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In this paper, a numerical method is proposed for 1-D fractional heat equations
subject to non-local boundary conditions. The reproducing kernel satisfying non-
local conditions is constructed and reproducing kernel theory is applied to solve
the considered problem. A numerical example is given to show the effectiveness
of the method.
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Introduction

Non-local conditions arise mainly when the data on the boundary may not be meas-
ured directly. Boundary value problems with non-local conditions have important application
[1, 2]. Recently, the fractional heat equations with non-local boundary conditions have re-
ceived much attention. Fractional problems have been studied by many authors [3-13]. There
is much discussion about fractional heat equations with local boundary conditions. The theo-
retical aspects of the solutions to the problems have been discussed by some authors [6]. Mol-
liq et al. [7] applied the variational iteration method to obtain analytical solutions of fractional
heat- and wave-like equations with variable coefficients. Scherer et al. [8] considered the nu-
merical treatment of some fractional extensions of the temperature field problem in oil strata.
Based on Legendre polynomials, Khalil and Khan [9] developed a new scheme for numerical
solutions of the fractional 2-D heat conduction equations on a rectangular plane. Sarwar et al.
[10] discussed the optimal homotopy asymptotic method for finding the optimal solutions of
fractional order heat- and wave-like equations. Xu ef al. [11], Zhang et al. [12], and Zhao et
al. [13] also discussed some numerical methods for fractional heat equations. The 1-D classi-
cal heat equation with the non-local condition is solved in [14-16]. However, the numerical
discussion on fractional heat equations with non-local boundary conditions is rare. Karatay et
al. [17] proposed a method for solving inhomogeneous non-local fractional heat equations
based on the modified Gauss elimination method.

Consider the following non-local fractional heat equation:

ou “u

—= +a(x,Hu(x,t)+g(x,t), O0<x<X, 0<t<T (1
ot ox“*
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subject to the initial condition:

u(x, 0) = fx) 2)
and the non-local boundary conditions:
X

X
u(0,0) + pqu(S,1) = ghl(x)u(x,t)dx, u(X, )+ pou(n,t) = (I)hz(x)u(x,t)dx €)

where 1 <a<2,0<¢ 5 <X, and the fractional derivative in the Caputo sense is given by:

x 2
i ;J‘(x—s)l_“aL;’t)ds, l<a<2
du_|T2-a)g s (&)
o ézu(x,t) o=2

o’

The reproducing kernel method for solving operator equation has been proposed and
applied to many fields [18-28]. In this paper, we shall introduce the numerical method for ob-
taining the approximate solution of problem in eqgs. (1)-(3) based on the transverse method of
lines and the reproducing kernel method.

Method for problem (1)-(3)

To solve problem (1)-(3), we discretize the time variable first. Divide [0, 7] into m
equal subintervals [t,, 4], j = 1, 2,..., m, with t; = iAt; and At = T/m. Denote u(x, #;) and
a(x, t;) by u,(x) and a,(x), respectively. By approximating the time derivative ou/0¢t by a back-
ward difference approximation, problem in egs. (1)-(3) is reduced to:

TU L)~ Al () = (1)~ At (9 2 Gy (), 0<x< X
Gx“ B . (5)
0O+ (€)= TR 00+ () = | (o (9

Clearly, problems in eq. (5) are fractional non-local ordinary differential equation
boundary value problems for space variable x. We will introduce the reproducing kernel
method for solving eq. (5).

To illustrate the method for solving eq. (5), we consider the following problem:

i +a(xu(x)=F(x), 0<x<X
o

Y v (6)
u(0) + 4u(8) = (J) B(u(x)dx,  u(X)+ wu(n)+ g Iy (x)u(x)dx

where a(x) and F(x) are given continuous functions.
Applying Riemann-Liouville fractional integral operator I” to both sides of eq. (6),
we have:
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u(x) —u(0)—u'(0)x + I [a(x)u(x)] = F(x), O<x<X

X X (7
u(0)+ pqu($) = (I) h(xu(x)dx,  u(X)+ wun) = (I) Iy (x)u(x)dx

where F(x) = I"F(x).

To solve eq. (7) based on the reproducing kernel theory, we first construct a repro-
ducing kernel space W2[0, X] in which every function satisfies the non-local boundary condi-
tions of eq. (7).

Definition 1. [0, X] = {u(x)|u"(x) is an absolutely continuous real value function:

H X
u"(x) e [0, X1, u(0)+ pqu(&) = (f)}ﬁ(x)u(x)dx, u(X)+ wou(n) = (I)hz(x)u(x)dx}
equipped with the following inner product and norm:
[MU%VOOM3=uw»ﬂ»+u%®wanzucxmwx>+gwwww

and
lll,s =[u()v()yss  w,  veW’[0,X]

From the results in [18], it is easy to prove that W°[0, X] is a reproducing
kernel space. For the method for constructing its reproducing kernel A(x, y), please refer
to [24].

Definltlon 2. W0, X] = {u(x)|u(x) is an absolutely continuous real value function,
u'(x) L [0, X]}equipped with the following inner product and norm:

[(¥),v(3)]r = u(0)v(0) + (I) u'v'dy

and
lull, =) VDNys u, ve w'o,X]

Its reproducing kernel k(x, ) can also be obtained easily.

Define hnear operator Lu(x) = u(x) — u(0) — u'(0)x + I"[a(x)u(x)]. It is easy to show
that operator L: W20, X] — W'[0, X] is bounded. Put px) = k (x, x;) and y; (x) = L 0i(x),
where L” is the adjoint operator of L. Performing Gram-Schmidt orthogonalization to
{w;(x)}Z;, we can get an orthonormal system {7, (x)};:

70 =D B (x), >0, i=12,.
k=1

From [18], we have the following theorem:

Theorem 1. If {x;}, is dense on [0, X], then {¥;(x)}~, is the complete system of
W2[0, X] and y,(x) can be represented explicitly by y,(x) = Lk(x, y)|y -

Theorem 2. Under the condition of Theorem 1, the solution of eq. (7) can be repre-
sented by:
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© i _
u(x) = Zlkzl B E Co )y () ®)
i=lk=

X Proof. From Theorem 1, it follows that {;(x)}, is a complete orthonormal basis
of W’[0, X]. Furthermore, we have:

wm=§wm,@ummm

S 3 Aelu(), Lo (017 (x)

i=lk=l1

33 Bullu(x), ¢, (017 (x)

i=1k=1

=§é@wm,mm%w

=§émnwmm

and the proof of the theorem is complete.
An approximation to solution of eq. (7) can be obtained naturally by taking
the N-term intercept of u(x):

umm=%éﬂﬁmwmu)

By using the previousmethod, one can obtain the approximate solutions of problem
in eq. (5):

N
u; y(x)= EEI,Hiij(xk)l//k(x), j=L2,...m
Combination of all u;5(x), 1 <j < m, leads to the approximation to the solution of
egs. (1)-(3).
A typical example

Consider the following non-local fractional heat equation:
Ou du

O ety =26 — (P —xh) = Q) 07 I'(5) 27

= _ , O<x<l, 0<t<L1
ot ox'3 rda.7) r'3.7)

with an initial condition u(x, 0) = 0, and two non-local boundary conditions:

1 1
1 225 1 45

u(0,0) —u| —,t |=——— | u(x,t)dx, u(l,t)—u| —,t |=——u(x,t)dx
()bj 5120() ()(2j 320()

The exact solution is u(x, 7) = (x* — x")(1 — e™).
Taking N= 10, m =20,40,x;,= (i — 1)/(N-1), (i=1, 2,..., N), the absolute errors of
approximate solution obtained by the present method are shown in figs. 1 and 2.
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Figure 1. Absolute errors for m =20; (a) = 0.5, (b) =1
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Figure 2. Absolute errors for m =20; (a) = 0.5, (b) =1
Conclusions

In this paper, by combining the reproducing kernel method for solving non-local
fractional ordinary differential equations and the transverse method of lines, an effective nu-
merical method is proposed for non-local fractional heat equations. The numerical results
show that the present method can provide good numerical approximation and is a reliable
technique.

Nomenclature

a - diffusion coefficient, [m’s™]
m — integer, [—]

N —integer, []

t —time, [s]

u — temperature, [K]
x —displacement, [m]

Greek symbol

a — fractional order, []

Acknowledgment

This work is supported by the National Science Foundation of China (No.11326237,
11271100).

References

[1] Cahlon, B., et al., Stepwise Stability for the Heat Equation with a Non-Local Constraint, SIAM J. Non-
linear Analysis, 32 (1995), 2, pp. 571-593

[2] Choi, Y. S., et al., A Parabolic Equation with Non-Local Boundary Conditions Arising from Eletro-
chemistry, Nonlinear Analysis, 18 (1992), 4, pp. 317-331

[3] Wu, G. C,, et al., Discrete Fractional Diffusion Equation, Nonlinear Dynam., 80 (2015), 1, pp. 1-6

[4] Wu, G. C,, et al., Jacobian Matrix Algorithm for Lyapunov Exponents of the Discrete Fractional Maps,
Communications in Nonlinear Science and Numerical Simulation, 22 (2015), 1-3, pp. 95-100

[5] Meilanov, R. P., et al., Some Peculiarities of the Solution of the Heat Conduction Equation in Fractional
Calculus, Chaos, Solitons & Fractals, 75 (2015), June, pp. 29-33



Li, X., et al.: Solving Non-Local Fractional Heat Equations Based on the ...
S716 THERMAL SCIENCE, Year 2016, Vol. 20, Suppl. 3, pp. S711-S716

[6] Chen, H., et al., Fractional Heat Equations with Subcritical Absorption Having a Measure as Initial Data,
Nonlinear Analysis, 137 (2015), May, pp. 306-337

[71 Molliq, Y., et al., Variational Iteration Method for Fractional Heat- and Wave-Like Equations, Nonline-
ar Analysis, 10 (2009), 3, pp. 1854-1869

[8] Scherer, R., et al., Numerical Treatment of Fractional Heat Equations, Applied Numerical Mathematics,
58 (2008), 8, pp. 1212-1223

[9] Khalil, H., et al., A New Method Based on Legendre Polynomials for Solutions of the Fractional Two-
Dimensional Heat Conduction Equation, Computers & Mathematics with Applications, 67 (2014), 10,
pp. 1938-1953

[10] Sarwar, S., et al., A Note on Optimal Homotopy Asymptotic Method for the Solutions of Fractional Or-
der Heat- and Wave-Like Partial Differential Equations, Applied Mathematics and Computation, 70
(2015), 5, pp. 942-953

[11] Yang, X. J., Local Fractional Laplace Variational Iteration Method for Non-Homogeneous Heat Equa-
tions Arising in Fractal Heat Flow, Mathematical Problem in Engineering, 2014 (2014), ID 913202, pp.
1-5

[12] Zhang, Y., et al., Local Fractional Homotopy Perturbation Method for Solving Non-Homogeneous Heat
Conduction Equations in Fractal Domains, Entropy, 17 (2015), 10, pp. 6753-6764

[13] Zhao, D., et al., On the Some Fractal Heat-Transfer Problems with Local Fractional Calculus, Thermal
Science, 19 (2015), 5, pp. 959-966

[14] Ivanauskas, F., et al., Stability of Difference Schemes for Two-Dimensional Parabolic Equations with
Non-Local Boundary Conditions, Applied Mathematics and Computation, 215 (2009), 7, pp. 2716-2732

[15] Karatay, 1., ef al., Matrix Stability of the Difference Schemes for Non-Local Boundary Value Problems
for Parabolic Differential Equations, International Journal of Physics Science, 6 (2011), 4, pp. 819-827

[16] Lin, Y. Z., et al., Numerical Algorithm for Parabolic Problems with Non-Classical Conditions, Journal
of Computational and Applied Mathematics, 230 (2009), 2, pp. 770-780

[17] Karatay, 1., et al., Implicit Difference Approximation for the Time Fractional Heat Equation with the
Non-Local Condition, Applied Numerical Mathematics, 61 (2011), 12, pp. 1281-1288

[18] Cui, M. G., et al., Nonlinear Numerical Analysis in Reproducing Kernel Space, Nova Science Pub. Inc.,
New York, USA, 2009

[19] Geng, F. Z., et al., Solving a Nonlinear System of Second Order Boundary Value Problems, Journal of
Computational and Applied Mathematics, 327 (2007), 2, pp. 1167-1181

[20] Cui, M. G., et al., Solving Singular Two-Point Boundary Value Problem in Reproducing Kernel Space,
Journal of Computational and Applied Mathematics, 205 (2007), 1, pp. 6-15

[21] Geng, F. Z., et al., A Numerical Method for Singularly Perturbed Turning Point Problems with an Interi-
or Layer, Journal of Computational and Applied Mathematics, 255 (2013), Jan., pp. 97-105

[22] Geng, F. Z., et al., A Numerical Method for Solving Fractional Singularly Perturbed Initial Value Prob-
lems Based on the Reproducing Kernel Method, Journal of Computational and Applied Mathematics, 1
(2015), 2, pp. 89-94

[23] Li, X.Y., et al., Error Estimation for the Reproducing Kernel Method to Solve Linear Boundary Value
Problems, Journal of Computational and Applied Mathematics, 243 (2013), May, pp. 10-15

[24] Li, X. Y., et al., A Continuous Method for Non-Local Functional Differential Equations with Delayed or
Advanced Arguments, Journal of Mathematical Analysis and Applications, 409 (2014), 1, pp. 485-493

[25] Li, X. Y., Wu, B. Y., A Numerical Technique for Variable Fractional Functional Boundary Value Prob-
lems, Applied Mathematical Letters, 43 (2015), May, pp. 108-113

[26] Guo, B. B., et al., Numerical Application for Volterra's Population Growth Model with Fractional Order
by the Modified Reproducing Kernel Method, Journal of Computational Complex Application, 1 (2015),
1, pp. 1-9

[27] Momani, S., et al., A Computational Method for Solving Periodic Boundary Value Problems for Integro-
Differential Equations of Fredholm-Volterra Type, Applied Mathematics and Computation, 240 (2014),
Avg., pp. 229-239

[28] Ketabchi, R., et al., Some Error Estimates for Solving Volterra Integral Equations by Using the Repro-
ducing Kernel Method, Journal of Computational and Applied Mathematics, 273 (2015), Jan., pp. 245-
250

Paper submitted: November 12, 2015
Paper revised: January 15, 2016
Paper accepted: February 3, 2016




<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (Coated FOGRA39 \050ISO 12647-2:2004\051)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Warning

  /CompatibilityLevel 1.3

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.1000

  /ColorConversionStrategy /LeaveColorUnchanged

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness false

  /PreserveHalftoneInfo false

  /PreserveOPIComments false

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Remove

  /UCRandBGInfo /Remove

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages false

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages false

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages false

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages false

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages false

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages false

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (None)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /DAN <>

    /DEU <>

    /ESP <>

    /FRA <>

    /ITA <>

    /JPN <>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /PTB <>

    /SUO <>

    /SVE <>

    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /BleedOffset [

        0

        0

        0

        0

      ]

      /ConvertColors /NoConversion

      /DestinationProfileName ()

      /DestinationProfileSelector /NA

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure true

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles true

      /MarksOffset 6

      /MarksWeight 0.250000

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /NA

      /PageMarksFile /RomanDefault

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /LeaveUntagged

      /UseDocumentBleed false

    >>

    <<

      /AllowImageBreaks true

      /AllowTableBreaks true

      /ExpandPage false

      /HonorBaseURL true

      /HonorRolloverEffect false

      /IgnoreHTMLPageBreaks false

      /IncludeHeaderFooter false

      /MarginOffset [

        0

        0

        0

        0

      ]

      /MetadataAuthor ()

      /MetadataKeywords ()

      /MetadataSubject ()

      /MetadataTitle ()

      /MetricPageSize [

        0

        0

      ]

      /MetricUnit /inch

      /MobileCompatible 0

      /Namespace [

        (Adobe)

        (GoLive)

        (8.0)

      ]

      /OpenZoomToHTMLFontSize false

      /PageOrientation /Portrait

      /RemoveBackground false

      /ShrinkContent true

      /TreatColorsAs /MainMonitorColors

      /UseEmbeddedProfiles false

      /UseHTMLTitleAsMetadata true

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [2159.000 2794.000]

>> setpagedevice



