

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure true

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles true

      /MarksOffset 6

      /MarksWeight 0.250000

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /NA

      /PageMarksFile /RomanDefault

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /LeaveUntagged

      /UseDocumentBleed false

    >>

    <<

      /AllowImageBreaks true

      /AllowTableBreaks true

      /ExpandPage false

      /HonorBaseURL true

      /HonorRolloverEffect false

      /IgnoreHTMLPageBreaks false

      /IncludeHeaderFooter false

      /MarginOffset [

        0

        0

        0

        0

      ]

      /MetadataAuthor ()

      /MetadataKeywords ()

      /MetadataSubject ()

      /MetadataTitle ()

      /MetricPageSize [

        0

        0

      ]

      /MetricUnit /inch

      /MobileCompatible 0

      /Namespace [

        (Adobe)

        (GoLive)

        (8.0)

      ]

      /OpenZoomToHTMLFontSize false

      /PageOrientation /Portrait

      /RemoveBackground false

      /ShrinkContent true

      /TreatColorsAs /MainMonitorColors

      /UseEmbeddedProfiles false

      /UseHTMLTitleAsMetadata true

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [2159.000 2794.000]

>> setpagedevice



