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Introduction 

The fractional derivatives [1-6] were the potential tools for modelling the complex 
behaviors in science and engineering. Mathematical theory of time-fractional diffusion equa-
tion within Caputo fractional derivative: 
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was studied in [7], where µ  is a constant. The Caputo fractional derivative of the continuous 
function φ(x) of fractional order γ  is defined as [3, 6]: 
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where 0 1γ< <  and x > a. 
The prosperities of the Caputo fractional derivatives of the continuous functions are 

given as [3, 6]:  

 ( ) ( )D 1
(1 )a

x a γ
γ

γ
+

−−
=

Γ −
 (3a) 

 ( ) ( 1)D [( ) ] ( )
( 1)a x a x aγ β β γβ
β γ

+
−Γ +

− = −
Γ − +

 (3b) 

 ( )D { [( ) ]} [( ) ]a E x a E x aγ γ γ
γ γ+ − = −  (3c) 

–––––––––––––– 
* Corresponding author; e-mail: dyangxiaojun@163.com 



Yan, S.-P., et al.: A Novel Series Method for Fractional Diffusion Equation within … 
S696 THERMAL SCIENCE, Year 2016, Vol. 20, Suppl. 3, pp. S695-S699 

where the generalized Mittag-Leffler function is defined as [3, 6]: 
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The fractional diffusion problems were solved by the different technologies, such as 
the Chebyshev pseudospectral method [8], space-time spectral method [9], ractional-order 
implicit difference method [10], legendre spectral element method [11], homotopy perturba-
tion method [12], differential transform method [13], similarity variable method [14], and 
Laplace series expansion method [15].  

The local fractional series expansion method was proposed to solve the diffusion 
[16] and Schroedinger [17] equations defined on Cantor sets. Its extended version (fractional 
series expansion method) via modified Riemann-Liouville derivative was discussed in [18]. 
However, the series expansion method for handling the fractional differential equations in-
volving the Caputo fractional derivative have not proposed. The main aim of the paper is to 
propose the series expansion method to solve the time-fractional diffusion equation with the 
Caputo fractional derivative.  

Analysis of the method 

In order to introduce the technology, we now give the time-fractional diffusion eq-
uation: 

 ( ) Lγ
τΩ = Ω  (4) 

where L = µ∂2/∂x2 is a linear operator with respect to x.  
We introduce a multi-term separated functions of independent variables t and x, 

namely: 
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where ( )i tΜ  and ( )i xΨ  are the continuous functions.   
Define the series term: 
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where iν  is a coefficient.  
Substituting eq. (6) into eq. (5) gives: 
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By using = 1iν , from eq. (7) we obtain: 
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Submitting eq. (8) into eq. (4), we have: 
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and  
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From eqs. (9), (10), and (4), we get: 
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which leads to the recursion: 

 +1( ) ( )( )i ix L xΨ = Ψ  (12) 

With the help of eq. (12), we obtain the series solution of eq. (4), namely:  
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where the convergent condition is: 
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The technology is called as the series expansion method.  

Solving time-fractional diffusion equation  

We consider the following initial value of eq. (1) given as: 

 ( , 0) exxΩ =  (15) 

With the help of eqs. (12) and (14), we can structure the following iterative formula: 
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which leads to the following terms: 
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Therefore, we obtain the series solution: 
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where the generalized Mittag-Leffler function is 
defined as [3, 6]: 
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The graph of the solution of eq. (1) is 
shown in fig. (1).  

Conclusions 

In this work, we presented the new method 
for solving the time-fractional diffusion equation 
involving Caputo fractional derivative. The se-
ries expansion terms are based on the genera-

lized Mittag-Leffler function. This technology is accurate and efficient for the fractional diffe-
rential equations.  

Nomenclature 
x – space co-ordinate, [m] 
t – time, [s] 

Greek symbols 

γ  – fractional order, [–] 
Ω(x, t) – concentration, [–]

References 
[1] Yang, X. J., et al., Local Fractional Integral Transforms and Their Applications, Academic Press, New 

York, USA, 2015 
[2] Kilbas, A. A., et al., Theory and Applications of Fractional Differential Equations, Elsevier, Amster-

dam, 2006 
[3] Podlubny, I., Fractional Differential Equations, Academic Press, London, New York, USA, 1999 
[4] Sabatier, J., et al., Advances in Fractional Calculus, Springer, New York, USA, 2007 
[5] Ortigueira, M. D., Fractional Calculus for Scientists and Engineers, Springer, New York, USA, 2011  
[6] Diethelm, K., The Analysis of Fractional Differential Equations: An Application-oriented Exposition Us-

ing Differential Operators of Caputo Type, Springer, New York, USA, 2010 
[7] Chen, W., et al., Anomalous Diffusion Modeling by Fractal and Fractional Derivatives, Computers & 

Mathematics with Applications, 59 (2010), 5, pp. 1754-1758 
[8] Khader, M. M., On the Numerical Solutions for the Fractional Diffusion Equation, Communications in 

Nonlinear Science and Numerical Simulation, 16 (2011), 6, pp. 2535-2542 
[9] Li, X., et al., A Space-Time Spectral Method for the Time Fractional Diffusion Equation, SIAM Journal 

on Numerical Analysis, 47 (2009), 3, pp. 2108-2131 
[10] Liu, F., et al., A Fractional-Order Implicit Difference Approximation for the Space-Time Fractional Dif-

fusion Equation, ANZIAM Journal, 47 (2006), June, pp. 48-68 
[11] Dehghan, M., et al., Legendre Spectral Element Method for Solving Time Fractional Modified Anomal-

ous Sub-Diffusion Equation, Applied Mathematical Modelling, 40 (2016), 5-6, pp. 3635-3654  
[12] Yang, X. J., et al., Local Fractional Homotopy Perturbation Method for Solving Fractal Partial Differen-

tial Equations Arising in Mathematical Physics, Romanian Reports in Physics, 67 (2015), 3, pp. 752-761 
[13] Yang, X. J., et al., A New Numerical Technique for Solving the Local Fractional Diffusion Equation: 

Two-Dimensional Extended Differential Transform Approach, Applied Mathematics and Computation, 
274 (2016), Feb., pp. 143-151 

[14] Yang, X. J., et al., Local Fractional Similarity Solution for the Diffusion Equation Defined on Cantor 
Sets, Applied Mathematical Letters, 47 (2015), Sep., pp. 54-60 

[15] Yan, S. P., Local Fractional Laplace Series Expansion Method for Diffusion Equation Arising in Fractal 
Heat Transfer, Thermal Science, 19 (2015), Suppl. 1, pp. S131-S135 

Figure 1. The solution of eq. (1) based on the 
generalized Mittag-Leffler function for  µ = 1 
and γ = 0.85 



Yan, S.-P., et al.: A Novel Series Method for Fractional Diffusion Equation within … 
THERMAL SCIENCE, Year 2016, Vol. 20, Suppl. 3, pp. S695-S699 S699 

[16] Yang, A. M., et al., Local Fractional Series Expansion Method for Solving Wave and Diffusion Equa-
tions on Cantor Sets, Abstract Applied Analysis, 2013 (2013), ID 351057 

[17] Zhao, Y., et al., Approximation Solutions for Local Fractional Schroedinger Equation in the One-
Dimensional Cantorian System, Advances in Mathematical Physics, 2013 (2013), ID 291386 

[18] Li, Z. B., et al, Fractional Series Expansion Method for Fractional Differential Equations, International 
Journal of Numerical Methods for Heat & Fluid Flow, 25 (2015), 7, pp. 1525-1530 

 
 

 
 
 
 
 

 
 

 
 
 
 

Paper submitted: January 17, 2016 
Paper revised: February 23, 2016 
Paper accepted: March 26, 2016 


