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This pa per adopts He's frac tional de riv a tive for non-lin ear frac tional heat trans fer
equa tion. The frac tional com plex trans form and He's variational it er a tion method
are used to solve the frac tional equa tion. 
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In tro duc tion

Re cently, frac tional de riv a tives have found many ap pli ca tions in var i ous fields of
phys i cal sci ences such as heat trans form, re ac tion dif fu sion, con trol, and so on. The frac tional
de riv a tives have many kinds of def i ni tions. The mostly ap plied ones are:
(1) Riemann-Liouville def i ni tion [1]:
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(2) Caputo's def i ni tion [1]:
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(3) Xiao-Jun Yang's def i ni tion [2]:
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where Da[f(x) – f(x0)] @ G(1 + a) D [f(x) – f(x0)].
(4) Jumarie's def i ni tion [3]: 
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(5) He's fractal de riv a tive [4-6]:
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where Dx does not tend to zero.
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(6) He's frac tional de riv a tive [7-9]:
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where f0(t) is a known func tion.
In this pa per, we use He's variational it er a tion method (VIM) [10-13] and frac tional

com plex trans form [14-16] to solve the non-lin ear frac tional heat trans fer equa tion. The frac -
tional com plex trans form was first pro posed by He [14-16]. The frac tional com plex trans form
can con vert frac tional dif fer en tial equa tion into its dif fer en tial part ner, there fore the VIM can be 
ef fec tively ap plied.

We con sider the non-lin ear time-frac tional heat trans fer equa tion in the fol low ing
form [17]:
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with the fol low ing ini tial con di tion:
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where ¶a/¶ta is He's frac tional de riv a tive de fined:
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where u x t0 ( , )  is the so lu tion of its con tin u ous part ner of the prob lem with the same ini tial con -
di tion of the fractal part ner.

There are many an a lyt i cal meth ods to solve eq. (7), for ex am ples, homotopy per tur ba -
tion method [18] and sub-equa tion method [19]. This pa per ap plies the VIM [10-13] to search
for an ap prox i mate so lu tion of the equa tion. 

Variational it er a tion method

Con sider the fol low ing dif fer en tial equa tion:

Lu + Nu = g(x) (10)

where N is a non-lin ear op er a tor, L is a lin ear op er a tor, and g(x) is a ho mo ge neous term. 
Ac cord ing to the VIM [10-13], we con struct a cor rect func tional for eq. (10):

u x u x Lu Nu gn n n

x

n+ = + ò + -1
0

( ) ( ) { ( ) $ ( ) ( )}l x x x xd (11)

where l is a Lagrange mul ti plier, which can be iden ti fied op ti mally via variational the ory. The
sec ond term on the right is called the cor rec tion, and $un   is con sid ered a re stricted vari a tion, i. e. 
d $un = 0.

Nu mer i cal ap pli ca tion

The first step to solve eq. (7) by VIM is to con vert the equa tion into its dif fer en tial part -
ner by the frac tional com plex trans form [14-16]:
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We can eas ily con vert eq. (7) into a dif fer en tial equa tion, which is the fol low ing form:
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with the fol low ing ini tial con di tion:
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Us ing the VIM, we have the cor rect func tional:
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The sta tion ary con di tions are given as the fol low ing form:
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which im plies l = –1. There fore, we ob tain the fol low ing it er a tion for mula:
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We set eq. (14) as the ini tial ap prox i ma tion u0(x, T). Then us ing the it er a tion for mula
eq. (17), we ob tain the fol low ing re sults:
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Sub sti tut ing eq. (12) into pre vi ous re sults, we have:

u x T
x

x x

u x T
x

x x

x

x x

0 2

1 2 2

1 2

1
1 2

1

6 1 2

( , )

( , )
( )

(

=
+

+ +

=
+

+ +
-

+

+ +1 1

1 2

1

6 1 2

1

2

2 2 2 2

) ( )

( , )
( )

( ) (

t

u x T
x

x x

x

x x

t

a

a

aG

G

+

=
+

+ +
-

+

+ + a a

a

+
+

+

+ + +

æ

è
ç

ö

ø
÷

=
+

1

36 1 2

1 1

1 2

2 3

2

3

)

( )

( ) ( )

( , )

x

x x

t

u x T
x

x

G

2 2 2 2 31

6 1 2

1 1

36 1 2

1+ +
-

+

+ + +
+

+

+ +x

x

x x

t x

x x

t( )

( ) ( )

( )

( )

a a

aG G

G

( )

( )

( ) ( )

a

a

a

+

æ

è
ç

ö

ø
÷ -

-
+

+ + +

æ

è
ç

ö

ø
÷

1

216 1 2

1 1

2

2 4

3
x

x x

t

K

There fore, the 4th-or der ap prox i mate so lu tion of eq. (7) is:
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Con clu sions

In this pa per, we have suc cess fully used frac tional com plex trans form and He's VIM to 
find the ap prox i mate so lu tion of the non-lin ear frac tional heat trans fer equa tion based on He's
frac tional de riv a tive. The re sult shows that the pro posed method is very ef fi cient, pow er ful and
easy math e mat i cal method for solv ing the non-lin ear frac tional dif fer en tial equa tions in sci ence
and en gi neer ing.
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