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This paper considers a non-linear wave equation arising in fluid mechanics. The
exact traveling wave solutions of this equation are given by using G'/G-expansion
method. Tthis process can be reduced to solve a system of determining equations,
which is large and difficult. To reduce this process, we used Wu elimination
method. Example shows that this method is effective.
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Introduction

Recently, many powerful methods have been established and improved to seek exact
solutions of non-linear evolution equations (NLEE) which describe non-linear phenomena aris-
ing in physics, mechanics, non-linear optic, and other fields. Some of these methods include
auxiliary equation method [1], Clarkson-Kruskal direct method [1], modified variational itera-
tion method [2], improved extended tg-function method [3], and so on.

In this paper, we will consider a surface wave equation [4]:

u, +agu, +a,uu, +au,. +byu, +b(wu ), +bu, =0 (1)

which describes oscillatory Rayleigh-Marangoni instability in a liquid layer with free boundary.

The G'/G-expansion method has become widely used to search for various exact solu-
tions of NLEE recently [5-7], the value of this method is that one treats non-linear problems by
essentially linear methods. We first treat the governing eq. (1) by G'/G-expansion method, and
obtain a large system of algebraic equations, which is difficult to solve, then we use Wu elimina-
tion method to solve this problem.

Application of the G'/G-expansion method for the eq. (1)

Let's assume the traveling wave solution of eq. (1) in the form:

u=U(&), &=x—dt ()
where d is a arbitrary constant. Using the wave variable (2), the eq. (1) is carried to:
aU'—dU" +a,UU'"+a,U® +bU" +bU'? +UU")+b,U® =0 3)

integrating eq. (3) once with respect to & and setting the integration constant as zero, we have:
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aU —dU +"2—1U2 +bU' +bUU" +a,U" +b,U® =0 (4)
suppose that the solution of the ordinary differential equation (ODE) (4) can be expressed:
G
UE©)= ic{—} (5)
=0 \ G
and G(&) satisfies a second order linear ODE:
G"+AG" +uG=0 (6)

where c; are constants to be determined and ¢, # 0, 4 and u are arbitrary constants, m can be de-
termined by considering the homogeneous balance between the highest order derivative U® and
non-linear term UU’ appearing in (4), m + 3 =2m + 1, so that m = 2.

We then suppose that eq. (4) has the following solutions:

’ ! 2
U)=c, +cl(%)+c2(%j , ¢ #0 (7)

where ¢,, ¢, and ¢, are constants to be determined.

Substituting eq. (7) along with eq. (6) into eq. (4) and collecting all the terms with the
same power of G'/G together, equating each coefficient to zero, yields a set of algebraic equa-
tions, which is large and difficult to solve, with the aid of MATHEMATICA and the Wu elimi-
nation method [8], we can distinguish the different cases namely:

Case (1)
2(A%a, +2ua,) 12a, 12Aa,
C():_—’ sz— , C1= , (8)
a a a
d=ay,—A%a, +4ua,, by=b =b, =0
Case (2)
) =_12a2 » G =_12/1a2 > Co =—12ﬂa2 , d=ay+A%ay —4ua,, by=b =b, =0 (9)
a a a
Case (3)
12b, 12(ayb, — ayby —52b,by)
CZ = 5 cl =
b 5h?
6(5a2b, —5a,a,by, —19Aa,b b, —5byb b, +19Aa b} +190ub b2)
Ch =
’ 95525, (10)
e 36a3b; —36a,a3b, —150a,b,b by +114a,b,b; +361a,b, b}
361b, b}
and —bja} —76b,bju +19b, b2A* + a,b,a, + bbby =0,

25b2byby —6b2a? —13a,b bya; +19b7a? =0
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Case (4
ase (4) L __12b,_12(ayb —ab, —5Abby)
oo 5h? ’
6(5a2b, —5a,a,b, +314a,b b, —5byb by —314a, b —310ubb})
Ch =
’ 155b2b,
d:36a§’b1 —36a,a3b, +150a,byb, b, —186a,byb} +961a,b b? (10
961b, b2 ’
—bya3 —124b, b} +31b b7 A% + aybya; + byb by =0,
25b2byby +6b2a3 —37a,b bya, +31b}al =0
Case (5)
ay —a3 —6Aaib, +6a,byb, +36a,b; +6A%*a,b; +48ua,b;
Cp=-—
6a,b, b,
12 2(a, -
¢y =— bz’ ¢ = (ay 6/“72),
by by
go % —a3 +6a,byb, +6A%a,b} —24ua,b; (12)
36b2 ’
and a,b, —6a,b, =0,
ag(1+36b})* —4aya, (1+36b7)2a3 —3b,[by + (A* —4u)b, ]} +
+a?{aj +36b3[by + (A% —4u)by 1? —12a2b,[by +4(A? —4u)b, 1} =0
Case (6)
o 12a, o 12(5Aa, —by) o - 6(50ua? —5Aa,by —b})
2 — s 1= - > 0 — s
a, Sa, 25a,a, (13)
25a,a, +6b7
d=————, and —100aZu +25a21? — b} =0, b =0, b, =0
25a,
Case (7)
o 12a, . 12(54a, — by) . 6(50ua; —5ia,b, +b})
h =~ , G =, ¢y =— )
a, Sa, 25a,a, (14)
25a4a, —6b7
d=——————, and -100aZu+25a2A* = b =0, by =b, =0
25a,
Case (8)
12b, 12(a, —51b,) 6Aa, —5b, —60ub,
Cy =— , O =, ¢ = )
b, 5h, 5h, (15)
d=ay, and —aj —100b5u +25b72% =0, a; =0
Case (9)
12b 124b —by — A?b, —8ub
G =——2, ¢ = 2 ¢y =—" 2 uz,dzao, a, =a, =0 (16)

b, b, b,
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Using the previous results, we can obtain nine families of travelling wave solutions,
we just give two families of these solutions due to the limit of length, other families of solutions
can be obtained in the same way.

Consider Case (1), substituting (8) into (7), we obtain:

204, +2uay) | 124a, [QJ_ 124, (QT

a, a, G a \ G ’
E=x—(ay —A*a, +4ua,)t

substituting the general solutions of eq. (6) into eq. (17), we can obtain solutions of eq. (1):

— When A2 —4u >0,

U@ =

(17)

VA - 4,u[chosh(;§wMZ —4u j + clsinh(ig 22 — 4u H
z{dcosh(;gmj P smh@gmﬂ

1244-2 + a,

u(&) =-

a;
VA2 - 4/,{02005h[;§w//12 —4du j + clsinh[;ﬁ,//lz —4u ﬂ
2|:61C05h[;§w//12 —4u J +2 sinh[;ﬂlz —4u ﬂ

4
_2(A%a, +2uay)

a

129 ——+ a,

where & =x — (a, — A%a, + 4ua,)t and ¢l and c2 are arbitrary constants.

— When A2 —4u <0,

AT+ 4;{c2005(;§1/—ﬂ,2 +4u j + clsin(;@/—ﬂ,z +4u H

_clcos(;é,/—lz +4u j + cZSin(;é,/—/P +4u J_
ué)=- - - -

a
e czco{;g,/r +4yj_dsm(;gmj
—_— + o .
2
2{01 cos(éf,/—iz +4u j +2 sin(;.ﬁw/—}tz +4u ﬂ

a
_2(AMay +2uay)

a

1243 ==+ a,
2

\S)

12 a,

where & = x — (a, — A%a, + 4ua,)t and cland ¢2 are arbitrary constants.
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—When A2 —4u =0,

6A[cA + 2(-2+EA)]a, 3[cA +2(=2+EN)]*a, 2(A*a, +2ua,)
(cl + 2&)a, (cl+ 2&)2a, a,

u(S) =

where & = x — (a, — A%a, + 4ua,)t and ¢l and c2 are arbitrary constants.
Consider Case (2), similar on Case (1), we can obtain three types of traveling
wave solutions of eq. (1):

— When A% —4u >0,

JA? - 4;{c2cosh(;§1/}tz - 4,uj+ clsinh(;g 22 — 4u H

1244 ——+ a,
2|:ClCOSh[1§1/A,2 —4u j + c2sinh(1§ [p2 — 4u H
12ua, 2 2
u(§) = -2 -
a4 a,
2
JAZ = 4u{c2cosh[;§1//12 —4u j + clsinh[;a/)bz —4u ﬂ
120 ——+ ,
2
Z{C‘lcosh(;éw/)b2 —4u ) + c2sinh(;§ [22 4 ﬂ
a
where & = x — (a, +A%a, — 4ua,)t and c1 and c2 are arbitrary constants.
—When A2 —4u <0,
A%+ 4u[c2cos(;§1/—lz +4u j —d sin(;g,/—lz +4u H
1244 ==+ a,

2{01005(;5,/—/12 +4u j +2 sin(;éw/—lz +4u H

a, a

i
; A%+ 4/.{c2005[;§,/—12 +4u ) —d sin[;rﬁ,/—)ﬂ +4u ﬂ
12 ——+
2 2{0100{;5,/—/12 +4,u]+025in(;<§1/—/12 +4u H

a

12pa,

u(§) =

2

where & = x — (a, +A%a, — 4ua,)t and cland c2 are arbitrary constants.
—When A% —4u =0,
OA[dA + 2(-2+EM)]a,  3[dA +2(=2+EM)]*a, 12ua,

)= T 2o (d+28)a, a

where & =x — (a, + A%a, — 4ua,)t and cland c2 are arbitrary constants.
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Conclusion

In this paper, we use G'/G-expansion method to solve a wave equation arising in fluid
mechanics, this process can be reduced to solve a large system of algebraic equations, which is
hard to solve, then we use Wu elimination method to solve the algebraic equations. The results
show that we get more and general solutions than [4, 9, 10].
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