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This pa per gives two use ful meth ods to con struct a variational for mu la tion for heat
trans fer. Xu's variational prin ci ple for heat trans fer in terms of entransy is used as
an ex am ple to elu ci date how to cor rect a wrong variational for mu la tion, and the
semi-in verse method is adopted to es tab lish a needed variational prin ci ple.
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In tro duc tion

In 2012, Xu [1] es tab lished a variational prin ci ple for heat trans fer, which is: 
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where L is the entransy de fined [1]:
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The Eu ler-Lagrange equa tion of eq. (1) is: 
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where the sub scribes im ply the par tial dif fer en ti a tion, i. e. Tx = ¶T/¶x, Txx = ¶2T/¶x2. 
By a sim ple cal cu la tion, we have:  
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Equa tion (4) im plies 0 º 0. We there fore, con clude that Xu's variational prin ci ple is
wrong. In this pa per we will show how to es tab lish a needed variational for mu la tion for prac ti cal 
ap pli ca tions. 

Con struc tion of a variational for mu la tion

Try-and-er ror method 

The Lagrange func tion given in eq. (2) gives a wrong re sult, so eq. (2) re quires some
mod i fi ca tion. In this pa per, we give the fol low ing cor rec tion:
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where a and b are con stants. 
The Eu ler-Lagrange equa tion of eq. (5) reads:
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It re quires that a ¹ b.

Semi-in verse method 

  The semi-in verse method was pro posed in 1997 to es tab lish a variational for mu la tion
di rectly from gov ern ing equa tions [2]. Hereby we con sider a gen eral heat trans fer: 
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where kx, ky, kz, and Q are con stants or func tion of co-or di nates.  
The semi-in verse method be gins with a trial Lagrange func tion with an en ergy form.

For ex am ple: 
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where F is an un known func tion of T and/or its de riv a tives. Al ter na tive ap proaches to con struc -
tion of the Lagrange func tion was dis cussed in [3-6]. 
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The Eu ler-Lagrange equa tion for eq. (9) is: 
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where dF/dT is the variational de riv a tive de fined:
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Equa tion (10) should sat isfy eq. (8), this re quires that:
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From eq. (12), F can be iden ti fied, which reads:

F k
T

y
k

T

z
QTy z=

æ

è
ç

ö

ø
÷ +

æ

è
ç

ö

ø
÷ +

¶

¶

¶

¶

2 2

2 (13)

We, there fore, ob tain a needed Lagrange func tion:
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Re mark 1

In case kx = ky = kz = k and Q = 0, eq. (14) is equiv a lent to eq. (5) when a = 1 and b = 0.

Re mark 2 

When Q is a func tion of T, the Lagrange func tion be comes: 
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where Q is cal cu lated from the equa tion: 
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Con clu sions 

This pa per shows how to cor rect a wrong variational for mu la tion by a try-and-er ror
method, and the semi-in verse method is adopted to es tab lish a needed for mu la tion, for mu la tion
di rectly from the gov ern ing equa tions. 
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