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Drop formation in cross-junction micro-channels is numerically studied using the
lattice Boltzmann method with pseudo-potential model. To verify the simulation,
the results are compared to previous numerical and experimental data. Furthermore, the effects of capillary number, flow rate ratio, contact angle, and viscosity
ratio on the flow patterns, drop length, and interval between drops are investigated
and highlighted. The results show that the drop forming process has different regimes, namely, jetting, drop, and squeezing regimes. Also, it is shown that increasing in the flow rate ratio in the squeezing regime causes increment in drop length
and decrement in drops interval distance. On the other hand, the drops length and
the interval between the generated drops increase as contact angle increases. Also,
the drop length and distance between drops is solely affected by viscosity ratio.
Key words: lattice Boltzmann method, pseudo-potential model, drop formation,
cross-junction micro-channels

Introduction

Over the past two decades, micro-fluidic systems that generate drop/bubble have
found numerous applications in cell encapsulation [1], fluorinations [2], drug delivery [3], hydrogenation [4], and so on. Multi-phase flows are very common in micro-fluidic systems. In
recent years, a number of numerical and experimental studies have performed to highlight advantage of drop (bubble) generation using a variety of micro-fluidic devices, T-junctions [5-9],
cross-junction[10-14], Y-junction[15-17], and so on. Simulation of two-phase flow in complex
geometry is a challenging work, because of the inherent difficulty in tracking the fluid interfaces, the correct treatment of the surface tension forces, and mass conservation [18].
Recently, the lattice Boltzmann method (LBM), which is based on mesoscopic kinetic
equations, has been proved to be a promising numerically robust technique to simulate complex
flows, including natural convection [19], nanofluid [20, 21], non-newotonian [22, 23], unsteady
flow [24], and especially two immiscible phases flow in complex geometries. Compared with
conventional methods for multi-phase flows, LBM does not track interfaces while sharp interfaces can be maintained automatically [25]. There are several models in the LBM for simulating multi-phase flow including: the free-energy model [26, 27], mean-field model [28, 29], the
pseudo-potential model [30, 31] (also known as the Shan-Chen) and other models [32, 33].
* Corresponding author, e-mail: keyvan.fallah@gmail.com
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In this study, the pseudo-potential model has been chosen. The wide applications of
this model arise from the following advantages: the programming is very simple, the interface
separates automatically, and control of the contact angle and the wetting behavior of the solid
phases are easy. The goal of the current study is to investigate the dynamics of the two-phase
flow in cross-junction micro-channel. The numerical results are compared to previous numerical and experimental data. The effect of capillary number, flow rate ratio, contact angle and
viscosity ratio on the flow patterns, the drop length and distance between drops is investigated.
Numerical method

In this study, the multi-component LBM with the pseudo-potential model [30, 31]
was used for the two-phase ﬂow simulation in micro-fluidic systems. The evolution equation of
the lattice Boltzmann equation using the single relaxation time collision for multi-phase flow
is [34]:
fiσ ( x + eiδ t , t + =
δ t ) fiσ ( x , t ) −

fi

σ ( eq )

τ

− fiσ
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where δt is the time step size, and σ refers to the component, fi – the particle distribution function along the ith-direction, and f eq – the equilibrium distributions function of f, and computed:
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where ei denotes the particle velocity in the i direction. Lattice models are usually described as
DnQm, where n is the dimension and m – the number of i directions. In this simulation, D2Q9 is
used. Hence, the particle velocity is defined:
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where wi are weighting factors for each velocity (w0 = 4/9, wi = 1/9 for i = 1-4, and wi = 1/36
for i = 5-8). The macroscopic density ρ and velocity u in the lattice unit for each component
are obtained from:
=
ρσ

8

=
f iσ , u σ
∑

8

∑

=i 0=i 0

e i f iσ

ρσ

(4)

σ
The adjusted momentum for each component, ueq
, appearing in eq. (2) is deﬁned:

σ
ueq
= u′ +

τ σ Fσ
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(5)

where τσ is the relaxation time of component σ and is related to kinematic viscosity,
σ
µ=
(τ σ − 0.5)cs2δ t . Also, u' is an effective velocity by the law of total momentum conservation:
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where Fσ is the total interaction force exerted on the σth component expressed:
σ
F=
Fσf + Fsσ + …

(7)

where Fσf and Fsσ are the ﬂuid-ﬂuid and the ﬂuid-solid interactive forces, respectively. Based
on the original pseudopotential model [31], the ﬂuid-ﬂuid interaction force can be given [35]:
2

8

Fσf =
−ψ σ ( x ) ∑Gσσ ∑wiψ k ( x + eiδ t ) ei

(8)

=
σ 1 =i 0

Here Gσσ is the interaction strength between the two components σ and σ . The ψ σ is
the interparticle potential depending on the local density. In the literature [30, 36, 37], several
functional forms of ψ σ have been proposed. The different choices on ψ σ will lead to different
equations of state. Yuan and Schaefer [37] found that with an appropriate interparticle potential
and a proper equation of state, density ratio can be increased with relatively low spurious currents. Hence, we considered the interparticle potential:

ψ

σ
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The Peng-Robinson equation of state used and expressed:
=
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where a = 0.45724( RTc ) 2/Pc , b = 0.0778RTc /Pc . The ω, Pc and Tc are acentric factor, the critical
pressure, and critical temperature, respectively.
Similarly, the fluid-solid interaction force is calculated by:
8

Fsσ =
−ψ σ ( x ) ∑wi Gσ w S ( x + eiδ t ) ei

(12)

i =0

where S is an indicator function. This is equal to zero for fluid nodes and unit for solid nodes.
The Gσ w is the interaction strength between solid and fluid component σ. In the pseudo-potential model, wetting conditions on the solid boundary can be easily implemented by relative
strength of G1w and G2w. When G1w – G2w < 0, component 1 is modeled as the wetting phase and
the component 2 is the non-wetting phase.
Computational domain and numerical details

Figure 1 shows the schematics of a 2-D cross-junction micro-channel. The micro-channel consists of the main channel with width wc and the two lateral channels with the same width
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i. e. wd. The continuous phase injects into the
main channel and the disperse phase flows into
the two lateral channels. In the simulations, a
w
velocity boundary conditions developed by Zou
w
U
and He [38] is imposed on the three inlets. The
equilibrium boundary condition [39] is used for
the outlet. For all the solid walls, the half-way
U
L
bounce-back boundary condition [40] is applied to achieve the non-slip boundary condiFigure 1. Flow geometry for annulus
tion on the walls.
The problem can be described by a group of physical parameters: viscosity, μc and μd,
density, ρc, ρd, wide of channel, wc and wd, inlet velocity of phases, Uc and Ud, interfacial tension between phases, σ, and contact angle. The subscripts c and d represent continuous and
dispersed phases, respectively. By using the Buckingham Pi theorem, following non-dimensional numbers are introduced: Reynolds number, Re = ρcU c wc /µc , Bond number,
Bo = ρc g wc2 /σ , capillary number, Ca = µcU c /σ , flow rate ratio, Q = U c wc /U d wd , density ratio, ρ = ρc /ρ d , viscosity ratio, µ = µc /µd , and width ratio w = wc /wd . Qian and Lawal [8] and
Tice et al. [10] argue that inertial and gravity effects are small compared to viscous and interfacial forces in micro-channels. Hence, Reynolds number and Bond number have negligible
effects on the formation of drop. Capillary number is the most important parameter to understand flow information in micro-channels and is denoted by capillary number (ratio of viscous
to surface tension forces).
Ud

d

c

c

d

Validation of LBM code

To validate the present study three different cases are considered, i. e., Laplace law,
static contact angle and drop formation in cross-junction micro-channel.
Laplace law

According to the Laplace law, if the initial shape of the drop is changed from a circle
in the 2-D case, in the absence of viscosity and gravity forces, the final shape must be circle due
to the pressure difference inside and outside the drop and the surface tension forces. The value
of the surface tension is evaluated:

σ

∆P =
(13)
R
where ∆P and R are the pressure jump across the interface and the radius of the drop, respectively.
To verify the Laplace law, initially, a square drop with different length is located in
the middle of the computational domain with 160×160 lattice units. The periodic boundary
condition is used at all boundaries. The pressure jump is plotted against 1/R in fig. 2, wherein
the relationship is linear as expected.
Static contact angle

The wetting condition plays a significant role in micro-channels. The surface wettability is usually represented by contact angle (when an interface exists between a liquid and a solid, the angle between the surface of the liquid and the outline of the contact surface is described
as the contact angle). It quantifies the wettability of a solid surface. The pseudo-potential LBM
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∆P [mu/luts2]

is an ideal method for modeling of the wetting
condition, which is extremely difficult to handle
using other multi-phase LBM. In pseudo-potential LBM, the different wetting condition could
be specified by varying the interaction strength
between the solid and two-phases, Gσw. In order
to verify our code for determining the contact
angles, 2-D simulation was carried out and was
compared with 2-D results from the Huang et
al. [35]. A semi-circular drop with radius R = 25
lattice unit is initially located on the solid bot1/R [1/lu]
tom surface. The periodic boundary condition
is applied for both the east and west sides and Figure 2. Comparison simulation results with
the Laplace test; lu, ts, and mu are the length,
the half-way bounce-back boundary condition time, and the mass scales in lattice unit
is applied for both the upper and lower sides
to reproduce no-slip boundary conditions. The computational domain is 200×100 lattice units.
Figure 3 shows the obtained contact angle of the present study in comparison with the numerical results of Huang et al. [35]. Also, value of different contact angles of present study in comparison with Huang et al. [35] is listed in tab. 1. The comparison indicates that the results have
good agreement with numerical data.
Present study
Huang et al. [35 ]
(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 3. Comparison between contact angles of the present study with the results of Huang et al. [35]
Tabble 1. Value of different contact angles of present
study in comparison with Huang et al. [35]
b
c
d
e
a
85
Huang et al. [35] 157.5 135.7 119.5 105.4
Present study
158.3 135.1
117
103.2 75.3

f
62.4
59.5

g
43.8
40.6

h
21.6
18.9

Drop formation in cross-junction micro-channel

The formation mechanism of drop in cross-junction is shown in fig. 4 and it is compared to the experimental results of Wu et al. [13] at the same condition. The experimental
and present simulations are shown in the left and right sides of fig. 4. Three stages of the drop
formation mechanism can be seen: expansion stage, necking stage, and final stage. Figures
4(a)-4(c) show the expansion stage where the continuous phase expands and enters the main
channel. This stage takes place slowly and steadily. Figures 4(d) and 4(e) describe the necking
stage that continuous phase is compressed by dispersed phase from the two sides. The tip of
continuous phase kept expanding, and tail of continuous phase kept thinning. The interfacial
tension forces increase here and become strong due to the sudden change in the curvature of
the interface. The necking stage happens very fast. The continuous phase is suddenly cut-off
from the bulk and a drop is generated. After the cut-off, the tail of the formed drop retracts to
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(a)
(e)
(b)
(f)
(c)
(g)
(d)

Figure 4. Different stages of drop formation mechanism in a cross-junction micro-channel;
(a)-(d) experimental result of Wu et al. [13], (e)-(g)present results

the main body of drop. The recoiling of continuous phase backs into inlet channel. Figures 4(f)
and 4(g) display the final stage in which the generated drop tends to minimize its surface area
and attains a particular shape. This mechanism is repeated and drops that have constant shapes
and sizes are regularly formed.
Results and discussion

After validating the numerical method with previous studies, the behavior of f drop
formation and the effects of flow rate ratio, capillary number and viscosity ratio on the drop
formation are discussed.
Effect of capillary number

Figure 5 shows the effect of capillary number numbers on the flow patterns at
Q = 0.67, ρ = 30, μ = 0.5, w = 0.5, and θeq = 150°. It can be seen that changing capillary number
yields three different regimes: jetting, drop, and slug regime: In jetting regime, fig 5(a), the surface
tension is not high enough to overcome the shear force. Then, no drop is formed. In the drop regime,
fig 5(b), spherical drops are regularly formed in the front of mixing section. In fact, the shear force
is high enough to overcome surface tension.
It can be observed that the drop diameter is
smaller than the width of channel. Also, a regular pattern of drops is generated with a uni(a)
form radius and a fixed frequency, except the
first drop which is much larger than compared
to the others. In the slug regime, fig 5(c), the
squeezing pressure plays a dominant role for
(b)
drop breakup. The drop fills the main channel,
leading to the pressure upstream of the continuous phase increases. The disperse phase
squeezes the continuous phase and elongates
(c)
it toward the downstream of main channels.
Figure 5. Effect of capillary number on the flow
The neck of continuous phase becomes thin
patterns at Q = 0.67, ρ = 30, μ = 0.5, w = 0.5,
enough and eventually breaks up into a drop.
and θeq = 150°; (a) Ca = 3, (b) Ca = 0.03, and
Also, a thin disperse film layer was always
(c) Ca = 0.0015
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P [mu/luts2]

present between the continuous and the channel wall,
preventing the direct contact of the two, fig 5(c).
The pressure distribution along the central axis of the micro-channel is shown in fig. 6 at
Ca = 0.0015, Q = 0.67, ρ = 30, μ = 0.5, w = 0.5, and θeq
= 150°. Pressure distribution of two-phase flow in micro-channel varies due to friction caused by viscous forces and surface tension at the interface of two-phases. Laplace pressure which represents the surface tension term
in pressure distribution is indicated by a jump across the
interface of the two phases. The upper lines show continuous phase while the lower ones indicate disperse phase.
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Effect of flow rate ratio

Figure 7 shows the shape of drops generated
x/w
as a function of flow rate ratio at Ca = 0.003, ρ = 30,
μ = 0.5, w = 0.5, and θeq = 150°. As flow rate ra- Figure 6. The pressure distribution
tio decreases, drops length decrease, and the inter- along the central axis of the microval between the generated drops increase. For bet- channel; lu, ts, and mu are the length,
time, and the mass scales in lattice unit
ter discussion, the drops length rate (DL/wC) and the
interval rate (DI/wC) vs. the flow rate ratio in slug regime at ρ = 30, μ = 0.5, w = 0.5, and
θeq = 150° are presented in figs. 8(a) and 8(b), respectively. The DL and DI denote drop length
and distance between two neighboring drops, respectively. With the increasing in the flow rate,
the size of the generated drops increases. The increase is approximately linear on Q, fig 8(a).
Also, the interval rate decreases when the flow rate increases, fig 8(b).
c

Effect of contact angle

In order to investigate the influence of the contact angle on the final shape of drop, we
changed the interaction strength between the solid and two-phases, Gσw, to get different contact

(a)

(e)

(b)

(f)

(c)

(g)

(d)

(h)

Figure 7. Effect of flow rate ratio on the shape of generated drops at
Ca = 0.003, ρ = 30, μ = 0.5, w = 0.5, and θeq = 150° for different flow rate
ratio; (a) Q = 2.0, (b) Q = 1.68, (c) Q = 1.33, (d) Q = 1.0, (e) Q = 0.8,
(f) Q = 0.67, (g) Q = 0.57, and (h) Q = 0.5
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Ca = 0.03
Ca = 0.015

Ca = 0.03
Ca = 0.015

(a)

Q

(b)

Q

Figure 8. (a) Drop length rate vs. the flow rate ratio and (b) the interval rate vs.
the flow rate ratio

angles while other parameters are not changed. Figure 9 shows the final shape of drop at four
different contact angle θeq = 90°, 120°, 150°, and 180° for Ca = 0.003, ρ = 30, μ = 0.5, w = 0.5,
and Q = 1.33. With increasing contact angle, the wall rejects the continuous phase and attracts
the disperse phase, and thus drops length and the interval between the generated drops increase
while number of generated drops decrease.
Effect of viscosity ratio

The effect of viscosity ratio, μ, is evaluated by comparing three different values of
μ = 0.5, 2, and 4 in fig. 10 for Q = 0.5, ρ = 30, w = 0.5, and θeq = 150° in squeezing regime
Ca = 0.009. It is observed that viscosity ratio has no effect in the final shape of drop. Also, drop
length and distance between drops is solely affected by viscosity ratio. It is very similar to the
experimental result of Christopher et al. [6] in the T-junction micro-fluidic devises. They found
that the length of drop is independent of viscosity ratio in squeezing regime.

(a)

(a)
(b)

(b)
(c)

(d)

Figure 9. Effect of contact angle
on the final shape of the drop for;
(a) 90°, (b) 120°, (c) 150°, and
(d) 180° for Ca = 0.003, ρ = 30,
μ = 0.5, w = 0.5, and Q = 1.33

(c)

Figure 10. Effect of viscosity ratio for
Ca = 0.002, ρ = 30, w = 0.5, Q = 1.33, and
θeq = 150°; (a) μ = 0.5, (b) μ = 2.0, and
(c) μ = 4.0
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Conclusion

In this study, drop formation in cross-junction micro-channel has been investigated
numerically using the LBM with the pseudo-potential model. The numerical simulations were
validated against numerical and experimental results. The affects of capillary number, flow rate
ratio, contact angle, and viscosity ratio on the flow patterns, drop length and interval between
drops is investigated and highlighted. Conclusion of the present study can be summarized as
follows.
yy It is found that LBM is a suitable approach for simulation of two-phases in the micro-channels.
yy The drop formation process has different regimes, namely, jetting, drop and squeezing regimes.
yy With increasing in the flow rate ratio in the squeezing regime, the drop length increases
while the interval between drops decreases.
yy The drops length and the interval between the generated drops increase as the contact angle
increases.
yy The drop length and distance between drops is solely affected by viscosity ratio.
Nomenclature
Bo
C
Ca
cs
DL
DI
e
F
f
f eq
g
Gσσ
Gσ w
u
u'
Pc
Q

– Bond number, (= ρ c gwc2 /σ ), [–]
– lattice speed
– capillary number, (= µcU c /σ )
– speed of sound
– droplet length,
– interval between droplets
– microscopic velocity
– external force
– distribution function for flow field
– equilibrium distributions function
– gravity
– interaction strength between two
components σ and σ
– interaction strength between solid and
fluid component σ
– velocity in lattice unit
– effective velocity
– critical pressure,
– flow rate ratio (= U c wc /U d wd )

Tc
w
w

– critical temperature
– width ratio,
– weight factor

Greek symbols

ρ
σ
μ
ψ
τ
δt
ω

– density ratio
– interfacial tension between phases
– viscosity
– interparticle potential
– relaxation time
– time step size
– acentric factor

Subscripts

σ
c
d
f
s

– component
– continuous phases
– dispersed phases
– fuid
– solid
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