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The 2-D steady boundary layer mixed convection flow and heat transfer in fer-
romagnetic fluid over a stretching sheet is investigated. Velocity slip is taken into 
account. The governing partial differential equations are first transformed into the 
non-linear ordinary coupled differential equation using a similarity transforma-
tion and then solved numerically by Runge-Kutta-Fehlberg method. The role of 
local skin friction, heat transfer rate, ferromagnetic-interaction parameter, slip 
parameter and the buoyancy parameter on velocity and temperature profiles in-
side the boundary layers are examined through tables and graphically. Finally a 
comparison is also made with the existing literature and found in good agreement.
Key words: ferromagnetic interaction parameter, partial slip, buoyancy 

parameter, magnetic dipole, numerically

Introduction

The incompressible viscous fluid past a stretching sheet has become a classical prob-
lem in fluid dynamics as it admits an unusual simple closed form solution, first discovered by 
Crane [1]. This problem was then extended to a permeable surface by Gupta and Gupta [2]. Lat-
er on Grubka and Bobba [3] have considered a more general case with power law surface tem-
perature variation. They reported a series solution to the energy equation in terms of Kummer’s 
functions and presented several closed-form analytical solutions for specific conditions. Such 
type of non-Newtonian viscous fluid can be found in [4-6]. Recent trends in non-Newtonian fer-
rofluids have led to develop a new innovative class of heat transfer called nanofluids created by 
dispersing nanoparticles in traditional heat transfer fluids. In fact ferrofluids are non-conducting 
stable suspensions of colloidal ferromagnetic particles, with typical dimensions of about 10 
to100 nm, dispersed in nanofluid [7-15]. These colloidal particles are coated with surfactants 
to avoid their agglomeration. Because of the industrial applications of ferrofluids is to attract 
the researchers and engineers dynamically since last five decades. Ferrofluids are a unique 
class of material, not freely available in nature, but are to be synthesized. A typical ferrofluid 
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may contain 5% magnetic solid, 10% surfactant, and 85% carrier. These fluids have a variety 
of applications in the field of mechanical, electrical and electronics engineering. Ferrofluids 
are widely used in rotating shafts and rods, rotating X-ray tubes and sealing of computer hard 
disk. These are also utilized as lubricants in bearing and dumpers. Ferrofluids are also used to 
control the heat in hi-fi speaker and electric motors systems without modifying their geometry 
[16]. Ferrofluids are being greatly used in many magnetic fluids based scientific devices like 
sensor, accelerometer, densimeters, pressure transducers, etc. Also in actuating mechanism like 
electromechanical converters and energy converter analyzed by Raj and Moskowitz [17]. Fer-
rofluids are also used for treating cancer by heating the tumour soaked in ferrofluids by means 
of alternating magnetic fields [18-20]. The convincing introduction to the researcher on mag-
netic liquids and interesting information on the study of magnetization is given by Rosensweing 
et al. [21]. Later Neuringer [22] worked on saturated ferrofluids under the influence of thermal 
and magnetic field gradients. Under the action of magnetic fluid convective boundary layer flow 
of a magnetic fluid over a plate was considered by Tzirtzilakis et al. [23]. Sheikholeslami and 
Ellahi [24] reported the simulation of ferrofluid flow for magnetic drug targeting using Lattice 
Boltzmann method. Sheikholeslami and Gorji [25] gave a numerical solution of free convection 
ferrofluid in a cavity heated from below in the presence of external magnetic using the Lattice 
Boltzmann method. Li and Xuan [26] exhibited the experiments on the ferrofluid flow over fine 
wire and found that external magnetic field affects the performance of convective heat transfer 
of the magnetic fluids. They found that the external magnetic field affects the convective heat 
transfer performances of the magnetic fluids. Motozawa et al. [27] investigated experimentally 
the effect of magnetic field on heat transfer in rectangular duct flow. Feng et al. [28] presented 
an experimental study in the presence of external magnetic field for controlling the acoustically 
heat transfer of a ferromagnetic fluid. Tangthieng et al. [29] performed the finite element simu-
lations of heat transfer to a ferrofluid in the presence of a magnetic field. Stiles et al. [30] have 
analyzed linear and weakly nonlinear thermoconvective instability in a thin layer of ferrofluid 
subject to a weak external magnetic field in the vertical direction.

Moreover, the study of boundary layer flow and heat transfer over a stretching surface 
is important due to its numerous applications in engineering and manufacturing process in in-
dustry like aerodynamic extrusion of plastic sheets, paper production, glass fiber production, 
heat treated materials traveling between a feed roll and a wind-up roll in the polymer industry, 
wires drawing, metal spinning, and many others [31-34]. Furthermore, Hayat et al. [35] ob-
tained analytical solution of the slip flow and heat transfer of a second grade fluid past a planar 
stretching sheet. Martin and Boyd [36] have examined the slip flow and heat transfer past a flat 
surface at constant wall temperature. Their results demonstrate that the boundary layer equa-
tions can be used to study flow at micro-electromechanical systems (MEMS) scale and provide 
useful information to study the effects of rarefaction on the shear stress and structure of the 
flow. For more detail on slip readers are referred to see [37] and several references therein. Ad-
ditionally, it is also an established fact that when the differences of harmonious order between 
free convection and forced differences occurs then the mixed convection gets up. It has ener-
getic entry in atmospheric boundary layer flows, solar collectors, heat exchangers, electronic 
equipment’s, etc. Mixed convectional flow with heat transfer is extensively used in chemical 
industries like nuclear reactor cooling system and design of canisters for nuclear waste disposal. 
These physical processes happen in the situation when the impacts of buoyancy forces become 
much more dominant. Ali [38] has studied the effect of temperature dependent viscosity on 
laminar mixed convection heat transfer along a continuous moving surface. Hayat et al. [39] an-
alysed the effect of Soret and Dufour effect on mixed convection flow over a vertical stretching 
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surface in the presence of porous medium filled with a viscoelastic fluid. Some relevant studies 
on mixed convection can be found in [40-44].

In the previous view, the present paper examines the effects of mixed convection flow 
and heat transfer in ferromagnetic particle past a stretching surface in the presence of partial 
slip. The governing partial differential equations are reduced into ordinary differential equa-
tions by introducing appropriate similarity transformations. These highly non-linear ordinary 
differential equations are solved numerically using Runge-Kutta-Fehlberg method with the help 
of MATLAB. Further the effect of some physical parameter like buoyancy parameter, Prandtl 
number, ferromagnetic interaction parameter on velocity and temperature profile are analyzed.

Mathematical formulation

Consider a 2-D study of an incompressible ferromagnetic fluid electrically non-con-
ducting past a stretching sheet which is placed in the plane 0,y =  with linear velocity wu cx= , 
where 0c >  is the stretching rate as shown schematically in fig. 1. The flow is being confined 
by 0y > . Two equal and opposite forces are intro-
duced along the x-axis so that wall is stretched 
while keeping the origin fixed with a velocity wu  
which is proportional to the distance from the ori-
gin. A magnetic dipole is located with its centre on 
the y-axis is at a distance a from the sheet. The 
magnetic field due to the dipole points in the posi-
tive x-direction giving rise to a magnetic field of 
sufficient strength to saturate the ferrofluid. It is 
also assumed that the uniform temperature at the 
surface of the sheet is wT  and Curie temperature cT , 
while the temperature of the ambient ferrofluid far 
from the surface of the sheet are T∞ = cT  and hence 
unable to magnetized until they start to cool after 
entering the thermal boundary layer region adja-
cent to the sheet.

The governing boundary layer equations for flow and heat transfer are:
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∂ ∂
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where u  and v  and are the velocity components along the x- and y-directions, respectively. The 
T  is the fluid temperature, ρ  – the density of the fluid, µ  – the dynamic viscosity, /ν µ ρ=  – 
the kinematic viscosity, 0µ  – the magnetic permeability, k  – the thermal conductivity, pc  – 

u = cxTw < Tc

Tc

xa

y

Figure 1. Schematic representation of 
flow configuration; circles represent the 
magnetic field
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specific heat, g – the acceleration due to gravity, β* – the volumetric coefficient of thermal ex-
pansion, M – the magnetization, and H – the magnetic field. The term 0 ( / )M M xµ ∂ ∂  and 

0 ( / )M M yµ ∂ ∂  in eqs. (2) and (3), represent the components of the ferromagnetic force per unit 
volume and depend on the existence of the magnetic gradient. In the absence of magnetic gra-
dient these forces will be disappeared. The second term, in eq. (4) on the left-hand side repre-
sent the heating due to adiabatic magnetization.

The boundary conditions for the flow problem are:

 
2

, 0, at 0w w c
u xu u A v T T T D y
y l
∂  = + = = = − = ∂  

 (5)

 2 210, , ( ) constant as
2cu T T p u v yρ= = + + = →∞  (6)

where A is the velocity slip factor, D – a positive constant, and 1/2( / )l cν=  – the characteristic 
length. The flow of ferrofluid is affected by the magnetic field due to the magnetic dipole whose 
magnetic scalar potential is given:

 
( )222
x

x y a
γΦ  =  π + + 

 (7)

where γ  is the magnetic field strength at the source. The components of magnetic field inten-
sity xH  and yH  along the x- and y-axes are given:
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Since the magnetic body force is proportional to the gradient of the magnitude of H. 
The resultant magnitude H of the magnetic field intensity, after having expanded in powers of 
x and retained terms up to order x2, is given by:
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Andersson and Valnes [45] considered that the variation of magnetization M  can be 
approximated, as a function of temperature T  by the linear equation:

 ( )cM K T T∗= −  (13)
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where K* is a constant called pyromagnetic coefficient and Tc is the Curie temperature, howev-
er, the appearance of ferrohydrodynamic interaction requires that: (1) the fluid is at a tempera-
ture T  different from cT  and (2) the applied magnetic field is inhomogeneous. When the fer-
rofluid reaches the Curie temperature, it is no longer subjected to further magnetization. This 
feature is essential for physical applications because the Curie temperature is very high, e. g. 
1043 K for iron.

Solution procedure

We introduce the non-dimensional variables assumed by Andersson and Valnes [45]:

 ( ) ( ), fµΨ ξ η ξ η
ρ

 
=  
 

 (14)

 2
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1 2, c

c w

T T
T T

θ ξ η θ η ξ θ η
−

−
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where 2( / )c wT T D x l− =  and ,ξ η  are the dimensionless co-ordinates defined:

 ,c cx yρ ρξ η
µ µ

= =  (17)

and ( , )Ψ ξ η  and ( , )θ ξ η  are the dimensionless stream function and temperature, respectively. 
The velocity components can be calculated:

 ( ) ( ),u cxf v c f
y x
Ψ Ψη ν η∂ ∂′= = = − = −
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 (18)

Substituting eqs. (14)-(18) into the eqs. (2)-(4) and equating coefficients of like pow-
ers of ξ , up to 2ξ , we obtain the following system of ordinary differential equations:
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Also the boundary conditions (5) and (6) are transformed:

 1 20, 1 (0), 1, 0, at 0f f fδ θ θ η′ ′′= = + = = =  (20)



Zeeshan, A., et al.: Mixed Convection Flow and Heat Transfer in Ferromagnetic Fluid ... 
2520 THERMAL SCIENCE: Year 2018, Vol. 22, No. 6A, pp. 2515-2526

 1 2 1 20, 0, 0, , 0 asf P P Pθ θ η∞′→ → → →− → →∞  (21)

The dimensionless parameters appearing in the transformed eqs. (19) and (20) are:
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where β  is the ferromagnetic interaction parameter, 0G∗ ≥  – the buoyancy or mixed convec-
tion parameter, Grx – the local Grashof number, δ  – the velocity slip parameter, λ  – the vis-
cous dissipation parameter, 1α  – dimensionless distance, Pr – the Prandtl number, and ε  – the 
dimensionless Curie temperature ratio.

The most important physical quantities of practical interest are the local skin friction 
coefficient 

xfC  and the local rate of heat transfer coefficient Nux can be written:

 
( ) ( )2
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in which shear stress, wτ , and heat flux, wq , are defined:
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using the equations (14)-(18) we have

 1/2 2
1 21/2

NuRe 2 (0),       (0) (0)
Re

x
f x

x
C f θ ξ θ ′′ ′ ′= − = − +   (25)

where (0)f ′′  is the dimensionless wall shear parameter, 1(0)θ ′  – the dimensionless heat transfer 
rate at sheet, 2Re /x cxρ µ=  – the local Reynolds number. It is apparent that the flow field is af-
fected by the ferromagnetic interaction parameter β . It is more interesting and convenient to 
replace the dimensionless wall heat transfer parameter 2

1 1 2[ (0) (0)]θ θ ξ θ′ ′ ′− = − +  by the dimen-
sionless and independent of the distance ξ , ratio 1 1 0(0) (0)/[ (0) | ]βθ θ θ∗

=′ ′=  called the coefficient 
of the heat transfer rate at the sheet.

Numerical results and discussion

The effects of various physical parameter namely, the ferromagnetic interaction pa-
rameter, ,β  buoyancy parameter, G*, partial slip parameter, ,δ  Prandtl number, Pr, on the flow 
and heat transfer is ferromagnetic fluid are illustrated in this section with the help of figures and 
tables. 

The transformed differential eq. (19) together with boundary conditions (20) and (21) 
are highly non-linear and cannot be solved analytically and must solved numerically by shoot-
ing method. The higher-order ODE are converted into the set of seven first-order simultaneous 
equations, which can be integrated as an initial value problem using the efficient Runge-Kutta 
Fehlberg fourth-order technique. The step-size is taken as 0.01.η∇ =  Trial values of (0),f ′′  

1(0)θ ′ , 2 (0)θ ′ , and 2 (0)P  were adjusted iteratively by Newton-Raphsons’ method in order to 
satisfy the far field boundary condition, i. e. at η →∞  is satisfied at a finite value. The maxi-
mum value of η∞  is equal to 10.
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It is well known fact that slip effects appear for two types of fluids namely, rare field 
gases fluids having much more elastic character. It is detected through experiment observations 
that the existence of slippage has important role in polymer, molten polymer solutions and the 
polishing of artificial heart valves and internal cavities as well. Keeping the importance of slip 
in mind the velocity and temperature profiles for different value of the physical parameters have 
been presented in figs. 2-8. Figure 2 and 3 show the velocity and temperature distributions with 
different values of the velocity slip parameter δ . It is clear from fig. 2 that the velocity decreas-
es in the presence of slip at the fluid-solid interface and decreases monotonically to zero far 
away from the solid surface. In case of the no-slip condition, the fluid velocity adjacent to the 
solid surface is equal to the velocity of the stretching sheet, then (0) 1f ′ = , which is clearly 
satisfied in this figure. Figure 3 indicates that an increase in the velocity slip δ  parameter tends 
to increase the temperature of the fluid and consequently decrease the temperature gradient, 
which represents the rate of heat transfer. This observation is in agreement with the results pre-
sented in fig. 9. Figures 4 and 5 display the effect of β  on velocity and temperature profile. 
From fig. 4 it is noticed that ferromagnetic interaction parameter β  illustrate the effect of the 
external magnetic field induced by the magnetic dipole on the dynamics of the fluid. The pres-
ence of magnetic field β  acts as increases so does the retarding force and hence the axial veloc-
ity decreases as shown in fig. 4, whereas reverse trend exhibited for temperature profile as seen 

η′( )f θ η1( )

η η

Pr = 0.72,  β = 0.1,  G* = 0.2

δ = 0.0, 0.1, 0.3, 0.5

Pr = 0.72,  β = 0.1,  G* = 0.2

δ = 0.0, 0.1, 0.3, 0.5

Figure 2. Effect of slip parameter δ  on velocity 
profile vs. η

Figure 3. Effect of slip parameter δ  on 
temperature profile vs. η

η′( )f θ η1( )

η η

Pr = 0.72,  δ = 0.1,  G* = 0.2

β = 0.0, 1.0, 3.0, 5.0

Pr = 0.72,  δ = 0.1,  G* = 0.2

β = 0.0, 1.0, 3.0, 5.0

Figure 4. Effect of ferromagnetic interaction 
parameter β  on velocity profile vs. η

Figure 5. Effect of ferromagnetic interaction on 
β  temperature profile vs. η
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in fig. 5. Figure 6 illustrate the variation of buoyancy parameter G∗  on ( )f η′ . It is noted that 
velocity f ′  increases when G∗  increases. The boundary layer thickness also increases for 
large value of .G∗  Figure 7 depict the variations of G∗  on ( )θ η . It is evident from these figures 
that an increase in the buoyancy parameter results in a decrease in the thermal boundary layer 
thickness. Figure 8 represent the graph of temperature profile for different values of Prandtl 
number. From the fig. 8 it is seen that the effect of Prandtl number is to decrease the tempera-
ture, which results in decrease of the thermal boundary layer thickness with the increase of 
values of Prandtl number. The increase of Prandtl number means slow rate of thermal diffusion. 
Figures 9 and 10 shows the local skin friction coefficient and Nusselt number with the variation 
of β  for different values of slip parameter .δ  It is observed in the fig. 9 that the skin friction 
coefficient increases with the variation of ,β  whereas it decreases with velocity slip parameter 
δ . It means that in the no-slip velocity condition ( 0.0)δ =  the highest surface shear stress oc-
curs for ferro fluid ( 0)β = . Figure 10 shows the heat transfer rate with β  for different values of 
velocity slip parameter δ . From figure it can be seen that heat transfer rate decreases for both β  
as well as slip parameter .δ  Figure 11 display the pressure profile with the variation of β  for 
different valued of slip parameter .δ  From the figure it is noticed that pressure is increases for 
the variation of β  as well as slip parameter .δ  Figures 12-14 are plotted for Nusselt number, 

η′( )f

η

Pr = 0.72,  δ = 0.1,  β = 0.1

G* = 0.0, 0.2, 1.0, 2.0

Pr = 0.72,  δ = 0.1,  β = 0.1

G* = 0.0, 0.2, 1.0, 2.0

θ η1( )

η

Figure 6. Effect of Buoyancy parameter ∗G  on 
velocity profile vs. η

Figure 7. Effect of Buoyancy parameter ∗G  on 
temperature profile vs. η

G* = 0.2,  δ = 0.1,  β = 0.1

Pr = 0.72, 1.0, 1.5, 2.0

θ η1( )

η

′′− (0)f

β

Pr = 0.72,  G* = 0.2,  β = 0.1

δ = 0.0, 0.1, 0.3, 0.5

Figure 8. Effect of Prandtl number Pr on 
temperature profile vs. η

Figure 9. Effect of slip parameter δ on local skin 
friction coefficient with the variation of 
ferromagnetic interaction parameter β
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local skin friction and pressure with the varia-
tion of β  for different values of buoyancy pa-
rameter G∗. From fig. 12 it is observed that 
Nusselt number is decreases with the variation 
of ,β  whereas it increases with buoyancy pa-
rameter G*. Figure 13 show that local skin fric-
tion coefficient increases with the variation of 

,β  whereas reverse trend is occur for different 
values of G*. Figure 14 display the pressure for 
different values of buoyancy parameter. From 
figure it is reveals that pressure is decreases 
with an increase in G*, whereas linearly in-
creasing with the variation of β . 

To validate the accuracy of present meth-
od, the values of heat transfer coefficient 1(0)θ ′  

Figure 10. Effect of slip parameter δ  on Nusselt 
number with the variation of ferromagnetic 
interaction parameter β

Figure 11. Effect of slip parameter δ  on 
pressure with the variation of ferromagnetic 
interaction parameter β

β β

Pr = 0.72,  G* = 0.2,  β = 0.1

Pr = 0.72,  G* = 0.2,  β = 0.1

δ = 0.0, 0.1, 0.3, 0.5
δ = 0.0, 0.1, 0.3, 0.5

β
θ

θ
=

′
′

1
1

0
(0

)/
[

(0
)|

]

2 (0)P

Figure 12. Effect of ∗G  on Nusselt number with 
the variation of ferromagnetic interaction 
parameter β

Figure 13. Effect of ∗G  on local skin friction 
with the variation of ferromagnetic interaction 
parameter β

β

β
θ

θ
=

′
′

1
1

0
(0

)/
[

(0
)|

]

Pr = 0.72,  δ = 0.1,  β = 0.1 Pr = 0.72,  δ = 0.1,  β = 0.1

G* = 0.0, 0.2, 1.0, 2.0

G* = 0.0, 0.2, 1.0, 2.0

′′− (0)f

β

Pr = 0.72,  δ = 0.1,  β = 0.1

G* = 0.0, 0.2, 1.0, 2.0

β

2(0)P

Figure 14. Effect of ∗G  on pressure with the 
variation of ferromagnetic interaction 
parameter β
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are compared with the results reported by Chen [46], Abel et al. [47] and Ali [48] for various 
values of Prandtl number in the absence of ferromagnetic interaction parameter as shown in 
tab. 1. An excellent agreement with the existing results can be easily observed from it. Further 
tab. 2 displays the values of local skin-friction and local, heat transfer rate in the presence of .β

Table 1. Comparison of surface temperature gradient ′− 1(0)θ  for 
different values of Pr when ∗ = = = = 0G β δ λ

Pr Chen [46] Abdel et al. [47] Ali [48] Present work

0.72 1.0885 1.0885 … 1.08863
1 1.3333 1.3333 1.3333 1.3334
3 2.5097 … 2.5097 2.50967
10 4.7968 4.7968 4.7968 4.79671

Table 2. Values of local skin friction 
coefficient ′′− (0)f  and temperature 
gradient ′− 1(0)θ  for different values 
of β  when Pr = 1

β (0)f ′′− 1(0)θ′−
0.0 1.0000 1.3333
0.5 1.0507 1.3286
1.0 1.1015 1.3237
0.3 1.1524 1.3187

Concluding remarks

In this paper the problem of 2-D viscous and incompressible ferrofluid flow over a 
stretching sheet with the effect of buoyancy parameter and partial slip boundary condition was 
studied. The governing partial differential equations for mass, momentum, and energy were 
transformed into ordinary differential equations using a similarity transformation. These equa-
tions were solved numerically using shooting method with Runge-Kutta Fehlberg fourth-order 
scheme. The effects of various physical parameters like ferromagnetic interaction parameter, 
β,  buoyancy parameter, G*, velocity slip parameter, δ, and Prandtl number, Pr, on velocity and 
temperature profiles are shown graphically and discussed. Some of the major finding in our 
analysis are as follows.

 y Velocity ( )f η′  increases with G* and decreases when δ and β increases.
 y Temperature profiles increases for δ and β whereas it decreases with G* and Prandtl number.
 y Nusselt number is decreasing for δ and increasing for G*.
 y Local skin friction coefficient decreases when δ and G* increases with the variation of fer-

romagnetic interaction parameter β. 

Nomenclature
a – distance, [m]
Cfx – skin friction coefficient, [–]
cp – specific heat transfer, [Jkg–1K–1]
G* – mixed convection parameter
Grx – local Grashof number, [–]
H – magnetic field, [Am–1]
K* – pyromagnetic coefficient
k – thermal conductivity, [Wm–1K–1]
M – magnetization, [Am–1]
Nux – local Nusselt number, [–]
Pr – Prandtl number, [–]
Tc – Curie temperature, [K]
u, v – velocity components, [ms–1]

x, y – Cartesian component, [m]

Greek Symbols

α1 – dimensionless distance, [–]
β – ferromagnetic interaction parameter
γ – magnetic field strength, [Am–1]
δ – velocity slip parameter
ε – dimensionless Curie temperature, [–]
λ – viscous dissipation parameter
ρ – density, [kgm–3]
τw – shear stress
ϕ  – magnetic potential 
ψ  – stream function, [m2s–1]
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