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Chain rule plays an im por tant role in frac tional cal cu lus. There are many def i ni -
tions of frac tional de riv a tive, and this pa per shows that the chain rule is in valid for
Jumarie's mod i fi ca tion of Riemann-Liouville def i ni tion. 
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In tro duc tion

In a re cent pa per, Sahoo and Saha Ray [1] stud ied the fol low ing time-frac tional
Kuramoto-Sivashinsky (K-S) equa tion:

D t x xx xxxu auu bu kua + + + = 0 (1)

where 0 <  a £ 1, a, b, k are ar bi trary con stants, and the frac tional de riv a tive D t
a  is de scribed

Jumarie's mod i fied Riemann-Liouville sense [2], namely:
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Equa tion (1) is very im por tant to study the me chan ics of sys tems at nanometerscale.
Sahoo and Saha Ray [1] ob tained eight an a lyt i cal ex act so lu tions by us ing tanh-sech method
with the help of frac tional com plex trans form [3]. Their ap proach is strongly based on the fol -
low ing Jumarie's sim ple chain rule:
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How ever, some counterexamples have been ap peared in lit er a ture, see [4-6]. In this
pa per, the chain rule will be checked again. 

Anal y sis and re sult

For the reader's con ve nience, we here list Sahoo's eight so lu tions [1]:
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Next, we will prove that these so lu tions are not true.

Wang, J., et al.: On Chain Rule in Fractional Calculus
804 THERMAL  SCIENCE: Year 2016, Vol. 20,  No. 3, pp. 803-806



By eq. (2), we can re-write the eq. (1): 
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For sim plic ity, we choose a = 1, b = 1, k = 11/19, and a = 0.5 in eq. (1) for check ing the
ob tained so lu tions listed pre vi ously. 

If the func tion (4) is a so lu tion of the frac tional dif fer en tial eq. (1), then the func tion:
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sat is fies the fol low ing equa tion:
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In te grat ing both sides of the eq. (14) with re spect to time from 0 to 1, we have:
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Take x = 0 in eq. (15), we have:
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How ever, by MAPLE soft ware, we ob tain that left side of eq. (16) ap prox i mately
equals –4.26 and right ap prox i mately equals –0.25.

Thus, the func tion (4) is not a so lu tion of the eq. (1). Sim i larly we can prove that the
func tions (5)-(11) do not sat isfy eq. (1).

Dis cus sion and con clu sions

Chain rule is not valid for Jumarie's def i ni tion of frac tional de riv a tive, and new def i ni -
tions for frac tional de riv a tive are much needed. Some new trends in this di rec tion are lat tice
frac tional de riv a tive [7], dis crete frac tional de riv a tive [8], and He's frac tional de riv a tive [9]. 

This pa per gives an ef fec tive way to check the chain rule for frac tional cal cu lus. 
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