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In this paper, a new application of the fractal complex transform via a local frac-
tional derivative is presented. The solution for the fractal relaxation and 
time-fractal diffusion equations are obtained based on the sup-exponential func-
tions defined on Cantor sets. 
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Introduction 

Local fractional derivatives were powerful tools to deal with the real world problems 
[1-3]. We will now recall them.  

The Yang [3] local fractional derivative of the function ψ(η) of order (0 1)ε ε< <  is 
defined: 
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where 

0 0[ ( ) ( )] (1 ) [ ( ) ( )]ε ψ η ψ η ε ψ η ψ η∆ − ≅ Γ + ∆ −  (2) 

The Chen [4] local fractional derivative of the function ( )τΦ  of order (0 1)κ κ< <  
is defined:  

 
0

0

( ) 0

0

( ) ( )d ( )D ( ) lim
d

κ
κ

τ τκ κ κτ τ

τ τττ
τ τ τ=

→

Φ −ΦΦ
Φ = =

−
 (3) 

where τκ is a fractal measure. 
The local fractional derivative of the function ( )τΦ  of order (0 1)κ κ< <  is defined 

by [1]: 
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where 0( )κτ τ−  is a fractal measure. 
–––––––––––––– 
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The He [5] local fractional derivative of the function ( )µΩ  of order (0 1)l l< <  is 
defined:  
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where 0d lσ ϒη=  with geometrical parameter ϒ and measure scale η0.  
The Yang-Dumitru-He local fractional derivative of the function ( )ηΛ  of order 

(0 1)ζ ζ< <  is defined by [2, 6]:  
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where 0( )εη η−  represents a fractal measure [3], and: 

 0 0[ ( ) ( )] (1 )[ ( ) ( )]ε ψ η ψ η ε ψ η ψ η∆ − ≅ Γ + −  (7) 

In this paper, we introduce an alternative definition of eq. (6) and a fractal complex 
transform, which is alternative transformation [6, 7].  

A local fractional derivative  
and its properties  

The local fractional derivative of the function ( )ηΛ  of order (0 1)ζ ζ< <  is defined 
by [8]:  
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where 0( )ζη η−  represents a fractal measure, see the graph [3].  
In fact, eq. (5) is alternative definition of the local fractional derivative [5] after can-

celling the gamma function.  
Properties of the local fractional derivative operator are given [8]: 
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where 2 ( ) 0,ηΛ ≠  H is a constant, ηζ is a fractal measure, and 0supexp( ) / ( 1)i
i iζ ζη η∞
== Σ Γ +  

is a sup-exponential functions defined on Cantor sets. The proofs of them are similar to the 
processes [3].  
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Two examples 

Example 1 

As a simple application, we consider the fractal relaxation with the local fractional 
derivative: 

 ( )D ( ) ( ) 0, 0 1, ( ) 1ζ η ϖ η ζ ηΛ + Λ = < < Λ =  (9) 

With the help of the transformation [8], which is given by ( )D [ ( )]ζ µ ηΛ =
(1) ( )D [ ( )]D ,ζ ζ
µ µ η η= Λ  where ( ) ,ζµ η η=  eq. (8) can be equivalently written in the form: 

 (1)D ( ) ( ) 0µ ϖ µΛ + Λ =  (10) 

The solution of eq. (9) is: 
 ( ) exp( )µ ϖµΛ = −  (11) 

Making use of  ( ) ,ζµ η η=  we obtain the solution of eq. (8), namely:  

 ( ) supexp( )ζη ϖηΛ = −  (12) 

and its corresponding graph for the fractal dimension ln2/ln3ζ =  and 1ϖ =  is represented in 
fig. 1. 

The comparative result between fractal relaxation phenomena with the local frac-
tional derivatives eqs. (1) and (7) is shown in fig. 2.  

The transformation, which is reduced to by using the expression (M2), is called as 
the fractal complex transform.  

Example 2  

In this example, we consider the fractal-time diffusion equation with the local frac-
tional derivative: 
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Figure 1. The non-differentiable solution  
of the fractal relaxation problem  
for ζ = ln2/ln3 and ϖ = 1 

 
Figure 2. The comparative result between 
fractal relaxation phenomena in the  
different operators 
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By using the fractal complex transform: 
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where ( ) ,ζµ τ τ=  we have: 

 
2

2
( , ) ( , ) , ( ,0) ( )µ µ η µ η δ η
µ η

∂Λ ∂ Λ
= Λ =

∂ ∂
 (14) 

The solution of eq. (13) reads [9]:  

 
21( , ) exp

44π
µµ µ
µµ

 
Λ = −  

 
 (15) 

and its picture is shown in fig. 3.  
Thus, we present the non-differentiable solution of eq. (13), namely:  

 
21( , ) supexp

44π
ζζ

µη τ
ττ

 
Λ = −  

 
 (16) 

and its graph is illustrated in fig. 4.  

Conclusions 

In this work, we obtained the fractal complex transform method involving local frac-
tional derivative. We used the new technology to solve the fractal relaxation and diffusion 
phenomena. The results are easily obtained by the proposed technology.  

Nomenclature 
ζ – fractal dimension, [–] 
η – space co-ordinate, [m] 

Λ(η, τ) – concentration, [–] 
τ – time, [s]

 
Figure 3. The picture of eq. (14) 
(for color image see journal web-site) 

 
Figure 4. The non-differentiable solution  
for ζ = ln2/ln3 (for color image see journal web-site) 
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