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A fuzzy model for dye re moval is sug gested to study a trans port model of the di rect
tex tile in dus try wastewater, and the variational it er a tion method is adopted to ob -
tain its an a lyt i cal so lu tions. The con cen tra tion de pends upon not only the pa ram e -
ters in the gov ern ing equa tion, but also the pair of the ini tial con di tion.
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In tro duc tion

Tex tile in dus tries pro duce huge amounts of pol luted effluents that are nor mally dis -
charged to sur face wa ter bod ies and ground wa ter aqui fers [1-5]. These wastewaters cause many
dam ages to the eco log i cal sys tem of the re ceiv ing sur face wa ter and cre ate a lot of dis tur bance to 
the ground wa ter re sources [1].

To model ad sorp tion pro cess of the di rect tex tile in dus try wastewater, the fol low ing
trans port equa tion is widely adopted [1]:
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where C is the equi lib rium con cen tra tion of the so lu tion, S [mgg–1] – the quan tity of mass sorbed 
on the solid sur face, R – the re tar da tion fac tor, K – the de lay con stant, and rd  [1/1000 mgmm–3]
– the bulk den sity of the me dium.

Langmuir iso therm re veals the re la tion ship be tween C and S, which reads [1]:
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where Q0 is the max i mum ad sorp tion ca pac ity, and KL – the Langmuir con stant.
Com bin ing eqs. (1) and (2) to gether, we ob tain the fol low ing non-lin ear equa tion: 
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with the fol low ing ini tial con di tion:
C C( )0 0= (4)
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In prac ti cal ap pli ca tions, the ini tial con di tion is not de ter min is tic, but fuzzy. In this pa -
per we will con sider a fuzzy dif fer en tial model with a fuzzy ini tial con di tion, and ap ply the
variational it er a tion method to solve fuzzy dif fer en tial model an a lyt i cally. 

Fuzzy dif fer en tial model for dye re moval

Gen er ally speak ing, all gov ern ing equa tions in en gi neer ing ap pli ca tions are fuzzy dif -
fer en tial equa tions, be cause we can not ex actly give the ini tial con di tions. When we say the ini -
tial con cen tra tion is eq. (4), it ac tu ally means that the av er age ini tial con cen tra tion is C0. The ac -
tual ini tial con di tion sat is fies the fol low ing in equal ity: 

C0 < C(0) < C0 (5)

The so lu tion of a non-lin ear equa tion strongly de pends upon the ini tial con di tion; a
small di ver gence of the ini tial con di tion will re sult in a re mark able er ror.

A fuzzy num ber, C, is a pair (C, C)  of func tions C(r), C(r), 0 £ r £ 1, sat is fy ing the fol -
low ing re quire ments: C(r) is a bounded monotonic in creas ing left con tin u ous func tion,  C(r) is a 
bounded monotonic de creas ing left con tin u ous func tion, and C(r) < C(r), 0 £ r £ 1. In stead of eq. 
(4), the fuzzy ini tial con di tion can be writ ten: 

C(0) = (C0, C0) (6)
where 

C0(r) = mr + n (7)

C0(r) = p – qr (8)

where m, n, p,  and q  are known pa ram e ters, r is an un cer tainty pa ram e ter, 0 £ r £ 1, and m + q =
= –n + p. 

Fuzzy variational it er a tion method

The variational it er a tion method was first pro posed at the end of last cen tury and fully
de vel oped in 2006 and 2007, and it has been ex ten sively worked out by nu mer ous au thors who
suc cess fully ap plied the method to var i ous kinds of non-lin ear prob lems [6-9], and it be comes
an ef fec tive math e mat i cal tool to fuzzy dif fer en tial equa tions [10-15]. 

We re-write eq. (3) in the form: 
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Us ing the variational it er a tion method, we can con struct the fol low ing it er a tion al go -
rithm: 
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Equa tions (10) and (11) are called the variational it er a tion al go rithm-I, and eqs. (12)
and (13) the variational it er a tion al go rithm-II. We be gin with: 

C C C Ct t= =- -
0 0e eb b, (14)

where b  and b are un known con stants to be de ter mined later. 
By the variational it er a tion al go rithm-II, we have: 
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From eq. (3), we have an ad di tional ini tial con di tion, that is: 
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Us ing this re la tion ship, we can iden tify b in eq. (15):  
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From eq. (10) b can be solved, which is: 
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There fore, we ob tain the fol low ing an a lyt i cal so lu tion:
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Sim i larly, we have: 
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where
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Dis cus sion and con clu sion

As a prac ti cal case, we con sider an ex am ple a = 1, b = 1, and r = 0.1, the pair for the ini -
tial con di tion read:

C r r0 01 01( ) . .= - (22)

C r r0 01 01( ) . .= - (23)

Equa tions (22) and (23) im ply that the mean ini tial con di tion is C(0) = 0, and the pa -
ram e ter, r, im plies un cer tainty of the ini tial con di tion. The so lu tions, eqs. (19) and (20) not only
de pend upon main pa ram e ters in eq. (3), but also the pair of the ini tial con di tion. The two so lu -
tions give the max i mal and min i mal con cen tra tion prop er ties, which have great im por tance in
dye re moval.
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