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Various types of emitters are often used as energy sources in real engineering sys-
tems and technological processes. Investigations of heat transfer basic laws in
such systems are of interest. We conducted mathematical modelling of conjugate
heat transfer in a closed rectangular cavity under conditions of radiant energy
source operating. The 2-D problem of conjugate natural convection in vorticity-
-stream function-temperature dimensionless variables has been numerically solved
by means of the finite difference method. Radiant energy distribution along the gas-
wall interfaces was set by Lamberts’ cosine law. We obtained fields of temperature
and stream functions in a wide range of governing parameters (Rayleigh number
10*<Ra < 10% the length of radiant heating source 0.15 <D <0.6). Then we ana-
lyzed how heat retaining properties of finite thickness heat conducting walls made
of different materials affect the heat transfer intensity. Differential characteristics
distribution showed significant non-uniformity and non-stationarity of the conju-
gate heat transfer process under study.
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Introduction

Infrared radiation, as one of the relatively safest types of radiant energy, is actively en-
gaged in agroindustry [1-3], at composite [4], polymeric [5] and wood [6] materials drying. In
addition, infrared emitters can be applied for heating of locally located working zones in large
scale premises [7]. However, use of gas infrared emitters is limited due to the lack of theoretical
studies on applications of radiant heating systems. Based on the results of the study [7], a rea-
sonable conclusion can be made that natural convection plays an important role in formation of
temperature fields in the cavities heated by gas infrared emitters. For this reason the basic laws
of heat transfer are reasonable to investigate in order to increase the energy efficiency of such
power supply systems.

Studies of convective energy transfer regimes play an important role in science and
engineering. Solutions of various natural convection problems in closed and semi-open cavities
in non-conjugate [8-14] and conjugate [15-18] formulation are published. However, a special
interest for practical applications represents investigation of jointly proceeding processes of
conduction, convection, and radiation.
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Hamimid and Guellal [19] conducted mathematical modelling of laminar natural con-
vection under conditions of the surface thermal radiation in a square cavity filled by air with in-
ternal source of energy. The 2-D heat transfer problem was solved by means of the finite volume
method. The authors [19] paid particular attention to the impact of the emissivity and internal
energy source on the formation of isotherm and streamline contours in the solution domain. It was
established that an increase in the value of internal energy source led to a significant modification
of the temperature and streamline fields. Moreover, variation of this parameter led to the second-
ary convective cell formation. This factor increased the temperature in the entire solution domain.

Kolsi et. al. [20] analyzed the effect of the radiative heat transfer and aspect ratio on
regimes of the 3-D natural convection at fixed Prandtl (Pr = 13.6) and Rayleigh (Ra =10°) num-
bers. The complex heat transfer equations were formulated in terms of the vorticity — stream
function — temperature variables and solved by means of the finite volume method. It was es-
tablished that variation of the conductive-radiative parameter led to a significant modification
of the temperature and stream function fields. Quasi-2-D flow was formed near the median
plane in the absence of radiation. The impact of the radiation heat transfer on the 3-D regimes
of fluid-flow was significant in the center of the cavity.

Montiel-Gonzalez et. al. [21] conducted numerical simulation of laminar natural con-
vection under conditions of the thermal surface radiation in a square cavity with vertical open
boundary. The equations of continuity, momentum, and energy in the primitive variables were
solved by means of the finite volume method and the SIMPLEC algorithm. Problem formu-
lation assumed that thermophysical properties of air were temperature-dependent. Theoretical
analysis was conducted in the Rayleigh number range of 10* <Ra < 10°. Dimensionless tempera-
ture difference, ¢, between the hot wall and the bulk fluid varied from 0.333-1.333. According
to the numerical simulation results, it was established that the total Nusselt number increased
by 79.8% (Ra = 10°) and 88.0% (Ra = 10*) when ¢ was varied from 0.333-1.333. Moreover,
radiation was pre-dominant heat transfer mechanism for large dimensionless temperature dif-
ferences (0.667 < ¢ < 1.333), which was proved by the values of heat fluxes and average Nusselt
numbers.

Nouanegue et. al. [22] conducted mathematical modelling of conduction, natural con-
vection, and radiation in an inclined square cavity bounded by solid thermally conductive wall
on one side. Left vertical wall was with the stationary heat flux. Right vertical wall assumed
isothermal. The 2-D equations of mass, momentum, and energy conservation under Boussinesq
approximation were solved by means of the finite difference method and SIMPLER algorithm.
Various parameters were Rayleigh number (10% < Ra < 3-10'?), dimensionless conductivity
of bounding wall (10 < k. < 40), dimensionless wall width (0 < w < 0.15), inclination angle
(60 < ¢ <150) the surface emissivity (0 <& <1). It was established that convective heat flux was
significantly decreasing function of the surface thermal radiation. The impact of the thermal
conductivity and width of the solid wall on the average Nusselt number at the bottom horizontal
boundary was insignificant. Radiative Nusselt number was independent from the variation of
the inclination angle. It should be noted that the solid thermally conductive wall did not affect to
the heat transfer modes, which was obviously due to the solution of the steady heat conduction
equation.

Saravanan and Sivaraj [23] conducted theoretical analysis of impact of surface thermal
radiation on natural convection modes in the air-filled cavity with the heated thin plate. Vertical
walls and plate assumed isothermal. Radiant flux was supplied to the horizontal boundaries. Equa-
tions of mass, momentum, and energy transfer were solved by means of the finite volume meth-
od on a uniformly staggered grid. The impact of governing parameters, viz., Rayleigh number
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(10° < Ra < 107), dimensionless plate length (0.25 < D < 0.75) and orientation (horizontal and
vertical) on the non-conjugate heat transfer modes were studied in detail. It was established
that radiative heat transfer led to non-uniform distribution of isotherms in the cavity. Moreover,
temperature gradient between horizontal walls was decreased. Heat transfer rate was higher
when the plate was oriented vertically.

An approach [24] based on numerical solution of Navier-Stokes equations in the mod-
ify voritcity-stream function variables was suggested for thermal regime analysis of domains
with the radiant heating sources when solving heat transfer problems in conjugate formulation.
Investigations of fundamental laws of conduction and convection processes were carried out for
the semirestricted [24] and closed [25, 26] domains under conditions of the thermogravitational
heat exchange. Numerical analysis [26] was performed for four possible cases of radiant energy
distribution along the gas-solid wall interfaces in laminar flow regime. But the problem state-
ment [24-26] assumed that the emitter thickness was infinitely small in comparison with the
characteristic sizes of the solution domain. This assumption significantly simplifies the numer-
ical realization of the natural convection process under study. But, at the same time, a question
about the impact estimation of geometrical characteristics of the infrared emitter (its surface
temperature can achieve 500 K)) on the thermal regime of the heated system is left open. There-
fore, the heat transfer analysis under operating conditions of radiant energy source is of interest.

In addition, the real thermal state of the heating source and possibility of heat transfer
due to the gas conduction near the emitter were not taken into account [24-26]. This factor in a
certain range of parameters can significantly affect to the heat transfer rate.

The aim of this study is the numerical investigation of the heated system under condi-
tions of radiant energy distribution along rectangular cavity interfaces and analysis of the effect
of the infrared emitter’s geometrical characteristics on the thermal regime.

Problem formulation and solution method
Geometrical and physical models

We considered the unsteady process of the conjugate heat transfer by natural con-
vection. The solution domain is presented as a rectangular cross-section cavity filled with gas
and limited by thermally conductive walls of finite thickness. We assumed that the surface
temperature of the radiant heating source !

. . .. y 2

was time-independent. Equalities of tem- /-
peratures and heat fluxes were set at the -
gas-wall interfaces. The conditions of ther- 3
mal insulation were assumed at the external
boundaries of the solution domain. The gas
was considered as an absolutely transparent =
medium for heat radiation. We conducted a - \
numerical investigation in the laminar flow \
regime. The radiant energy distribution along \ \
the interfaces of the rectangular cavity was \
defined by Lambert’s cosine law [11]. In ac- # . \ \

. . . . . | / / \ / \ | \
cordance with this law, the radiant intensity ob- \/ \/
served from an ideal diffusely reflecting surface -
or ideal diffuse radiator is directly proportional I L I

t(? the .Cosme of the rfmgle V., fig. 1, between the Figure 1. Solution domain; / — thermally conductive
direction of the incident light and the surface  yails, 2 — air, 3 - radiant energy source
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normal (g, = g cos y). We assumed that reflector was set at the top horizontal boundary of the
radiant heating source. Therefore, radiant flux was supplied only to the bottom horizontal and
vertical gas-wall interfaces.

The problem formulation assumed that the gas was viscous incompressible fluid un-
der Boussinesq approximation. Thermophysical properties of the air and enclosures were con-
sidered as temperature-independent.

Mathematical model

The conjugate natural convection under study is described by a system of the unsteady
2-D equations of Boussinsq-Oberbek (in modified variables) and energy for the gas and the heat
conduction equations for the enclosures and radiant energy source. The boundary value prob-
lem was formulated in terms of vorticity-stream function-temperature dimensionless variables.
We used a transverse size of the gas cavity as the scale of the distance. To reduce the system of
equations to the dimensionless form we used the following relationships:

X—— Y:Z z':L’ U:L’ V:l

L L tO I/n( nc
T-T 7 1) 4
o= 0 =1 Q=— V1V = T,-T,)L, ¥,=V, L, @ =—
T T WO 0)0 ne gﬁ( h 0) 0 0 L

The dimensionless equations of vorticity transport, Poisson, and energy for the gas in
the natural convection regime and the heat conduction equations for the enclosures and radiant
energy source are [12, 13, 27]:
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The initial conditions for the egs. (1)-(5) are:

Y(X,Y,00=0, Q(X,Y,00=0 (6)
0,(X,Y,00=0,(X,Y,00=60,(X,Y,0) =0 @)

The boundary conditions for the eqs. (1)-(5) are:

— at the surface of the radiant heat source:
o= (8)
— at the external boundaries of the solution domain:

5_@ =0 )

on
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— at the gas-solid wall interfaces parallel to X axis:
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=0, =0, , 00 where
oY —L =2 —L4Kij, j=12 (10)
oY A, oY ’
— at the gas-solid wall interfaces parallel to Y axis:
6 =0, _
oY i=1,2
=0, —=0, 500 1 06 ) where . (11)
oxX —L =TT K, =12
oX A oX ’

Numerical procedure

Differential eqgs. (1)-(5) with the corresponding initial (6), (7) and boundary (8)-(11)
conditions were solved by means of the finite difference method on a uniform grid (151 x 151).
Equations (1)-(5) were solved consecutively. Each time step began with calculating of the tem-
perature field in the wall — gas — wall system. Then we solved Poisson eq. (2) and calculated
boundary conditions for vorticity transport eq. (1) according to the Woods formula [28]. Next
eq. (1) was solved.

We used the locally 1-D scheme 0.12
of Samarskiy [29] to approximate eqs. o 1
(1)-(5). In this scheme, solution of 2-D 0.10 7
equations is reduced to the consecutive ]
solution of 1-D equations. Convective 0.08 7
terms were approximated by applying ] Grid 51x 51
the difference scheme of the second or- 006 _ i Grid 101 x 101
der. Diffusion terms were approximated 004 - Grid 151 x 151
by applying the central differences. In I — Grid 201x201
order to make this scheme independent 002 -
from the sigh of velocity, we conduct-
ed approximation smoothing of the 0.00 —
convective terms U and |U| (V and |/]), 0.0 0.2 0.4 06 08 1.0 12

respectively. The 1-D difference ana-

logues, which were obtained after dis- Figure 2. Temperature distributions in the gas cavity in
. the cross-section of ¥ = 0.6

cretization, were solved by the sweep

method [28]. Approximation of the boundary conditions had the second order of accuracy.

In order to select the grid size, we performed grid-dependence test. The results of this test are

presented in fig. 2.

Validation

We have tested the solution algorithm used on a model problem of natural convection

[30] in a closed square cavity with adiabatic horizontal and isothermal vertical walls. The av-
erage Nusselt number was used as a characteristic of the heat transfer process and calculated:

1

Nu —ja—@

). 4

dy

X=0

av

0

The test results are presented in tab. 1.
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Table 1. Comparison of the average Nusselt numbers
This study
Ra | Nuy[30] | Nuy[31] | Nuy[32] | Nu,[10] Mesh Mesh Mesh
64 x 64 256 x 256 512x 512

10° 1.118 1.121 1.108 1.113 1.119 1.096 1.01

10¢ 2.243 2.286 2.201 2.254 2.28 2213 2.11

10° 4.519 4.5463 4.43 4.507 4.7315 4.515 4.651

10° 8.799 8.652 8.754 8.802 9.562 8.897 8.742

With reference to the analysis of the presented average Nusselt number values, tab. 1,
we have made a reasonable conclusion that this algorithm can be successfully applied for the
solution of such problems.

Results and discussion

Numerical investigations of conduction and natural convection under conditions of
the radiant energy distribution according to the Lambert’s cosine law were conducted for the
following values of parameters: 10*<Ra<10°,0<Ki<7,0.1<D<0,75,0°<y<90° Pr=071.
The results of numerical simulation are presented in terms of the temperature and stream func-
tion fields. The main attention was given to the unsteady factor, analysis of the heat-retaining
properties of thermally conductive finite thickness walls and impact of the Rayleigh number on
the temperature fields and streamlines formation.

Investigation of the non-stationarity factor

Figure 3 presents the isotherms in the gas cavity for various length of the radiant
heating source.

125 D=01
1.1

From the analysis of the tempera-
ture fields, fig. 3, it could be conclud-
ed that the heat transfer process under
study was time-dependent. The area
of high temperature was formed near
the radiant heating source with 7 = 10.
The radiant flux, which came from the
infrared emitter to the gas-wall inter-
faces, initiated a rise in the temperature
of these boundaries. An increase in the
length of the radiant heating source
resulted in a significant increment of
the average temperature in the gas
cavity under otherwise equal condi-
tions. Natural convection effects were
slight at this value of dimensionless
time, 7= 10. With increase of time to
100 temperature fields, figs. 3(d)-3(f),

06

M“/ \J
001 (g 06 1112 001 () 06 1112 001 ) 06 [SEER

Figure 3. Isotherms for various transverse sizes of the
. . = 6o = . . .
radiant heating source and Ra = 10% (a), (b), (¢) 7=10, were modified significantly. When

d), (e), =100, (g), (h), (i) z=300 . .

@ (@ O @, @), (= D = 0.75, fig. 3(f), the ascending air-
flow near the radiant heating source was decelerated by the descending counter moving flow in
the cross-section of ¥'=0.9. A convective torch was formed at the upper horizontal surface of the
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emitter. A further increase in dimensionless time, 7 = 300, led to a rise in the temperature in the
area between the radiant heating source and the upper horizontal wall of the solution domain.
When D = 0.75, fig. 3(i), the vertical size of the convective torch increased, which was obviously
due to the moving of isotherm @ = 7 to the top horizontal wall. The impact of the non-stationarity
factor was clearly observed on the temperature distributions in the characteristic sections, figs.
4(a), and 4(b).

Figure 4 presents temperature distributions in the cross-section of X=0.6 in the gas cavi-
ty, which illustrate significant unsteadiness of the conjugate heat transfer process under study. An
increase in the dimensionless time led to a rise in the temperature at the bottom horizontal gas-wall
interface, which was due to intensive supply of energy to this interface. Air heating in the area of
0.5 <Y <0.66, fig. 4(a), near the radiant heating source occurred by conduction. An increase in
the temperature in the area of 0.8 < Y < 1.07, fig. 3(b), was due to the formation of the convec-
tive torch at the top horizontal surface of the infrared emitter.
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Figure 4. Temperature distributions with Ra = 10° and D = 0.25 in the cross-section of X = 0.6

T

Figure 5 shows the stream function fields illustrating the flow pattern. The hot air
ascended along the Y-axis as a result of the natural convection. When the upper horizontal
interface of the solution domain was reached, the air was cooled due to the heat losses to the
walls. Then the gas descended along the vertical boundaries. When 7 = 10, figs. 5(a)-5(c), two
symmetrical large-scale convective cells were formed in the gas cavity. At this value of dimen-
sionless time, the infrared emitter length did not affect to the flow pattern. An increase in the
time to 100, figs. 5(d)-5(f), led to a significant rise in the size of the convective cells, which
was connected with the formation of the ascending air-flow near the bottom horizontal gas-wall
interface. An increase in the length of the radiant heating source led to the deformation of the
circulating flows. When D = 0.75, fig. 5(f), small-scale convective cells were formed near the
top horizontal gas-wall interface, which was due to the shape of the convective torch. Further
increase of the time to 300, fig. 5(g)-5(i) led to a slight modification of the streamlines.

Investigation of heat-retaining properties of
enclosure structures

We calculated the heat accumulated by enclosures, tab. 2, in order to estimate the
impact of the heat-retaining properties of the materials with different thermophysical character-
istics on the energy losses to the walls.

It was established that the greater the heat conduction coefficient, the more thermal ener-
gy was accumulated by the finite thickness walls and, correspondingly, the less by air. As the
result, the temperature and air velocity were decreased in the gas cavity. When heat conduc-
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12 D=0 D=025 D-075 tion coefficient was increased 17
b T times, tab. 2, finite thickness wall
S accumulated almost 90% more

0.6 0001 -0.001
energy.

% Investigation of the
" Rayleigh number impact on
the heat transfer rate

06

Figure 6 presents transition dy-
namics from conductive to con-
vective heat transfer mode in the
physical conditions under consid-
eration.

Itwas clearly seen thatan incre-
ase in the Rayleigh number led to
a significant isotherms modifica-
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Figure 5. Streamlines for various transverse sizes conduction was pre-dominant
of radiant heating source and Ra = 10% (a), (b), (¢) = =10, heat transfer mechanism, which
(@), (e), (f) =100, (g), (h), (i) =300 was proved by the shape of the

isotherms in the gas cavity. The
area of high temperature air was
formed near the infrared emitter.
0., IMJ] 0,, [MI] 0s, [MJ] When Ra = 10°, the convective
T torch was formed at the top hori-
4=0.7 [WK'm™] | 4= 1.7 [WK'm '] [4=0.1 [WK"'m™]|  zontal surface of the radiant heat-
ing source. The temperature in the

Table 2. Heat accumulated by bricks (Q)), steel concrete (Q,),
and foam concrete (Q;)

500 107 132 048 areaof0.1<X<1.1,0.7<Y<0.75,
1500 1.17 1.4 0.61 figs. 6(d)-6(f), decreased, which
3000 129 151 0.76 was obviously due to the moving

of heated air to the top horizontal
gas-wall interface. With Ra = 106, natural convective effects dominated over conductive. The
thickness of the convective torch decreased. This was due to an increase in the buoyancy force.
An increase in the emitter length was visualized in the temperature rising in the area of 0.1 <X
<1.1,0.8 <Y< 1.1, fig. 6. However, isotherms modified slightly. The conjugate formulation al-
lows taking into account not only the heat-retaining properties of the finite thickness walls, but
also the relevant changes of the temperature fields in dependence to the values of the Rayleigh
numbers [17].

Figure 7 presents temperature distributions for various Rayleigh numbers in the
cross-section of Y= 0.95.

With reference to fig. 7 it was established that an increase in the buoyancy force led to
arise in the temperature in the characteristic cross-section along the Y-axis, which was connect-
ed with the intensification of the heat transfer process. As the result, air velocity coming to the
top horizontal gas-wall interface was increased. In this case, the point of maximum temperature
was located in the section of X = 0.6, which could be explained by the form of the convective
torch, fig. 6(c)-6(i) under the appropriate Rayleigh numbers.



Kuznetsov, G., et al.: Mathematical Modelling of the Conjugate Natural Convection ...
THERMAL SCIENCE: Year 2018, Vol. 22, No. 1B, pp. 591-601 599

Conclusions

According to the results of
mathematical modelling of the
conjugate natural convection in
a closed rectangular cavity under
conditions of the intense radiant
heating, the main findings are as
follows.

e The conjugate heat transfer
process under study had a
significant unsteady nature,
which was proved by ob-
tained fields of temperature

and stream function in a di- s 06

0. 0.1
. 1 t. f @ 0»05/\0.06
mensionless time range o A wooj Qgg
10 < 1< 1200. | LSS =S
.1 «

.1
0.0¢
X
w06 1112

0.6 1112 0.

® An increase in the emitter

length in a range of led to a Figure 6. Isotherms for various transverse sizes of radiant
significant rise in the average  heating source and 7 = 300; (a), (b), (c) Ra =104,
temperature in the solution (d) (), () Ra =105, (g), (), (i) Ra =106

domain. However, isolines of temperature

and stream function modified slightly. o 823 e g: _ 185
® Variation of the heat conduction coefficient 0.45] — Ra=10°

of the finite thickness walls in a range of 0.1 0.40]

<A< 1.7 led to arise in the energy accumu- 035

lation by about 90%. 0304
® Conduction was pre-dominant heat transfer 823

mechanism at the low values of the Rayleigh 0151

number (Ra < 103). When Ra =105, transi- 010 /

tion from conductive to natural convective 0054/

heat transfer mechanism occurred in the

conditions under consideration. Further in-

crease in Rayleigh number (Ra=106) led to  Figure 7. Temperature distributions at r = 300

convective plume formation near the bottom  in the section of ¥'=0.95

horizontal gas — wall interface and radiant

energy source.

Further studies can include the analysis of the turbulent regimes of natural convec-

tion, applying net flux method when modelling radiative heat exchange and 3-D formulation of
boundary value problem.
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Nomenclature
F,  —Fourier number (= at,/L?), [-] Greek symbols
g — gravitational acceleration, [ms] o thermal diffusivit el
. .. - Ys [m S ]
Ki  —Kirpichev number [= gL (=T ), [-] s — coefficient of thermal expansion, [K™']
L — transverse size of gas cavity, [m] @  — dimensionless temperature, []
Iljru“ B ;\;;;Z%le iﬁlizlrt r[1u]mber, -] A — heat conduction coefficient, [WK'm1]
- . L L v — kinematic viscosity, [m?s™]
Ra  —Rayleigh number [= gf(T;~ To)L*v'a”], T — dimensionless time, [—]
.[_.]. ¥  —dimensionless stream function analogue,
T,  — initial temperature, [K] ]
r — temperature, [K] . W — stream function, [m?s™!]
T, — temperature on the surface of emitter, [K] wo  —scale of stream function, [m?s']
fo — time scale, [s] Q - dimensionless analogue of vortex velocity
t — time, [s] vector, [-]
u,v —velocities on the x-and y-axes, o _ vortex ’Velocity vector, [s"']
. 1 b
respectt vely, [ms] w, - scale of vortex velocity vector, [s7]
U, V' —dimensionless analogues of u, v, [-]
V.. ——velocity scale, [ms'] Subscripts
X,y — cartesian co-ordinates, [m] |
X, Y - dimensionless analogues of x, y, [-] 9 - gasl
— enclosures
3 — radiant energy source
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