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Two classes of ra tio nal so lu tions to a shal low wa ter wave-like non-lin ear dif fer en -
tial equa tion are con structed. The ba sic ob ject is a gen er al ized bilinear dif fer en tial
equa tion based on a prime num ber, p = 3. Through this new trans for ma tion and
with the help of sym bolic com pu ta tion with MAPLE, both the new equa tion and its
ra tio nal so lu tions are ob tained.
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In tro duc tion

In re cent years, there has been a grow ing in ter est in non-lin ear dif fer en tial equa tions,
which are used to de scribe the me chan i cal, pro cess con trol, eco log i cal and eco nomic sys tems,
chem i cal re-cy cling sys tem and other ar eas of ep i de mi ol ogy is sues [1, 2].

Shal low wa ter wave equa tion is a math e mat i cal de scrip tion of a wide va ri ety of shal -
low wa ter fluid mo tion [3, 4]. In the re search of shal low wa ter equa tions, how to get the ra tio nal
so lu tions is very im por tant, how ever, the dif fi culty in creases due to its non-lin ear ity. If more ex -
act so lu tions can be ob tained through a sim ple way, a wide ap pli ca tion are pre dicted [5-7].

In this pa per, we would like to con sider a shal low wa ter wave-like non-lin ear dif fer en -
tial equa tion in duced from a gen er al ized bilinear dif fer en tial equa tion of shal low wa ter wave
type [8, 9]. Based on the orig i nal shal low wa ter wave equa tion, a new bilinear trans for ma tion is
con sid ered. Then through the de pend ent vari able trans for ma tion, we get the shal low wa ter
wave-like equa tion [10, 11]. From a class of poly no mial gen er at ing func tions, a MAPLE search
tells us six classes of ra tio nal so lu tions to the con sid ered shal low wa ter wave-like equa tion,
along with some spe cial in ter est ing so lu tions. A con jec ture on ra tio nal so lu tions to the con sid -
ered shal low wa ter wave-like equa tion is made at the end of the pa per.

A shal low wa ter wave-like equa tion

Let us con sider a gen er al ized bilinear dif fer en tial equa tion of shal low wa ter wave-like
type:

( )D D D D Dx t x x t xx xt xx x xt x tff f f f f f f f f f3 2 26 2 2 2 2- - = + - + - = 0 (1)
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This is the same type bilinear equa tion as the shal low wa ter wave one [12]. The pre vi -
ous dif fer en tial op er a tors are some kind of gen er al ized bilinear dif fer en tial op er a tors in tro duced 
in [13]:
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In par tic u lar, we have:   
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In the case of p = 2, i. e., the Hirota case, we have:
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which gen er ates the stan dard bilinear [14] shal low wa ter wave equa tion. Un der the link be tween 
f and u [15, 16]:

u f x= (ln ) (6)

and then the re sult of these trans for ma tion can di rectly show that the gen er al ized bilinear eq. (1)
is linked to a shal low wa ter wave-like sca lar non-lin ear dif fer en tial equa tion:
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Be cause of the new equa tion is re sult from the trans for ma tion based on the bilinear
forms of the orig i nal shal low wa ter wave equa tion, it is called the shal low wa ter wave-like equa -
tion. More pre cisely, by vir tue of the trans for ma tion (6), the fol low ing equal ity holds:
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and thus, f solves eq. (1) if and only if u = (lnf)x pres ents a so lu tion to the shal low wa ter
wave-like eq. (7). Res o nant so lu tions in term of ex po nen tial func tions and trig o no met ric func -
tions [17] have been con sid ered for gen er al ized bilinear equa tions. In this pa per, we would like
to dis cuss their poly no mial so lu tions which gen er ate ra tio nal so lu tions to sca lar non-lin ear dif -
fer en tial equa tions by fo cus ing on the shal low wa ter wave-like eq. (7).

Ra tio nal so lu tions

By sym bolic com pu ta tion with MAPLE, we look for poly no mial so lu tions, with de -
grees of x and t be ing less than 10:
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where the cij are con stants, and find many classes of poly no mial so lu tions to the gen er al ized
bilinear equa tion. Among these so lu tions, we se lected six so lu tions which hold a rel a tively sim -
ple form into con sid er ation:
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where the in volved con stants cij 's are ar bi trary pro vided that the so lu tions make sense. 
          Tak ing the con crete forms of the re sult ing poly no mial so lu tions (10)-(15) into

con sid er ation, we can ob tain six classes of ra tio nal so lu tions to the shal low wa ter wave-like eq.
(7) with the help of MAPLE:

 u
a x abx b

a x abx a t b t b x
= -

+ +

- - + + - +

6 4 4

4 6 144 3 3 12

2 2

2 3 2 2 2 2

( )

ac
(16)

u
t tx x t x

t t x tx x
= -

- + + - +

- + - +

18 36 18 480 480 3200

9 9 9 3

2 2

3 2 2 3 240 120 1708 16002tx x t x+ + -
(17)

u
t t x tx x t x

t t x t x
=

+ + + - -

+ +

16 96 192 128 384 2304

8 24

3 2 2 3

4 3 2 2 + + + - - -32 16 48 192 576 17283 4 2 2tx x t tx x
(18)

u
at bt

ct at x dt btx et axt at bt
=

+

+ + + + - + +

12 6

9 9 6 3 3 3 2

2

3 2 2 2 3 2
(19)

u
t t x tx x t x

t t x t x tx x
=

+ + + - -

+ + + +

8 24 24 8 48 144

4 6 4

3 2 2 3

4 3 2 2 3 4 2 212 24 36 108+ - - -t tx x
(20)

u
a t a tx a x abt abx b

a t a t x a
= -

- + + - +

- +

6 2 2 2

3 3 3

2 2 2 2 2 2

2 3 2 2 2

( )

tx a x abt abtx abx a t b t b x ac2 2 3 2 2 2 2 26 6 3 36 3 3 3- + - + + + - +

(21)

where a, b, c, d, and e  are ar bi trary con stants. Ac tu ally, the poly no mial so lu tions in the first
group of (10)-(15) gen er ate the ra tio nal so lu tions in (16)-(21). Note that in (16)-(21), the con -
stants were rescaled and re named. Pic tures of the so lu tion (17), (18), and (20) are given in fig. 1.
The ra tio nal so lu tions (16), on one hand, re duced to:
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when a = 1, b = 10, and c = 0. On the other hand, the ra tio nal so lu tions (19) re duces to:
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Figure 1. The rational solution: (a) eq. (17); (b) eq. (18); (c) eq. (20)
(for color image see journal web-site)

Figure 2. The rational solution: (e) eq. (22); (f) eq. (23); (g) eq. (24)
(for color image see journal web-site)

Figure 3. The x-curves of solutions (22) and (24): (a) eq. (22); (b) eq. (24)



when a = 1, b = 1, c = 1, d = 0, and e = 0. The ra tio nal so lu tions (21) re duces to:
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when a = 1, b = 1, and c = 0. Pic tures of the so lu tion (22)-(24) are given in fig. 2. The x-curves of
so lu tions (22) and (24) are de picted in fig. 3.

Con clu sions

We con sid ered a gen er al ized bilinear equa tion which yields a shal low wa ter wave-
-like equa tion [18], and con structed the ra tio nal so lu tions to the re sult ing shal low wa ter
wave-like eq. (7). By a MAPLE sym bolic com pu ta tion, we pre sented six classes of the con -
structed ra tio nal so lu tions. The ba sic start ing point is a kind of gen er al ized bilinear dif fer en tial
op er a tors in tro duced in [19].

It is worth check ing if there ex ists a kind of Wronskian so lu tions and lump so lu tions
[20] to the shal low wa ter wave-like non-lin ear eq. (7). We also con jec ture that the six classes of
ra tio nal so lu tions in (16)-(21) which gen er ated from poly no mial so lu tions to the gen er al ized
bilinear eq. (7) un der the link (6) would con tain all ra tio nal so lu tions to the shal low wa ter
wave-like non lin ear eq. (7).
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