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This paper presents a thermal and flow analysis of an unsteady squeezing
nanofluid flow and heat transfer using nanofluid based on Brinkman model in pres-
ence of variable magnetic field. Galerkin method is used to solve the non-linear
differential equations governing the problem. Squeezing flow between parallel
plates is very applicable in the many industries and it means that one or both of
the parallel plates have vacillation. The effects of active parameters such as the
Hartman number, squeeze number, and heat source parameter are discussed. Re-
sults for temperature distribution and velocity profile, Nusselt number, and skin
friction coefficient by Galerkin method are presented. As can be seen in results,
the values of Nusselt number and skin friction coefficient for CuQ is better than
AL0;s. Also, according to figures, as nanofluid volume fraction increases, Nusselt
number increases and skin friction coefficient decreases, increase in the Hartman
number results in an increase in velocity and temperature profiles and an increase
in squeeze number can be associated with the decrease in the velocity.
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Introduction

Nanofluids are fluids consist of nanoparticles (nanometer-sized particles of metals,
oxides, carbides, nitrides, or nanotubes). Nanofluids demonstrate increased thermal properties,
amongst them: higher thermal conductivity and heat transfer coefficients compared to the base
fluid. The nanofluid can be applied to engineering problems, such as cooling of electronic
equipment, heat exchangers, and chemical processes. Nanofluid contains a base fluid usually
water, ethylene glycol, oil or engine oil and nanopowders such as Cu, CuO, Al,O3, TiO; or
nanodiamond and usually a dispersant or surfactant to keep the nanoparticles suspension stable.
The main features of using nanofluids are increasing the heat transfer and viscosity improve-
ment. Nanoparticles that are immersed in the base fluid will transfer heat with their Brownian
motion and interactions. This advanced technique, which utilizes a mixture of nanoparticles and
the base fluid, was first suggested by [1] in order to develop heat transfer fluids with considerably
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higher conductivities. An admirable collection of the published papers on nanofluids can be
found in the book by Das et al. [2].

Lately, the concept of a nanofluid has been proposed as a route for increasing the
performance of the heat transfer rates in the liquids that are currently applied. Materials with
sizes of nanometers have unique physical and chemical properties [2]. It has been understood
that the presence of nanoparticles within the fluid can extremely increase the effective ther-
mal conductivity of the fluid and, as a consequence, increase the heat transfer characteristics.
An excellent collection of works on this topic can be found in the book by Das et al. [2] and
in the review papers by [3-5]. Rahimi-Gorji ef al. [6] studied the optimization of micro-chan-
nel heat sink geometry cooled by different nanofluids using response-surface method (RSM)
analysis. Several studies have been performed on prediction of thermal conductivity of
nanofluids [7-10].

A numerical investigation on the heat transfer increasing due to adding nanoparticles
in a differentially heated compound is reported by [11]. Hatami and Ganji [12] applied a nu-
merical method to find the most accurate solution for the natural convection of the sodium
alginate non-Newtonian nanofluid flow between two vertical plates. As a main result from their
work, it is observed that by increasing the Prandtl number, velocity profiles and temperature
values increased significantly, also Cu as nanoparticles had larger velocity and temperature
values than Ag. Pourmehran ef al. [13] examined the optimization of micro-channel heat sink
performance cooled by KKL based in saturated porous medium.

Khan and Pop [14] carried out research on boundary-layer flow of a nanofluid past a
stretching sheet. Their model used for the nanofluid incorporates the effects of Brownian mo-
tion and thermophoresis. The heat transfer characteristics in the squeezed flow over a porous
surface analyzed by [15]. Domairy and Aziz [16] investigated MHD squeezing flow of a vis-
cous fluid between parallel disks.

In recent years, much attention has been dedicated to the newly developed methods to
construct an analytic solution of equation such as Collocation method (CM), Least Square method
(LSM), and Galerkin method (GM) which are introduced by Ozisik [17] for using in the heat
transfer problems. Many of equations in the heat transfer problems can be solved by these analyt-
ical methods that called the weighted residuals methods (WRM). Rahimi-Gorji et al. [18] per-
formed an analytical analysis of particle motion in the non-Newtonian fluid using CM. Pour-
mehran et al. [19] analytically investigated the heat transfer of nanofluid flow between two par-
allel plates in order to show the influence of different nanoparticles on heat transfer by LSM, CM,
and numerical method. Hendi and Albugami [20] solved Fredholm-Volterra integral equation us-
ing CM and GM. Legendre wavelet GM has been used for solving ODE with non-analytic solu-
tion by [21]. Hatami ef al. [22] has investigated heat transfer and flow analysis for a non-Newto-
nian third grade nanofluid flow in porous medium of a hollow vessel in presence of magnetic field
by using LSM, GM, and numerical method.

In this paper, the viscosity of nanofluid and effective thermal conductivity are calcu-
lated by Brinkman correlation [23]. Also in the present paper, GM is used to solve non-linear
differential equations governing the problem of unsteady squeezing nanofluid flow and heat
transfer using nanofluid based on Brinkman model in presence of variable magnetic field.
Nusselt number and skin friction coefficient are presented. The effects of active parameters
such as the Hartman number, squeeze number, and heat source parameter are discussed. Heat
transferring performance of the parallel plates is investigated by using CuO-water and Al,Os-
water nanofluids as coolant agent. Results for temperature distribution and velocity profile,
Nusselt number, and skin friction coefficient by GM are presented.
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Description of the problem

The problem to be studied is the 2-D
heat transfer in the unsteady squeezing flow y
of an incompressible nanofluid between the Nznofluid
infinite parallel plates as shown in fig. 1. The . o——x
distance between the plates is 2/(1 — ar)"2.
For a > 0, the two plates are squeezed until = N,
they touch 7=1/a and for a <0 the two B=Bs, B=By1-ap
plates are separated. A time variable magne-
tic field [B=B8,B=B,(I-at)la is assumed to
be applied towards direction y.

As can be seen in fig. 1, a heat source Q = Qy/ (1 — az) is utilized between two plates.

Also, the electromagnetic force and the electric current are defined by F and J, respectively. In
this problem, the fluid is a water based nanofluid containing CuO nanoparticles. The nanofluid is
a two component mixture with the following assumptions: incompressible, no-chemical reaction,
and negligible radiative
heat transfer. Nanosolid-

2(1-an: o

Figure 1. Schematic of the problem (nanofluid
between parallel plates)

Table 1. Thermophysical properties of water and nanoparticles [24]

particles, and the base fluid p [kgm™] | Gp [Tkg 'K™'] | kK [Wm 'K'] | 4 [Nsm?] | dp [nm]
are in thermal equilibrium | Pure water | 997.1 4179 0.613 0.001003 N
and no slip occurs between CuO 6500 540 18 B 29
them. The thermophysical ALO;3 3970 765 25 B 47

properties of the nanofluid
are given in tab. 1 [24].

Take y to be perpendicular to the plates and assume u and v to be the velocity compo-
nents in the x- and y- directions, respectively. The governing equations for momentum and
energy in unsteady 2-D flow of a nanofluid are [25]:

U, +v, =0 (1)

Pnf (u, +uu, +vuy) =—p,+ e (U, +uyy)—0'nfB02u 2)

pnf(vt+uvx+vvy)=—py+ynf(vxx+vyy) 3)

T vuT, 0T, = i1 )42 1 (4)
(C, )nf (vC, )nf

where P is the pressure, pur — the effective density and (pCp)ur — the effective heat capacity of
the nanofluid, aus — the effective electrical conductivity of nanofluid, and knr — the effective
thermal conductivity of the nanofluid are defined [6]:

Pt :(1_¢)pf +¢ps (5)
_ M
:unf - (1_¢)2,5 (6)

(PC,)y =0=9)(pC,); +(pC,), (7
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3{@ —1]¢
O'f

=14 (8)
e
G[‘ G[‘
Ky Kk +2k =24k —k) ©)
ke kg + 2k + 24 (k= k)
where unr= ue/ (1 — @)*? is viscosity of the nanofluid, as given originally by Brinkman.
The relevant boundary conditions are:
v=vW=%,T=TH at y=h()
de
ou oT (19)
v=—-=—=0, at y=0
d oy

The following dimensionless groups are introduced:

y ax

_y _ T
T e T2 o5/, 0=—— (1D

. al
S @), V———z(l_at) T

By using the dimensionless parameters and substituting eq. (14) into egs. (2)-(4) and
removing the pressure gradient from obtained equations, we get the following ODE:

=S 3 e R S g =0 (12)
4 4,
0"+ PrS 20 —n0)+ 720 =0 (13)

where A;, Az, A3, A4, and A5 are dimensionless constants given by:

R S (PC)ut _ ke 4, = Hett A=

b}

Onf
s 3 = -
Pr (pC P ) kg He Oy

(14)

and the boundary conditions (10) become:

f(0)=0, f(0)=0
fH=1, f1=0 (15)
0 (0)=0, 6(1)=1
Here Ha = By (ot/ ) "% is the Hartman number, S = a/’/ 2 vs — the squeeze number,
Pr = [udpCp)sl/ pthr — Prandtl number, and Hs = Ool? / k¢ — the heat source parameter.

Two significant characteristics that analyzed in this work are the Nusselt number and
skin friction coefficient which are defined:

Hnp (Zuj _lknf (ZTJ
. Y y=hte) . Y Jy=htv

oy s & OB \ I S 0] (16)
! Pt Vi ke Ty
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Using variables (14), we get

A4 -
— 1
(A4 Jf ( )

A significant point that should be considered is to provide some background
knowledge about the mathematical methods utilized. Therefore, in this section, some basic re-
lationships and theories concerning GM are presented.

Many advantages of WRM especially GM compared to other analytical make them
more valuable and motivate researchers to use them for solving problems. Some of these ad-
vantages are listed below [6]:

— The WRM solve the equations directly and no simplifications are needed.

— They do not need any perturbation, linearization or small parameter versus homotopy per-
turbation method and parameter perturbation method.

— They are simple and powerful compared to numerical methods and achieve final results
faster than numerical procedures while their results are acceptable and have excellent
agreement with numerical outcomes, furthermore their accuracy can be increased by in-
creasing the statements of the trial functions.

— They do not need to determine the auxiliary parameter and auxiliary function versus ho-
motopy analysis method.

Cp=

, Nu:‘Aﬁ'(l)‘ (17)

Applied analytical method

Galerkin method

Suppose a differential operator, D, is applied on a function u to produce a function, p.
D[u(x)] = p(x) (18)

where u is approximated by a function #, which is a linear combination of basic functions
chosen from a linearly in dependent set. That is:

uzi=y .o, (19)
i=1

Now, when substituted into the differential operator, D, the result of the operations is
not, in general, p(x). Hence an error or residual will exist:

E(x)=R(x) =D[i(x)] - p(x) %0 (20)

The main idea of the GM is to force the residual to zero in some average sense over
the domain. That is:

jR(x)m(x) =0, i=12,...n 1)

where the number of weight functions, W, is exactly equal the number of unknown constants
c¢; in 1 function. The result is a set of n algebraic equations for the unknown constants ¢;. In
GM weight functions are [18]:
Gii
W= =120 22)
g,
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Now GM is applied to the egs. (12) and (13). First consider the trial function:
fy=n’+e0r =m+e,(r’ =)+ (0’ =)
O(m) =1+c,(1-1") +es(1-1") + ¢, (1-1°")

Which satisfies the initial condition in eqs. (12) and (13). Using eq. (22), weight func-
tions will be obtained:

(23)

Wo=n'-n,  Wy=n'-n’,  Wy=n'-n
Wy=l-n',  Wy=l-n", W, =1-1"
Applying eq. (21), a set of algebraic equations is defined and solving this set of equa-
tions, all constant coefficients will be calculated.

Finally f{n) and 6(y) functions for CuO-water nanofluid when d, =29 nm and ¢ = 0.04
will be calculated:

24

(1) =—-0.357" +1.4217 - 0.0697° — 0.00377’

(25)
0(7) = 0.76 +0.447° = 0.3057° +0.197

Results and discussion

In this study, after investigating of the heat transfer in the unsteady squeezing flow of
an incompressible nanofluid between the infinite parallel plates. It is noteworthy that the vis-
cosity of nanofluid and effective thermal conductivity are calculated by Brinkman correlation.
The GM is used to solve this problem. Table 1 present properties of the nanoparticles and base
fluid. The comparison between present work and Mustafa ef al. work [25] is depicted in fig. 2
that shows an excellent agreement.
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Figure 2. Comparison between present work and Mustafa ez al. [25] (Cuo-water nanofluid for
(a) velocity profile, (b) temperate profile when; ¢ =0.04,dp =29 nm,Ha=1,5=1, and Hs=-1

In fig. 3, two nanofluids (CuO-water and Al,Os-water) are shown that their Nusselt
number and skin friction coefficient are compared. As can be seen in this figure, the values of
Nusselt number and skin friction coefficient for CuO-water is better than Al,Os-water.

The construction of the all following figures, figs. 4-10, which show the effects of
some important parameters on velocity profile, temperature distribution, Nusselt number, and
skin friction coefficient, is based on CuO-water. Figure 4 demonstrates the effect of volume
fraction (¢) of CuO-water nanofluid on Nusselt number and skin friction coefficient. According
to this figure, as nanofluid volume fraction increases, Nusselt number increases and skin friction
coefficient decreases.
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Figure 3. Comparison between CuO-water and Al2Os-water nanofluids (a) Nusselt number, (b) skin
friction coefficient when; ¢ =0.04, dp =29 nm, Ha=1,S=1, and Hs =-1

0.75
Nu '
0.7
0.65 |

0.6

@

Figure 4. Effect of volume fraction of CuO-water nanofluid on (a) Nusselt number, (b) skin friction
coefficient when; Pr=6.2, Hs=-1,and S =1

Also, contours of fig. 5 confirm these effects of volume fraction and Hartman number
on Nusselt number and skin friction coefficient. The effect of the Hartmann number on velocity
and temperature profiles is shown in fig. 6. As seen in this figure, increase in the Hartman
number results in an increase in velocity and temperature profiles.
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Figure 5. Contours for effects of volume fraction and Hartman number on (a) Nusselt number, (b) skin
friction coefficient when; S =1, Hs = -1, and dp = 29 nm (CuO-water) (for color image see journal web site)
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Figure 7 illustrates the effect of the squeeze number on velocity and temperature pro-
files. It is quite obvious that when two plates move together, thermal boundary-layer thickness
increases as the absolute magnitude of the squeeze number enhances. The temperature is rela-
tively high when the plates are moving towards each other. Also, an increase in squeeze number
can be associated with the decrease in the velocity.
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The effects of Hartmann number and squeeze number on Nusselt number and skin
friction coefficient are displayed in fig. 8. As can be seen in this figure, Nusselt number has
direct relationship with Hartman number and reverse with squeeze number. In order to, skin
friction coefficient has direct relationship with both of Harman number and squeeze number.
These effect are observed in contours of fig. 9. Figure 10 depicts the effects of heat source
parameter on temperature profile, fig. 8(a), and Nusselt number, figs. 8(b) and 8(c). According
to this figures, increasing in heat source parameter, temperature profile decreases, but Nusselt
number increases that contour of fig. 8(c) confirm this effect.
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Figure 8. Effects of Hartmann number and squeeze number on (a) Nusselt number, (b) skin friction
coefficient when; ¢ = 0.04, dp =29 nm , Ha=1, S =1, and Hs = -1 (CuO-water)
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Figure 9. Contours for effects of squeeze number and Hartman number on (a) Nusselt number,
(b) skin friction coefficient when; ¢ = 0.04, Hs = —1, and dp = 29 nm (CuO-water)
(for color image see journal web site)

Conclusions

In this work, a thermal and flow analysis of an unsteady squeezing nanofluid flow and
heat transfer using nanofluid based on Brinkman model in presence of variable magnetic field
is investigated. The GM is applied to solve the non-linear differential equations governing the
problem. As can be seen in results, the values of Nusselt number and skin friction coefficient
for CuO-water is better than Al,Os-water. Also-water, according to figures, as nanofluid vol-
ume fraction increases, Nusselt number increases and skin friction coefficient decreases, in-
crease in the Hartman number results in an increase in velocity and temperature profiles and an
increase in squeeze number can be associated with the decrease in the velocity.
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Nomenclature

Al Az, A3, Asand As — dimensionless constants, [—]

Cp — specific heat capacity, [Jkg'K™]

Cr — skin friction factor, [—]

D - differential operator, []

dp —particle diameter, [mm]

Ha — Hartman number, []

Hs — heat source parameter, [—|

It — effective thermal conductivity
of nanofluid, [Wm™'K1]

Nu — Nusselt number, [—]

P —pressure, [Pa]

Pr — Prandtl number, []

S —squeez number, [—]

u —velocity in x- direction, [ms™]

v —velocity in y- direction, [ms™]
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Greek symbols

a  —constant, [s7]
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v —kinematic viscosity, [m?s7!]
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ont — effective electrical conductivity of nanofluid
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