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In this paper, we propose the integrating factor method via local fractional de-
rivative for the first time. We use the proposed method to handle the steady heat- 
-transfer equations in fractal media with the constant coefficients. Finally, we 
discuss the non-differentiable behaviors of fractal heat-transfer problems. 
Key words: fractal heat transfer, integrating factor method, exact solution, 

fractals, local fractional derivative 

Introduction 

Local fractional differential equations [1] were used to model the non-differentiable 
problems, such as heat transfers [2-4], population dynamics [5], damped vibrations [6], and 
other [7-11]. Local fractional ordinary differential equations (ODE) were considered for the 
descriptions of the steady heat transfers (SHT) [4], growths of populations [5] and linear os-
cillator in vibrations [6]. Some technologies for local ODE, such as asymptotic perturbation 
method [6], local fractional Sumudu transforms [12], local fractional Laplace transforms [13], 
and local fractional Fourier transforms [14]. 

We consider the SHT equations in fractal media [15]: 
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where ν  is the fractal thermal conductivity, ( )ϖ µ  – the fractal temperature, ( )ω µ  – the frac-
tal heat flux, and the local fractional operator of ( )µΛ  of the order (0 1)ϑ ϑ< <  is defined by 
[1-15]: 
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with 
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When the fractal heat flux takes the form:  

  ( ) ( ) ( ) ( )ω µ ψ µ ϖ µ φ µ= +  (2a) 

the SHT equations in fractal media is rewritten: 
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= +  (2b) 

which leads to: 
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In this article, we consider the SHT problem in fractal media: 

 d ( ) ( ) ( ) ( )
d

ϑ

ϑ
ϖ µ θ µ ϖ µ ϕ µ
µ

= +  (3) 

where ( ) ( )/ 0θ µ ψ µ ν θ= = ≠  and ( ) ( )/ .ϕ µ φ µ ν ϕ= =  The main aims of this article are to 
present the integrating factor method (IFM) to solve the SHT problem in fractal media.  

Mathematical theory 

Let us consider the linear local fractional ODE with constant coefficients: 

 d ( ) ( )
d

ϑ

ϑ
ϖ µ θϖ µ ϕ
µ

= +  (4) 

where θ and φ are constant coefficients and θ ≠ 0.  

Theorem 1. For the constants ,  θ ϕ ∈  with 0,θ ≠  the linear local fractional ODE: 
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= − +  (5) 

has infinitely many solutions, one for each value of ,K ∈  given by: 
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where 0( ) / (1 ).i
iE iϑ ϑ
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Proof. By using the relationship [1, 15]: 
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we have: 
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such that: 



Chen, S.-X., et al.: The Integrating Factor Method for Solving the Steady … 
THERMAL SCIENCE, Year 2016, Vol. 20, Suppl. 3, pp. S729-S733 S731 

 d [ ( ) ( )]
( )

d
E E

ϑ ϑ
ϑϑ

ϑϑ
ϖ µ θµ

ϕ θµ
µ

=  (9) 

which leads to: 
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where K is an any constant and the local fractional indefinite integral of ( ),µΠ  denoted as 
( ),µΘ  is defined: 

 1( ) ( )(d )
(1 )

ϑµ µ µ
ϑ

Θ = Π
Γ + ∫  (11) 

Thus, we obtain: 

 ( ) ( )KE ϑ
ϑ

ϕϖ µ θµ
θ

= − +  (12) 

Therefore, we finish the proof.  
We say that the function ( ) ( )E ϑ

ϑµ θµΞ =  is an integrating factor function. This 
method is called as the IFM.  

Solving SHT equations in fractal media  
with the constant coefficients 

In this section, we consider the two illustrative examples for SHT problems with the 
constant coefficients. 

Example 1 

Let us consider the following SHT equation with the constant coefficients: 

 d ( ) ( )
d

ϑ

ϑ
ϖ µ ϖ µ
µ

=  (13a) 

subject to the initial value condition: 

 (0) 2ϖ =  (13b) 

In view of eqs. (5) and (6), we have: 

 θ = –1      and      φ = 0 (13c,d) 

such that: 

 ( ) 2 ( )E ϑ
ϑϖ µ µ=  (13e) 

and its corresponding graph is shown in fig. 1. 
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Example 2  

We consider the SHT equation with the 
constant coefficients: 

 d ( ) 3 ( ) 2
d

ϑ

ϑ
ϖ µ ϖ µ
µ

= +  (14a) 

subject to the initial value condition: 

 (0) 1ϖ =  (14b) 

Making use of eqs. (5) and (6), we have: 

 1 2( ) (3 )
3 3

E ϑ
ϑϖ µ µ= +  (14c) 

and its corresponding graph is shown in fig. 2.  

Conclusions  

In this work, we proposed the IFT for 
solving the SHT equation with the constant 
coefficients via local fractional derivative. The 
exaction solutions for the fractal SHT equa-
tions were discussed. The non-differentiable 
graphs showed the fractal behaviors of the 
heat-transfer problems described by local frac-
tional ordinary differential equations.  
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