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The present work completes the toolbox of analytical solutions that deal with re-
solving steady-state temperatures of a multi-layered structure heated by one or 
many heat sources. The problematic of heating sources having non-rectangular 
shapes is addressed to enlarge the capability of analytical approaches. Moreover, 
various heating sources could be located on the external surfaces of the sand-
wiched layers as well as embedded at interface of its constitutive layers.
To demonstrate its relevance, the updated analytical solution has been compared 
with numerical simulations on the case of a multi-layered electronic board sub-
mitted to a set of heating source configurations. The comparison shows a high 
agreement between analytical and numerical calculations to predict the centroid 
and average temperatures.
The promoted analytical approach establishes a kit of practical expressions, easy 
to implement, which would be cumulated, using superposition principle, to help 
electronic designers to early detect component or board temperatures beyond 
manufacturer limit.
The ability to eliminate bad concept candidates with a minimum of set-up, relevant 
assumptions and low computation time can be easily achieved.
Key words: analytical thermal modeling, multi-layer printed circuit board, 

multi-shape heating sources

Introduction

More than ever, electronic board designers have to deal today with constraining pow-
ered devices on high density electronic boards. The miniaturization of electronic component is 
reinforcing the need to simulate in thinner details its surrounding board architecture in order to 
manage its contribution to the heat transfer.

If numerical simulation methods are mandatory to find the appropriate power dissi-
pation of many components on an electronic board, the sensitivity of the components tempera-
tures to early conception changes is today a crucial concern. Moreover, numerical approaches 
can be often cumbersome, expensive and hard to assess by none-expert which are not familiar 
with theirs calculation rules. So it seems much convenient to develop a more comprehensible 
approach allowing designers to early estimate the critical temperatures of electronic compo-
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nents. There are numerous works in the literature based on an analytical approach which deal 
with the problematic of electronic component cooling.

Thus, an analytic method for predicting the temperature distribution over a printed 
circuit board (PCB) is presented in [1]. The model assumes that the n-layer structure of a board 
can be represented by a single layer using effective thermal conductivities approach. Ellison [2] 
proposed a way to take into account two-resistance thermal networks representing the electron-
ic component thermal behavior. 

Chien et al. [3] established a temperature solution of a five-layer substrate for an elec-
tronic chip. The authors used circular embedded heating source in order to reduce computation 
time. Thus the solution is in the form of a single integration rather than double Fourier integra-
tion mandatory for square or rectangular heating source. 

Rinaldi [4] applies the generalized image method to model the thermal resistance of 
a multilayer substrate submitted to an embedded planar or volume heating source. Albers [5] 
proposed a recursion relationship which was derived from the n-layer electrical problem and 
is applicable to solve the multilayer steady-state heat equation of a rectangular heating source 
cooled by an infinite heat sink. More recently Bagnall et al. [6] supplied a 3-D steady-state 
solution for a heat source embedded in a multi-layer substrate based on Fourier series solution 
and recursive relations.

Culham et al. [7] solved the 3-D Fourier series solution for a multi-layer substrate 
having its four sides subject to a uniform Fourier-type boundary conduction to address the ther-
mal characterization of electronic packages. 

Ditri [8] developed a useful form to consider the case of a set of N similar rectangular 
heating micro sized sources spaced with a regular pitch for multi-fingered power transistors. Vin-
trou et al. [9] extended the approach to address the transient regime for a multi-layered chip struc-
ture. The impact of a large set of complex source shapes on the thermal spreading resistance has 
been summarized by Sadeghi et al. [10]. Other analytical approaches based on the integral-bal-
ance method was suggested to solve linear and non-linear heat conduction problems [11, 12]

Maranzana et al. [13] and Pailhes et al. [14] dealt with the quadrupole method to as-
semble pyramidal multi-block or multi-layered slabs with internal heating sources.

Based on these theoretical studies, a set of analytical models was derived [15, 16] to 
address the thermal design of multi-layered PCB with multi-sources mounted on its external 
surfaces in order to assist designers in fulfilling their practical needs.

The purpose of the current work is to extend that model by now considering the mod-
eling of new source shapes.

Initial status of the analytical approach

The established analytical formulation allows a fast evaluation of the temperature 
profile of a set of constitutive cross-plane dielectric or conductive layers according with the 
following capabilities: 

–– quantification of steady-state temperatures of superposed multiple sources,
–– limited to rectangular or square board shape, 
–– consideration of orthotropic thermal conductivities,
–– Fourier-type (3rd) boundary condition on external upper and lower surfaces,
–– moreover, the uniform heat transfer coefficient of the external upper and lower surfaces 

can be minimized (e. g. 10-9) or maximized (e. g. 109) to cover Dirichlet-type (1st) or Neu-
mann-type (2nd) kinds of boundary conditions on external plane surface,

–– Neumann-type (2nd) boundary condition on the layer lateral sides,



	
 799

– assumption of perfect interlayer contact,
– restricted to rectangular or square heating source shapes, and
– heating source located on any layer or between two layers.

The analytical modeling of the various source shapes is henceforth our concern:
– extension to circular or annular source shapes,
– extension to isosceles triangular shape, and
– consideration of square sources rotated 45 degree.

Analytical model and assumptions

The proposed analytical formulation allows a fast evaluation of the temperature pro-
file of a set of constitutive dielectric or conductive layers under steady-state conditions. 

The electronic board is cooled 
from its top and rear surfaces to 
the ambient by coupled convec-
tion and radiation heat exchanges 
to enable potential infrared mea-
surement validation at laboratory 
boundary conditions. Both sur-
faces are exposed to a specific 
uniform heat transfer coefficient, 
named, respectively, ht and hr. 

The board shape is always 
approximated by a rectangular 
or a square geometry. Its overall 
length, Lb, width, Wb, and thick-
ness, Hb, are depicted in fig. 1.

The generalized steady-state governing equation used for this study is the Laplace 
equation. Thus, the governing equation applied to an orthotropic layer called i, is:

( ) ( ) ( )2 2 2

2 2 2

, , , , , ,
0   for   1,i i i

i i i

x y z x y z x y z
Kx Ky Kz i nl

x y z
θ θ θ∂ ∂ ∂
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∂ ∂ ∂

	 (1)

The subscript x, y, z are Cartesian co-ordinates, θi(x, y, z) = Ti(x, y, z) – T∞ is the differ-
ence between the local temperature in layer i and the reference temperature.

Lateral edges are assumed to be adiabatic due to their small thickness compared with 
the other dimensions of the board:
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A planar heating source can be located between two adjacent layers as well as on 
board external surfaces. Its heat flow rates q is assumed uniform over the source.

Thus, the different types of boundary condition will be used depending on source 
location.

If the heating source is located on the top surface (z = Hb and 0 ≤ x ≤ Lb and 0 ≤ y ≤ Wb):

Figure 1. Definition of geometric parameters of 
the analytical model
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If the heating source is located on the rear surface (z = 0 and 0 ≤ x ≤ Lb and 0 ≤ y ≤ Wb):
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If the heating source is embedded between two adjacent layers (z = zi and 0 ≤ x ≤ Lb 
and 0 ≤ y ≤ Wb):
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Each interface of adjacent layer is considered in perfect thermal contact. Thus, inter-
layer temperature and flux continuity boundary conditions (0 ≤ x ≤ Lb and 0 ≤ y ≤ Wb) have to 
be satisfied:
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The 3-D temperature distribution of a PCB has been solved using conventional Fouri-
er series. The final practical solution of the temperature distribution can be written:
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The upper limit Mj and Nj of the truncated Fourier series depend on accuracy require-
ments and m and n are non-negative integers. In practice, the number of terms in the double 
summation is based on a ratio proportional to a board-source size which has to be multiply per 
an appropriate factor, named a. A high agreement is achieved when that parameter is fixed to 
15 [16].

The Kronecker function, δ, is brought to extend the domain validity to the indetermi-
nate cases when m and/or n are equal to zero. The mean temperature is obtained by integrating 
both cosine functions over the source region.
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The parameters Sb and Ssk are, respectively, the areas of the board and of the ns heat-
ing sources. 

The expression ωm,n(zck)|zcj
 is the z-axis thermal profile depending on the position of 

the heating source in the layers.
The Am,jBn,j and , ,m k m kA B  are, respectively, local and average Fourier coefficients, 

depending on the shape of the source.

Multiple cross-plane heating source

The z-axis thermal profile ωm,n,i (z), over the cross-section, depends on the number of 
layers which are to be scrutinized to properly characterize the thermal behavior of the board. Its 
definition according to the boundary conditions (3), (4), or (5) is:
–– heating source on the upper board surface: zcj = Hb → ωm,n(z)|zcj = ωum,n,i(z) with i → zi–1 ≤ z ≤ zi

x

zi
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qsz
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–– heating source on the rear board surface: zcj = 0 → ωm,n(z)|zcj = ωrm,n,i(z) with i → zi–1 ≤ z ≤ zi
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–– heating source at the interface of the s and s + 1 layers: 0 < zcj < Hb → ωm,n(z)|zcj = ωem,n,i(z)

x
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qs

z

–– 0 ≤ z ≤ zs with i → zi–1 ≤ z ≤ zi:
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⋅
–– zs ≤ z ≤ Hb with i → zi–1 ≤ z ≤ zi:
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The formulae of χum,n,i and χrm,n,i functions are given by the recursive relationships:
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While the others parameters of the solution are presented in Appendix A.
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Multiple similar active heating sources

The calculation of the temperature distribution 
of a set of heating sources can be optimized if these 
ones have the same dimension, the same dissipation, 
and are arranged in a pattern, as shown in fig. 2.

Instead of applying the superposition principle, 
the matrix source expression allows to minimize the 
computing time:

( ) ( )( )

( )

,
0 0

,

4
, ,

1 1

  cos cos

M N
zc m n

m n
m n m n

m n zc

qs A Bx y z C
Sb

m nx y z
Lb Wb

θ
δ δ

ω

= =

= ⋅
+ +

π π   ⋅    
   

∑∑

	(15)
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The parameters px and py are axial pitches of two heating sources according to the 
x- and y-direction, respectively.

The parameters nsx and nsy are the source number according to the x- and y-direction, 
respectively.

Multi-shape heating source

By applying the classical orthogonality principle on the boundary conditions (3), (4), 
and (6), the Fourier coefficients Am,j.Bn,j can be deducted from the following expression:

, ,
  cos cos d dy

j

m j n j
Ss

m nA B x y x
Lb Wb
π π   =    

   ∫∫ (16)

 derived for different source shapes are defined Thus, the Fourier coefficients Am,jBn,j 
in tab. 1.

The rhombus parameters are used to treat the case when a square source is rotated 45 
degree but two opposite isosceles triangle could be convenient as well. The Bessel’s form of 
the circular shape case, eq. (18), is based on Laraqi study [17] of the thermal resistance of ran-
dom contacts on a semi-infinite substrate. Thus equation is derived by the development of the 
multiple integral (12) over the circular domain of heating source as shown in the Appendix B. 

Calculation corner

Mathcad® software version 15.0 was used to conduct the analytical model calculations. 
Its results are reported in the next tables by the subscript AM, for analytical model calculation. 
The analytical results are compared to the computation ones given by an Ansys© electronic 
cooling software named Icepak©. The subscript NM for numerical model designs its results.

Figure 2. Matrix form of a set of 
identical heating sources
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Table 1. Practical glossary for multiple heating source shapes

Name Geometry reference Fourier coefficients AmBn
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sgj = 1 if the isosceles triangular is oriented as fig. (a)
sgj = –1 if the isosceles triangular is oriented as fig. (b)

(21)
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Two specific error metrics named ΔTs and sT∆  are fixed for evaluating the agreement 
of the model, as reported in eq. (22). The numerical results are considered as the reference value:

AM NM AM NM

NM NM

     or      s s
T T T TT T
T T T T∞ ∞

− −
∆ = ∆ =

− −
(22)

Board physical geometries

The current study deals with a standardized JEDEC vehicle test board, defined as high 
effective thermal conductivity test board. This one can be compared to an industrial PCB frame 
with its external signal traces on the component sides and its two internal power-ground planes 
of 35 μm. It is commonly described as a 2s2p board. 

Therefore a 2s2p board is a stack-up of 
seven layers that alternates high and very 
low conductive layers, as shown in fig. 3.

The JEDEC JESD51 Standard details 
the requirements concerning the board 
size, thickness, dielectric material (FR-4)  
and traces width, length, and pitch. These 
parameters impact the amount of Cu and 
the capability of the PCB to spread the 
heat in-plane.

As a consequence, the effective 
thermal conductivity of the board layer 

stack-up is strongly anisotropic with a high heat spreading capability in-plane and a very poor 
one cross-plane. Their ratio is most of the time bigger than 50.

So right underneath the component, the thicknesses of the dielectric layers 2 and 6 
have a major influence on the way the heat is removed. Their thickness was fixed at 250 µm 
which is the minimum value specified by JESD51-7. Metallization thicknesses of the top and 
bottom traces layers of the PCB were taken at 50 µm in order to compare the heat transfers to 
industrial realistic cases.

For the present study, the 2s2p board whose size is fixed at 75 × 100 × 1.6 mm was 
used as a test board.

Test board characteristics

Many theoretical and empirical models have been defined to estimate the effective 
thermal conductivity of a composite solid mixture [18]. Moreover, when the source PCB size 
ratio is below 0.1, the conventional concept of a homogenous single layer model that lumped 
the layers of the board must be given up [19] and the N-layer structure kept.

For the current study, the effective thermal conductivities of the PCB structure are 
based on the calculation models:

Sigmoidal model (s)	 ( )*, *, *, *, *,1s u l
i i i i iK K Kφ φ= + − 	 (23)

Upper model (u)	 ( )*, *, *,1u
i i iK kf kmφ φ= + − 	 (24)

Lower model (l)	 ( )2
*,

1 8
4

l
iK kfkmγ γ= + + (25)
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Pre-impregnated  
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Insulation layer  

Insulation layer  

Top signal layer  
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Figure 3. The 2s2p laminated cross-section overview
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where

( ) ( )*, *,3 1 3 1 1  and * or ori ikf km x y zγ φ φ = − + − − =  (26)

The parameters km and kf are, respectively, the thermal conductivities of the dielec-
tric matrix and Cu filler and ϕ is the volume fraction of the filler. These values are fixed at 0.3 
Wm–1K–1 for FR4 material and 400 Wm–1K–1 for the Cu.

Table 2 gives for the seven-layer 2s2p board the deducted effective thermal conductiv-
ities of each calculation models for the selected set of layer thicknesses and their Cu covering 
area factor.

Table 2. The 2s2p multi-layer thermal model data set

Layer i ti
[µm]

ϕ*,i
[%]

K ux,i = K uy,i
[Wm–1K–1]

K lx,i = K ly,i
[Wm–1K–1]

K sx,i = K sy,i
[Wm–1K–1]

K uz,i
[Wm–1K–1]

7 50 15 60.3 0.5 9.5 60.3
6 250 0 0.3 0.3 0.3 0.3
5 35 95 380 370 379.5 380
4 930 0 0.3 0.3 0.3 0.3
3 35 95 380 370 379.5 380
2 250 0 0.3 0.3 0.3 0.3
1 50 15 60.3 0.5 9.5 60.3

The grey columns are used for modeling the thermal properties of the 2s2p multi-lay-
ered structure.

Pertinence of the proposed analytical approach

Three test cases were investigated in order to confirm the relevance of the proposed 
analytical formulae. The 2s2p board was submitted to the following laboratory boundary con-
ditions:

–– both upper and lower heat transfer coefficients (ht, hr) at 12.2 W/m2K, and
–– a reference temperature fixed at T∞ = 85 °C,

The comparison between the models has been done on the center and average tem-
peratures of each board layer considering the planar source having various shapes, locations or 
sizes.

Test case 1. Oriented square source

A 45 degree oriented square source is mounted at the center of the top surface of the 
2s2p test board. The source size varies from 1 mm to 10 mm. A uniform heat power dissipation 
of 0.25 W is applied over the source. 

In order to compare the Ansys© numerical results of this 45 degree oriented square 
source, the analytical model of two opposite isosceles triangles or one rhombus sources is as-
sumed. 

Table 3 shows the achieved good agreement between analytical and numerical calcu-
lations.

Figure 4 presents the centroid and mean temperature for several sizes of heating 
source.

This one demonstrates that both analytical models provide similar results and agree-
ment to numerical simulations. Nevertheless, the use of superposition principle for two opposite 
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Table 3. Comparison of the predictions of the source temperatures

Source shape:
Opposite isosceles triangles

Source
Ls × Ws
[mm2]

Analytical results Numerical results Error eq. (21)
TcAM
[°C]

TavAM
[°C]

TcNM
[°C]

TavNM
[°C]

ΔTc
[%]

ΔTav
[%]

Ws 

Ls

(xc, yc)

1 × 1 163.2 149.4 163.2 149.3 0.00 0.09

2.5 × 2.5 116.9 110.6 116.8 110.6 0.04 0.06

5 × 5 98.9 96.8 98.9 96.8 -0.01 0.06

10 × 10 91.7 90.9 91.7 90.9 -0.04 0.07
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Figure 4. Comparison of temperature predictions of two opposite isosceles triangles and 
rhombus formulations

isosceles triangles model required more computation time to predict the temperatures. Howev-
er, it can be noted that the analytical model is restricted to 45 degree rotated square sources. 

Test case 2. Multiple identical heating sources

A set of 25 identical circular heating sources is placed 
at the center (xc = 37.5 mm, yc = 50 mm) of the front surface 
of 2s2p board, as shown in fig. 5.

Every source has a diameter of 0.6 mm and a uniform 
heat flux dissipation of 20 mW. The pitch between two sourc-
es in both x- and y-directions is equal to 0.8 mm. The nsx and 
nsy source numbers are equal to 5.

The temperatures of each source were determined from 
Bessel’s formulae used for circular shape then compared to an 
Ansys© numerical simulation. 

For this test case, the source temperature has been evaluated by two distinct ways:
–– conventional superposition principle (8) and
–– matrix-source solution (15).

The deducted results are identical and are presented, for centroid and mean tempera-
tures, in tab. 4.

Table 5 highlights that the analytical results are compliant with the numerical results. 
The maximum temperature divergence is close to 0.05 °C. The error percentage for centroid or 
average temperature never exceeds to 0.1%.

Figure 5. Configuration of the 
heating sources
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Table 4. Comparison of the temperature predictions of the analytical and numerical models

Source number
Analytical results Numerical results Error eq. (22)
TcAM
[°C]

TavAM
[°C]

TcNM
[°C]

TavNM
[°C]

ΔTc
[%]

ΔTav
[%]

S1 – S5 – S21 – S25 112.21 111.02 112.19 111.00 0.07 0.08

S2 – S4 – S6 – S10 
S16 – S20 – S22 – S24 116.07 114.98 116.05 114.96 0.06 0.07

S3 – S11 – S15 – S23 116.92 115.85 116.90 115.83 0.06 0.05

S7 – S9– S17 – S19 120.99 120.02 120.98 120.02 0.03 -0.01

S8 – S12 – S14 – S18 122.09 121.13 122.07 121.13 0.03 -0.01

S13 123.24 122.31 123.23 122.31 0.03 0.00

As mentioned previously, using the superposition principle requires more time to pre-
dict the temperature of all cylindrical sources. The compact matrix-source formula (15) offers a 
way to efficiently decrease the sum numbers and so the computation time. As a comparison, the 
Mathcad’s computation time was reduced from 6 h and 30 min to 500 seconds per calculation. 

Moreover, the multi-shaped heating source formulae allow us to quickly compare the 
temperature dissimilarity if the cylindrical shape of the source is replaced by a surface-equiva-
lent square one, being able to be turned 45 degree, as drawn in fig. 6.

So the modeling of the cylindrical contacts of a Ball Grid Array component on an 
electronic board can be assumed to be surface-equivalent squares with no loss of precision.

Test case 3. Multi-shape heating sources

In a realistic application, there are always numerous heating sources with different 
shapes distributed all over the multi-layered PCB. Moreover, latest PCB technologies consider 
embedding components to reduce the size of the board assembly.

In the following case, a set of nine heat sources is mounted on the different layers of 
the 2s2p board as shown fig. 7.

Three among them are buried and located on the bottom of the upper 95% Cu layer, at  
z = 1.256 mm.

At the bottom board edges, four annular sources are assumed in contact with a 
cold-structure and as a consequence a fraction of the power dissipation is supposed drained 
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Figure 6. Studied arragements of the different shapes of heating sources
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from their area. The geomet-
rical characteristics and pow-
er load of each source of the 
studied design are described in 
tab. 6.

Table 7 results enable to 
validate the pertinence of the 
developed analytical formulae 
by comparing the deducted 
results to the numerical calcu-
lation. 

The agreement of the pre-
dictions of the local or the 
average temperature of each 
source is quite relevant. The 
divergence is lower than 0.2% 
whatever the source shape.

Table 5. Comparison of the temperature predictions for different shapes of sources

Source number
Centroid temperature [°C] Average temperature [°C]

Cylindrical 
sources

Square 
sources

Oriented 
square sources

Cylindrical 
sources

Square 
sources

Oriented 
square sources

S1 – S5 – S21 – S25 112.21 112.15 112.17 111.03 110.94 110.98
S2 – S4 – S6 – S10

S16 – S20 – S22 – S24 116.07 116.01 116.04 114.98 114.89 114.94

S3 – S11 – S15 – S23 116.92 116.86 116.89 115.85 115.76 115.81
S7 – S9– S17 – S19 120.99 120.94 120.97 120.02 119.94 120.00

S8 – S12 – S14 – S18 122.09 122.03 122.06 121.13 121.05 121.11
S13 123.24 123.19 123.22 122.31 122.23 122.30

Figure 7. Distribution of different shape sources on the test board 
with their co-ordinates

Center’s name
Center location [mm]

AN3
(xc; yc; zc)

RE1
(35.75; 57.75; 1.256)

AN4
(28.50; 59.00; 0)

RH
(34.75; 50.25; 1.6)

AN1
(28.50; 41.00; 0)

AN3
(46.50; 59.00; 0)

RE2
(42.25; 53.50; 1.256)

SQ
(46.00; 47.00; 1.6)

AN2
(46.50; 41.00; 0)

CI
(39.50; 42.50; 1.256)

x

y

Table 6. List of the heating sources mounted on the board

Source 
shape Name Power

[W]

Dimensions [mm] Center location [mm]
Length

(Ls)
Width
 (Ws)

Int. radi-
us (Ri)

Ext. ra-
dius (Re)

xc yc zc

Annular AN1 –0.025 – – 1.5 2 28.5 41 0
Annular AN2 –0.025 – – 1.5 2 46.5 41 0
Annular AN3 –0.025 – – 1.5 2 46.5 59 0
Annular AN4 –0.025 – – 1.5 2 28.5 59 0

Rectangular RE1 0.2 7.5 2.5 – – 35.75 57.75 1.256
Rectangular RE2 0.1 1.5 5 – – 42.25 53.5 1.256

Square SQ 0.25 5 5 – – 46 47 1.6
Rhombus RH 0.5 7.5 7.5 – – 34.75 50.25 1.6
Circular CI 0.25 – – – 2.5 39.5 42.5 1.256

Conclusions

A Fourier’s analytical model was completed in order to determine the steady-state 
temperature distribution of each layer of a multi-layer industrial board frame. The suggested 
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approach extends the use to multiple sources having various shapes which could be mounted on 
the in-plane external surfaces as well as embedded in its core structure.

The pertinence of a kit of practical expressions proposed for modeling board thermal 
behavior has been correlated from a set of electronics cooling software. 

The agreement of the analytical modeling turns out quite relevant for early stages of 
a board design. The accuracy level and the computation time are compatible with industrial 
purposes.

Moreover, an optimal formulation applied to the case of multiple identical heating 
sources mounted on the PCB is supplied, this last one allowing shorter time calculation. 

Further, the use of rhombus or opposite isosceles triangles allows us to characterize 
the behavior of 45 degree oriented square source. 

However, the study shows the lack of an expression able to take into account the mul-
tiple orientations of heating source which are more and more encountered today in electronic 
board conception.

Nomenclature

Table 7. Comparison of the temperature predictions of the analytical and numerical models

Source shape Name
Analytical results Numerical results Error eq. (21)
TcAM
[°C]

TavAM
[°C]

TcAM
[°C]

TavAM
[°C]

ΔTc
[%]

ΔTav
[%]

Annular AN1 93.9 93.2 93.2 93.2 –0.03 –0.12
Annular AN2 948 94.1 94.1 94.1 –0.08 –0.15
Annular AN3 94.2 93.4 93.4 93.4 –.012 –0.12
Annular AN4 94.0 93.3 93.3 93.3 –0.04 –0.16

Rectangular RE1 100.9 100.3 100.3 100.3 0.21 –0.16
Rectangular RE2 101.3 101.0 101.1 101.1 0.19 –0.17

Square SQ 108.8 106.7 106.7 106.7 0.11 –0.11
Rhombus RH 110.6 108.5 108.5 108.5 –0.13 –0.13
Circular CI 102.3 101.7 101.6 101.6 0.27 0.13

Am, Bn	 – Fourier coefficients, [–]
,m nA B – mean Fourier coefficients, [–]

hr, ht	 – heat transfer coefficient, [Wm–2K–1]
Kx, Ky, Kz	 –	axis effective thermal conductivities,

	 [Wm–1K–1]
kf	 – thermal conductivities of

Cu filler, [Wm–1K–1]
km	 – thermal conductivities of dielectric

matrix, [Wm–1K–1]
Lb, Wb, Hb	 –	 the PCB dimensions, [m]
Ls, Ws, Hs	 –	source dimensions, [m]
M, N	 –	Fourier series truncation limit, [–]
nl, ns	 – layers number, heating sources

numbers, [–]
nsx, nsy	 –	axsial source number, [–]
px, py	 – axial pitches, [m]
qs	 – heating power, heat flow rate of

source, [Wm–2]

R	 – radius of cylindrical sourse, [m]
Re, Ri	 – internal and external radius of annular

source, [m]
Sb, Ss	 – the PCB and source area, [m2]
T	 – temperature, [K]
T∞	 – reference temperature, [K]
t	 – layer thickness, [m]
xc, yc, zc	 –	center location of heating source, [m]
x, y, z	 – local Cartesian co-ordinates, [m]

Greek symbols

δ	 – Kronecker function
θ	 – temperature excesses,

[ = T(x,y,z) – T∞], [K]
ω	 – z-axis thermal profile
ϕ	 – Cu coverage, [%]
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Subscripts

i	 – layer identification
j	 – heating source identification
m, n	 – indices

Acronyms

AM, NM	 –	analytical model, numerical model
PCB	 –	printed circuit board
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