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In this paper time-dependent, 2-D, axisymmetric flow and heat transfer of a viscous 
incompressible fluid impinging orthogonally on a disc is examined. The disc is lu-
bricated with a thin layer of power-law fluid of variable thickness. It is assumed 
that surface temperature of the disc is time-dependent. Continuity of velocity and 
shear stress at the interface layer between the fluid and the lubricant has been im-
posed to obtain the solution of the governing partial differential equations. The set 
of partial differential equations is reduced into ordinary differential equations by 
suitable transformations and are solved numerically by using Keller-Box method. 
Solutions are presented in the form of graphs and tables in order to examine the 
influence of pertinent parameters on the flow and heat transfer characteristics. An 
increase in lubrication results in the reduction of surface shear stress and conse-
quently viscous boundary layer becomes thin. However, the thermal boundary lay-
er thickness increases by increasing lubrication. It is further observed that surface 
shear stress and heat transfer rate at the wall enhance due to unsteadiness. The 
results for the steady case are deduced from the present solutions and are found in 
good agreement with the existing results in the literature.
Key words: axisymmetric stagnation point flow, power law fluid, Keller-Box 

method, heat transfer, lubricated surface

Introduction

In recent years many researchers working in the field of fluid dynamics are showing 
their interest in the study of fluids having non-linear relationship between the shear stress and 
the rate of deformation. The reason of the increasing interest lies in the fact that most of the 
fluids that exist in nature and industry cannot be classified by Navier-Stokes equations. Particu-
larly one cannot classify lubricants with the constitutive relationship of a Newtonian fluid. Ax-
isymmetric orthogonal stagnation point flow is one of the classical problems in fluid mechanics. 
These jet-like flows of fluids impinging on a solid surface have number of industrial applica-
tions in order to transfer heat and/or mass. Examples include cooling of gas turbine blades 
and photovoltaic cells, annealing of metals and cooling in grinding processes. The shear stress 
induced by the flowing fluid stream is used to clean the surface of plates, to manufacture paper 
and photographic films and to control the thickness in the wire coating process. The pioneering 
work on the axisymmetric stagnation-point flow was studied by Homann [1] and Frossling [2]. 
The 3-D orthogonal stagnation-point flow was carried out by Howarth [3] and Davey [4] as 
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a special case. Yeckel et al. [5] discussed stagnation-point flow on a rigid plate against a thin 
lubrication layer for the first time. Blyth and Pozrikidis [6] studied stagnation-point flow of a 
viscous fluid past a liquid film on a plane wall.

The unsteady stagnation point flow over a flat plate was initially discussed by Yang 
[7]. After this, Williams [8] and Cheng et al. [9] investigated the axisymmetric 3-D stagnation 
flow on a stationary disc. The unsteady MHD flow with heat transfer of a fluid film spread 
over a rotating infinite disc was encompassed by Kumari and Nath [10]. They obtained two 
solutions by taking thin and thick films of fluid. Nazar et al. [11] studied the time-dependent 
2-D stagnation point flow over a flat stretching sheet moving with velocity proportional to the 
distance from stagnation point. The unsteady stagnation point flow with a span-wise oscillat-
ing wall was addressed by Fang and Lee [12]. Cheng and Dai [13] investigated the unsteady 
2-D stagnation-point flow of a viscous fluid over a stretching sheet using homotopy analysis 
method. Unsteady stagnation-point flow over an impinging plate was discussed by Zhong and 
Fang [14] for the planner and axisymmetric flows. The unsteady flow past a stretching sheet is 
investigated by Pop and Na [15]. They proved that the unsteady flow approaches towards the 
steady flow situation for large times.

A solution of the Navier-Stokes and energy equations illustrating skin friction and 
temperature of an infinite plate was studied by Stuart [16]. Gorla [17] investigated heat transfer 
in an axisymmetric stagnation flow on a cylinder. Axisymmetric stagnation-point flow with 
heat transfer of a viscous fluid on a moving cylinder with unsteady axial velocity and uniform 
transpiration was analyzed by Saleh and Rahimi [18]. In another paper Shokrgozar Abbasi and 
Rahimi [19] studied 3-D stagnation-point flow and heat transfer on a flat plate with transpi-
ration. The same authors [20] carried out investigation of 2-D stagnation-point flow and heat 
transfer impinging on a flat plate. Massoudi and Razeman [21] studied heat transfer analysis 
of a viscoelastic fluid at a stagnation point. Elbashbeshy and Bazid [22] analyzed heat transfer 
due to an unsteady boundary layer flow over a stretching sheet and found that thermal and 
momentum boundary layer thickness depends upon unsteadiness parameter. Ishak et al. [23] 
discussed mixed convection stagnation point flow on a vertical stretching sheet and found that 
heat transfer rate at the surface increases with an increase in unsteadiness parameter.

In all previous investigations the conventional no-slip has been imposed at fluid-solid 
interface. However, there are many situations where the no-slip boundary condition is not re-
alistic and can be replaced by the linear slip boundary condition proposed by Navier [24] and 
Maxwell [25] independently. Typical examples are emulsions, foams, suspensions and polymer 
solutions. In 1980, Joseph [26] discussed boundary conditions for thin lubrication layers. In an-
other paper, Beavers and Joseph [27] discussed the slip boundary condition in detail. The stag-
nation-point flow subject to slip boundary condition that occurs in rarefied flow or under high 
pressure was carried out by Wang [28]. The 2-D stagnation point flow of an elastico-viscous flu-
id with partial slip was investigated by Ariel [29]. Munawar et al. [30] discussed the slip effects 
in the flow between two stretchable discs by using an analytical method. The slip flow over a 
lubricated surface is considered by Solbakken and Anderson [31]. The slip boundary conditions 
for the viscous flow past a power-law lubricant was derived by Andersson and Rousselet [32] 
for the first time. They obtained the similarity solution numerically, for power-law lubricant by 
taking the value of power-law index n = 1/3. The axisymmetric stagnation point flow of a vis-
cous fluid past a power-law lubricant has been discussed by Santra et al. [33]. Recently Sajid et 
al. [34] extended the work of Santra et al. for a generalized slip boundary condition. In another 
paper Sajid et al. [35] investigated stagnation-point flow of Walter’ B fluid over a lubricated 
surface. The axisymmetric stagnation-point flow of a third grade fluids over a lubricated surface 
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has been examined by Sajid et al. [36]. Mahmood et el. [37, 38] investigated flows of second 
grade fluids, respectively, near an oblique stagnation point due to a lubricated plate and over a 
lubricated rotating disc.

Our aim in the present investigation is to discuss time-dependent axisymmetric stag-
nation-point flow and heat transfer of a viscous fluid over a disc lubricated with power-law 
fluid. A new slip condition at the interface of the viscous and power-law fluid has been derived 
and results for no-slip and full-slip cases have been deduced from the obtained numerical solu-
tions. The objective of the present study is to investigate the influence of slip parameter and 
unsteadiness parameter on the flow characteristics and heat transfer. The numerical solution is 
developed by using Keller-Box method [39-41].

Mathematical formulation

Let us assume the unsteady, 2-D, axisymmet-
ric stagnation-point flow and heat transfer of an in-
compressible viscous fluid past a disc lubricated by 
a thin layer of non-Newtonian power law fluid. The 
origin O is located at the center of the disc, fig. 1.

The flow rate Q of the lubricant coming out of 
a small point source at the center of the disc is given:

 
( )

( )
0

, 2 d
r

Q U r z r z
δ

= π∫  (1)

where ( , )U r z  is the radial component of the ve-
locity vector V [ , , ]U V W=



 of power-law fluid and 
( ) rδ  is the variable thickness of the lubrication 

layer. The circumferential velocity component ( , )V r z  has no contribution in the radial direc-
tion. The stagnation flow velocity of the viscous fluid is of the form ),( , /(1 )u r z t ar tβ∞ = −  
where 0a >  and 0β >  are constants with dimensions 1.t−  The Tw is the time-dependent tem-
perature of the disc and is given:

 ( ) 3/2
0 1wT T T tβ −

∞= + −  (2)

where T∞  is the constant free stream temperature and the constant 0T  – the measure of rate of 
increase in the temperature along the disc. Under these assumptions, the unsteady, 2-D, axisym-
metric flow of bulk fluid is governed by the following equations:
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Figure 1. Diagram showing stagnation point 
flow problem
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where u and w are the velocity components in the cylindrical polar co-ordinate system ( , , )r zθ , 
( , )P r z  – the fluid pressure, ρ  – the fluid density, ν  – kinematic viscosity and  α  – thermal 

diffusivity. At free stream, ), ,(u u r z t∞=  and therefore eq. (4) reduces to:

 
2 2

2 2
u uu u u u u uu w u

t r z t r r rr z
ν∞ ∞

∞
 ∂ ∂∂ ∂ ∂ ∂ ∂ ∂ + + = + + + +  ∂ ∂ ∂ ∂ ∂ ∂∂ ∂  

 (7)

The appropriate boundary conditions at 0z =  for the present flow situation discussed 
in detail by Santra et al. [33] are:

 ( )2
n

nnu k r ru
z Qµ

 ∂ π
=  ∂  
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22
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The boundary conditions far away from the stagnation point in the present case are:

 2( , , )    , ( , , )   
1 1

ar azu r z t u w r z t
t tβ β∞= = =−

− −
 (9)

The boundary conditions to be satisfied by the temperature are:

 ( , ) wT r z T=    at   0z =    and   ( , )T r z T∞→    as   z →∞  (10)
Introducing the dimensionless variables:
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the flow is governed by:
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2
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where prime denotes the differentiation with respect to η . The /A aβ=  is the unsteadiness 
parameter and Pr /ν α=  is the Prandtl number. For  0A= , the problem reduces to the steady- 
-state case discussed by Santra et al. [33]. The parameter λ  given in eq. (16) is:
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in which /(1 )b a tβ= − . It is worth mentioning that we have taken n = 1/3 as discussed by San-
tra et al. [33]. It is clear from eq. (18) that λ  is the ratio between the viscous length scale viscL  
and lubrication length scale lubL . For the case when the lubrication length lubL  is small, the 
parameter λ  becomes large. In the limiting case when λ →∞ , the conventional no-slip condi-
tion (0) 0,f ′ =  is obtained from eqs. (16). On the other hand when lubL  is large, λ  becomes 
small. In the limiting case when 0λ → , one obtains the full slip boundary condition (0) 0f ′′ =  
from eqs.(16). Hence λ  is an inverse measure of slip and is known as slip parameter. 

Numerical results and discussions

To see the influence of pertinent parameters on the velocity components, pressure and 
temperature, eqs. (13)-(15) subject to boundary conditions (16)-(17) are solved numerically by 
using Keller-Box method [39-41]. The numerical results are validated through the comparison 
of the present solution with the existing results in the literature in the special cases. 

Figures 2-11 are plotted to observe the effects of emerging parameters on velocity 
components, pressure distribution and temperature profile. Numerical computations for surface 
shear stress and heat transfer rate showing the influence of parameters λ , A, and Pr are present-
ed in tabs. 1 and 2. 

To see the effects of slip parameter λ  on ,f f ′ and – p , figs. 2-4 have been plotted. 
The dashed lines in each case are the investigations of Santra et al. [33] when 0A = . Figure 2 
is displayed to show the effects of λ  on axial velocity component f . From this figure, it is 
clear that as we increase the slip on the surface (λ  is decreased), an increase in the value of f  
is observed. The f  becomes proportional to η  as 0λ →  i. e. when full-slip is applied on the 
surface. Figure 3 is displayed to see the influence of slip parameter λ  on the radial velocity 
component f ′ . We see that f ′  decreases by increasing λ . It is due to the fact that lubrication 
reduces the friction on the surface. It is also clear from figs. 2 and 3 that power-law lubricant 
enhances the velocity of fluid at the surface. The variation of the pressure profiles p−  with η  
is presented in fig. 4. For the case of no-slip (classical Homann flow), the pressure increases 
towards the surface in the stagnation zone and it obtains a minimum value at 0η = . The pres-
sure variation across the boundary layer is increased with increasing slip, and the maximum 
pressure build-up is observed for full-slip. The pressure increase is slightly slow in the bound-
ary layer region for the no-slip case. As we increase the slip on the surface, the boundary layer 
thickness reduces and pressure seems to increase rapidly. It is clear from fig. 4 that the pressure 
curves intersect slightly beyond 1η =  when 0A = . If we inspect the graph closely, we notice 

Figure 3. Variation of ( )f η′  for different 
values of λ when = 0A  and = 1A

Figure 2. Variation of ( )f η  for different 
values of λ when = 0A  and = 1A
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that the crossings of the different curves do not occur in one single point. It is evident from eq. 
(14) that the pressure is function of both the radial and the axial velocity components, which in 
turn depends upon the slip. The point of inflection produced by pressure distribution is observed 
somewhat above the surface for the no-slip case. As we increase the slip on the surface, this 
inflection point seems to shift towards the surface. But when 1A = , the point of inflection 
moves beyond η =  1.57 (solid lines) showing that boundary layer thickness increases by in-
creasing the numerical value of parameter A. 

Effect of parameter A  both for no-slip and partial-slip cases on the velocity compo-
nents and pressure profile is illustrated in figs. 5-7. Figure 5 shows that magnitude of axial ve-
locity f  increases by increasing A  for both cases. It is also evident from this figure that lubri-
cation appreciates the effects of A  (solid lines). Figure 6 elucidates the effects of parameter A  
on the radial velocity component f ′ both for no-slip (dashed lines) and partial-slip (solid lines) 
cases. It is observed from this figure that as A  increases, f ′ increases. Moreover, the lubricat-
ed surface enhances the effect of A  (solid lines). i. e. Increase in the radial velocity becomes 
more rapid by lubricating the surface. The effects of unsteadiness parameter A  on pressure 
profile is depicted in fig. 7. The dashed lines are for no-slip case and solid lines for partial-slip 
case. This figure shows that the pressure increases by decreasing A  and is maximum when 

0A = . It has also been observed that the increase in the pressure becomes more significant by 
applying slip on the surface. 

Figure 4. Variation of –p(η) for different 
values of λ when A = 0 and A = 1

Figure 5. Variation of f(η) for different 
values of A when λ = 1 and λ = ∞

Figure 6. Variation of f'(η) for different 
values of A when λ = 1 and λ = ∞

Figure 7. Variation of –p(η) for different 
values of A when λ = 1 and λ = ∞
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Variation of θ  for different values of A  when Pr 1=  both for no-slip (dashed lines) 
and partial slip (solid lines) cases is elaborated in fig. 8. It is evident from this figure that θ  
decreases by increasing A . This decrease can be enhanced by applying the lubrication on the 
surface ( 1)λ = . Figure 9 depicts the variation in the magnitude of θ  for different values of slip 
parameter λ  when Pr 1=  both for steady ( 0A = ) and unsteady ( 2A = ) cases. It is concluded 
from this figure that θ  increases with an increase in the value of λ  (by decreasing amount of 
lubrication). This figure also shows that unsteadiness depreciates the effects of lubrication (sol-
id lines). The influence of Pr  on temperature profile is elucidated in fig. 10 when 1A =  both for 
no-slip and partial slip cases. According to this figure as Pr is increased, a decrease in the nu-
merical value of θ  is observed which further depreciates on the lubricated surface (solid lines). 
Figure 11 is devoted for the effects of Pr on temperature θ  by considering steady and unsteady 
cases respectively. It has been noted from this figure that θ  decreases by increasing Pr. It is also 
clear from this figure that as unsteadiness increases, more decrease in the magnitude of tem-
perature is seen.

Figure 8. Variation of θ(η) for different 
values of A and λ when Pr = 1

Figure 9. Variation of θ(η) for different 
values of λ and A when Pr = 1

Pr Pr

Figure 11. Variation of θ(η) for different 
values of Pr and A when λ = 1

Figure 10. Variation of θ(η) for different 
values of Pr and λ when A = 1

Numerical values of the skin friction coefficient at the surface for various values of λ  
and A  are illustrated in the tab. 1 and are compared with [33] when 0A = . It is evident from this 
table that (0)f ′′  decrease by increasing slip on the surface and increase by increasing unsteadi-
ness parameter A . Hence the slip on the surface causes a decrease in the value of skin friction 
coefficient as expected. The variation in local Nusselt number under the influence of different 
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parameters is presented in tab. 2. It is clear from tab. 2 that (0)θ ′−  decreases by increasing slip 
parameter and increases by increasing unsteadiness parameter and Prandtl number.

Conclusions

In this paper, we have investigated heat transfer analysis in the time-dependent ax-
isymmetric stagnation point flow over a disc lubricated with power-law fluid. We have taken  
n = 1/3 so that results can be compared in the special case. The numerical solutions of the gov-
erning non-linear equations together with non-linear boundary conditions are developed using 
Keller-Box method. The motivation is to determine the effect of the slip parameter λ  and un-
steadiness parameter A  on the flow characteristics. Main findings of the present study are as 
follows.

 y Numerical values of f  and f ′  increase by increasing the unsteadiness parameter A  and 
by decreasing slip parameter λ . 

 y Temperature θ  increases with an increase in λ  and decreases for large values of A  and Pr.
 y The skin friction coefficient increases by increasing both  λ  and A . Thus slip on the surface 

causes a decrease in the value of skin friction coefficient.
 y Heat transfer rate at the wall decreases with an increase in the value of slip parameter, how-

ever, it increases by increasing A  and Pr.

Table 1. Numerical values for the skin friction coefficient (0)f ′′  for various 
values of λ and A; the values in the parenthesis are given by Santra et al. [33]

λ A = 0 A = 1 A = 5 A = 50 A = 100
0.01 0.009994 (0.009993) 0.009995 0.009996 0.009998 0.009999
0.05 0.049245 (0.049246) 0.049254 0.049364 0.049744 0.049815
0.1 0.096639 (0.096638) 0.096645 0.097474 0.098978 0.099264
0.5 0.414733 (0.414732) 0.421773 0.440708 0.475200 0.481994
1 0.687618 (0.687618) 0.714975 0.780883 0.904371 0.929885
2 0.979046 (0.979048) 1.058510 1.249381 1.643876 1.733929
5 1.211821 (1.211820) 1.384896 1.854787 3.175248 3.567803
10 1.275873 (1.275870) 1.491554 2.129354 4.484463 5.404635
50 1.308716 (1.308716) 1.550981 2.313818 6.112016 8.336686
100 1.310810 (1.310810) 1.554897 2.327023 6.281861 8.712896
500 1.311853 (1.311853) 1.556854 2.333675 6.371818 8.920022
∞ 1.311956 (1.311956) 1.557046 2.334332 6.380862 8.941168

Table 2. Numerical values for the ′− (0)θ  for various values of Pr

Pr λ = 0.1
A = 1

λ = 1
A = 1

λ = ∞
A = 1

A = 0
λ = 1

A = 10
λ = 1

A = 100
λ = 1

0.1 0.500049 0.487277 0.461699 0.366244 1.161069 3.578919
0.5 1.078508 1.028799 0.933355 0.714680 2.591787 8.001272
1 1.523383 1.440575 1.284502 0.985666 3.663082 11.31356
2 2.152020 2.018342 1.770419 1.359311 5.177554 15.99468
5 3.398468 3.157204 2.717160 2.083981 8.181352 25.26648
10 4.802738 4.435593 3.772494 2.888600 11.56521 35.67804
50 10.73049 9.816135 8.193578 6.244961 25.82568 78.82254
100 15.17721 13.84586 11.49833 8.749920 36.47870 109.8120
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