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Radiation and heat generation effects in unsteady magnetohydrodynamic mixed 
convection flow of nanofluids along a vertical channel are investigated. Silver 
nanoparticles of spherical shapes and of different sizes in water as a convection-
al base fluid are incorporated. The purpose of this study is to measure the effect 
of different sizes of nanoparticles on velocity and temperature. Keeping in mind 
the size, particle material, shape, clustering and Brownian motion of nanoparti-
cles, Koo and Kleinstreuer model is used. The problem is modeled in terms of 
partial differential equations with physical boundary conditions. Analytical solu-
tions are obtained for velocity and temperature, plotted and discussed. It is con-
cluded that increasing the size of Ag nanoparticles (up to specific size, 30 nm, re-
sults in a very small velocity increment while for large particle size (30-100 nm), 
no change in velocity is observed. As the small size of nanoparticles has the high-
est thermal conductivity and viscosity. This change in velocity with size of nano-
particles is found only in water-based nanofluids with low volume fraction 0.01 
while at low volume concentration, no change is observed.  
Key words: radiation, heat generation, magnetohydrodynamic mixed convection, 

spherical Ag nanofluids, analytical solutions 

Introduction 

Heat transfer due to mixed convection with radiation and heat generation effects is 
of great significance in many industrial processes such as heating and cooling. This mode of 
heat transfer can be sufficiently enhanced by changing either flow geometry or boundary 
conditions, or due to fluid thermo-physical properties. An innovative way of improving the 
thermal conductivity of the fluid is to suspend small solid particles within it. At the begin-
ning, this idea was limited only to particles with dimensions of the order of micrometers [1]. 
Hamilton and Crosser [2] extended the Maxwell model in order to take into account the ef-
fect of the different shapes of the solid particles for volume fraction less than 0.1. Both 
Maxwell [1] and Hamilton and Crosser [2] models were derived for the suspension of mi-
cro-or milli-sized solid particles inside the fluids. But frequently, these models were utilized 
due to their simplicity in the study of nanofluids. Then later on, in 1995, Choi [3] extended 
this idea to nanometer-sized particles and dispersed them within a base fluid such as water. 

–––––––––––––– 
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These types of suspensions, he named as nanofluids. Different novel characteristics of 
nanofluids make them strongly applicable in different processes of heat transfer. Examples 
of such processes include fuel cells, microelectronics, hybrid-powered engines, and phar-
maceutical applications [4-6]. 

Yu and Choi [7] modified the Maxwell model [1] by including the effect of the liq-
uid nanolayers formed around nanoparticles. In another investigation, Yu and Choi [8] ex-
tended this idea by modifying the Hamilton and Crosser model for non-spherical particles. 
Several other models were also introduced to take into account different effects of nanoparti-
cles. For example, Xuan et al. [9] presented their own model by considered the effect of 
Brownian motion, size and clustering of nanoparticles. They considered the thermal conduc-
tivity of nanofluids to be composed of two parts; static part represents the thermal conductivi-
ty enhancement due to the higher thermal conductivity of the nanoparticles and second part 
takes the effect of Brownian motion into account. Koo and Kleinstreuer [10] proposed a mod-
el by taking into account the effect of Brownian motion of nanoparticles. They also consid-
ered the thermal conductivity of nanofluids to be composed of two parts as Xuan et al. [9] 
considered. They also calculated some parameters by using experimental data of Das et al. 
[11] for CuO nanofluid. Thermal conductivity of Al2O3/water nanofluid was experimentally 
investigated by Chon et al. [12]. He also proposed a correlation for the determination of the 
thermal conductivity of alumina nanofluids based on the experimental data. Though several 
attempts have been made on nanofluids to explain the physical reasons for the heat transfer 
enhancement [13, 14], there are still many conspicuous inconsistencies and the investigators 
are working on, see for example some recent attempts in [15-33]. 

Earlier studies indicate that no exact analysis has been made so far for the radiation 
and heat generation effects on nanofluids. Therefore, present study aims to investigate the ef-
fects of radiation and heat generation on unsteady mixed convection flow of nanofluids along 
a vertical channel with induced magnetic field and external pressure gradient. Silver nanopar-
ticles of spherical shapes and of different sizes in water as a convectional base fluid are incor-
porated. Solutions for velocity and temperature are plotted and discussed for different embed-
ded parameters. Influence of different sizes of nanoparticles on velocity and temperature is 
investigated. 

Problem formulation and solution 

In this problem, water-based nanofluid containing magnetite (Ag and Al2O3) nano-
particles is considered. Pressure gradient of oscillatory type is applied in the flow direction. 
Radiation and heat generation effects are taken into account. Mixed convection flow is in-
duced inside a vertical channel of width d with constant temperature. Fluid is electrically con-
ducting due to magnetic field 0B



 of strength B0 applied in a transverse direction to the flow. 
Magnetic Reynolds number is taken small and induced magnetic field is neglected. External 
electric field and electric field due to polarization is taken zero. One boundary of the channel 
is maintained at constant temperature Tw while other boundary has uniform temperature T0. 
Channel is taken along x-axis and y-axis is taken normal to the flow direction. After using ap-
proximation of Boussinesq and taking into consideration the above assumptions, the govern-
ing equations of momentum and energy are obtained [31, 32]: 

 
2

2
nf nf nf 0 nf2 ( ) g( )u p u B u T T

t x y
ρ µ σ ρβ ∞

∂ ∂ ∂
= − + − + −

∂ ∂ ∂
 (1) 
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2

nf nf 0 02( ) ( )p
T T qc k Q T T
t yy

ρ ∂ ∂ ∂
= + − −

∂ ∂∂
 (2) 

with boundary conditions 

 0(0, ) 0, (0, )u t T t T= =  (3) 

 ( , ) 0, ( , ) wu d t T d t T= =  (4) 

where u = u(y, t) denotes the fluid velocity in the x-direction, T = T(y, t) is the temperature of 
the nanofluid, ρnf – the density of the nanofluid, μnf – the dynamic viscosity of the nanofluid, 
σnf – the electrical conductivity of the nanofluid, (ρβ)nf – the thermal expansion of the nanoflu-
id, g – the acceleration due to gravity, cp – the specific heat of the nanofluid at constant pres-
sure, knf – the thermal conductivity of the nanofluid, and q – the radiative heat flux in x-di-
rection. 

The density ρnf thermal expansion coefficient (ρβ)nf and heat capacitance (ρcp)nf of 
nanofluids are derived by using the relations given by [13, 16, 17, 21]. 

 
nf f s nf f s nf nf

s
nf f s nf f

f

( ) (1 )( ) ( ) , (1 ) , ( ),

3( 1)( ) (1 )( ) ( ) , 1 ,
( 2) ( 1)

p p p pc c c k cρ f ρ ρ ρ f ρ fρ α ρ

ss fρβ f ρβ f ρβ sss 
ss  f s

= − + = − + =

 −
= − + = + = + − − 

 (5) 

where ϕ is the volume fraction of the nanoparticles, ρf and ρs are the density of the base fluid 
and solid nanoparticles, respectively, μf is the dynamic viscosity of the base fluid, kf and ks are 
the thermal conductivities of the base fluid and solid nanoparticles, respectively, cpf and cps 
denote the specific heat at constant pressure corresponding to the base fluid and solid nano-
particles, respectively, σf and σs are the electrical conductivity of base fluid and solid nanopar-
ticles, respectively. The total term ρcp is known as heat capacitance. Some physical properties 
of nanoparticles and base fluid are listed in tab. 1 [13, 16, 17, 21]. These properties will be 
used in numerical computations of this problem. 

Table 1. Thermo-physical properties of basefluids and nanoparticles 

Model cp [kg–1K–1] ρ [kgm–3] k [Wm–1K–1] β · 10–5 [K–1] σ [Sm–1] 

Water (H2O) 4179 997.1 0.613 21 5.5 · 10–6 

EG (C2H6O2) 0.58 1.115 0.1490 6.5 1.07 · 10–6 

Silver (Ag) 235 10500 429 1.89 6.30 · 107 

Alumina (Al2O3) 765 3970 40 0.85 35 · 106 

The effective thermal conductivity kpf and viscosity μpf of nanofluid are derived by 
using the generalized model of Koo and Kleinstreuer [10]:  

 nf static Browniank k k= +
 

 4s f f s b
nf f Brownian f f

s f f s s p

( 2 ) 2 ( ) , 5 10 ( , , .)
( 2 ) ( ) p
k k k k k Tk k k c f T etc
k k k k d

f
bfr f

f r
 + − −

= = ⋅ + + −   
(6) 
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f k T f T etc
d

µ µ µ
µ
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= = ⋅
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where kb is the Boltzman constant = 1.3807·10–23 J/K, T – the temperature of the nanofluids, 
300 K > T > 325 K, dp – the diameter of solid particles, β – the modelling function which is 
used to represents the fraction of the liquid volume, which travels with a particle. It is related 
to the particle motion. Here, f(T, ϕ, etc.) is function which depends on properties of interven-
ing fluid and hence particle interactions. Interparticle potential has been used to take the in-
terparticle interaction into consideration. It was difficult to find the theoretical value of  
f(T, ϕ, etc.). Therefore, experimental results of Das et al. [10] for Al2O3 and experimental re-
sults of Patel et al. [24] for Ag nanoparticles have been listed in tabs. 2 and 3. The values of 
these two functions, β and f(T, ϕ, etc.), are mentioned in tabs. 2 and 3 [10, 33]. Koo and 
Kleinstreuer [10] model is the generalized model of these two models.  

Table 2. For β 

Type  
of particles β Remarks 

Ag 0.0137(100ϕ)–0.8229 ϕ < 1% 

Al2O3 0.0017(100ϕ)–0.0841 ϕ > 1% 
 

Table 3. For f(T, ϕ, etc.) 

Type  
of particles f(T, ϕ, etc.) 

Ag 1 

Al2O3 (–64 + 0.4705)T + (1722.3ϕ – 134.63) 
 

Therefore, the expressions in eqs. (6) and (7) are restricted only to spherical shape of 
nanoparticles. The radiative heat flux give: 

 2
0 04 ( )q T T

y
α∂

− = −
∂

 (8) 

where α0 is the mean radiation absorption coefficient. Applied pressure gradient in the flow 
direction is taken as –∂p/∂x = λexp(iω1t), where λ is constant and ω1 – the frequency of oscil-
lation. Introducing following dimensionless variables: 

 
1

0 0

0 0 0

1

0

, , , , , ,

, e

w

i t

tU T Tx y u dx y u t P p T
d d U d U T T

d p
U x

w

µ
w

w λe

∗ ∗ ∗ ∗ ∗ ∗

∗

−
= = = = = =

−

∂
= =
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 (9) 

the system of eqs. (1)-(4) reduces to: 

 
2

2
0 2 0 12exp( )u ua i t m u a T

t y
λe ωφ ∂ ∂

= + − +
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 (10) 

 (0, ) 0, (1, ) 0, 0u t u t t= = >  (11) 

 
2
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0 12

T Tb b T
t y

∂ ∂
= +

∂ ∂  
(12) 

 (0, ) 0, (1, ) 1, 0T t T t t= = >
 (13) 
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=  

Here Re, M, Gr, Pe, Q, and N denote the Reynold’s number, magnetic parameter, the 
thermal Grashof number, the Peclet number, heat generation, and the radiation parameter, re-
spectively. 

In order to solve eqs. (10)-(13) the following perturbed type solutions are assumed:  

 [ ]0 1( , ) ( ) exp( ) ( )u y t u y i t u ye ω= +  (14) 

 [ ]0 1( , ) ( ) exp( ) ( )T y t T y i t T ye ω= +  (15) 

Using eqs. (14) and (15) into eqs. (10)-(13), respectively, the following system of 
ordinary differential equations is obtained: 

 
2

20
1 0 2 02

d ( ) ( ) ( )
d
u y m u y a T y
y

− = −  (16) 

 0 0(0) 0, (1) 0u u= =  (17) 

 
2
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2
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d
u y m u y
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λ
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− = −  (18) 

 1 1(0) 0, (1) 0u u= =  (19) 

 
2
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1 02
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d
T y b T y
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 0 0(0) 0, (1) 0T T= =  (21) 
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3 12
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T y m T y
y

+ =  (22) 

 1 1(0) 0, (1) 0T T= =  (23) 
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where  

 
2 2

0 0 01
1 2 2 3 1 0

2 2 2
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φφφ 

+
= = = = −  

Solutions of eqs. (20)-(23) yield:    

 1
0

1

sin( )( )
sin( )

b yT y
b

=  (24) 

 1( ) 0T y =  (25) 

Now eq. (15), after using eqs. (24) and (25) becomes: 

 1

1

sin( )( , ) ( )
sin( )

b yT y t T y
b

= =  (26) 

Incorporate eq. (26) into eq. (16) and then the solution of the resulting equation with 
boundary conditions (17) yields: 

 2 1
0 1 1 2 1 2 2

11 1

sin( )( ) sinh( ) cosh( )
sin( )( )

a b yu y c m y c m y
bb m

= + +
+

 (27) 

Similarly, eq. (18) with boundary conditions (19) results in: 

 1 3 2 4 2 2
2 2

( ) sinh( ) cosh( )u y c m y c m y
m
λ
φ

= + +  (28) 

Here c1, c2, c3, and c4 are arbitrary constants given by: 
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1 2 2

1 1 1
,
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= −
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Now using eqs. (27) and (28) into eq. (16), give:  

2 1 2 1
2 2 2 2
1 1 1 1 1 1

sinh( ) sin( )( , )
( )sinh( ) ( )sin( )

a m y a b yu y t
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22 2
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λ λe ω
φφ
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Nusselt number and skin-friction  
Nusselt number and skin-friction are evaluated from eqs. (26) and (29) as:  

 1

1
Nu

sin( )
b

b
=  (30) 

 2 1 2 1 2 2
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−

= = − + +
+ +  

(31) 
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Results and discussion 

Graphical results with illustration are included in this section. Koo and Kleinstreuer 
[10] model is used to derive velocity profile of silver-water based nanofluids. Using the ther-
mophysical properties H2O, C2H6O2, Ag, and Al2O3 from tab. 1, figs. 1-11 are plotted. In these 
figs. 1-6 and 10 are sketched for velocity profiles, and 7-9 and 11 for temperature profiles. Fig-
ure 1 is sketched to show velocity profile of Ag nanoparticles of different sizes in water-based 
nanofluids. One can see from this fig. 1 that on increasing size of Ag nanoparticles (from 1 nm 
to 30 nm) in water-based nanofluids, velocity is found to increase. However, after 30 nm, no 
variation is observed, even if the size of nanoparticle is increased upto 100 nm or above. Only a 
small variation is observed when volume fraction of nanofluids is taken as 0.01.  

 
Figure 1. Velocity graph for different sizes of Ag 
in water-based nanofluid when Gr = 0.1, N = 0.1, 
Re = 1, Pe = 1, M = 1, λ = 1, t = 0.1, and Q = 
0.001, ϕ = 0.01, ω = 0.2 

 
Figure 2. Velocity graph for different sizes of 
Al2O3 in water-based nanofluid when ϕ = 0.01, 
Q = 0.01, Gr = 0.1, N = 0.1, Re = 1, Pe = 1,  
M = 1, λ = 1, t = 0.1, and ω = 0.2 

This result shows that size of Ag nanoparticles is effected in very small volume frac-
tion. The increasing of velocity with size of nanoparticle means that viscosity and thermal con-
ductivity of nanofluids are decreasing. It is clear from fig. 1 that dispersion of Ag nanoparticles 
of small sizes show higher viscosity and thermal conductivity. According to theory of Brownian 
motion, random motion of small size particles is greater than large size particles or aggregation 
and aggregate containing a number of nanoparticles or clusters slow down the random motion 
of nanoparticles. This means that large size particles has greater possibility of making clusters 
as compare to small size particles. Therefore, suspension of small size particles has greater 
thermal conductivity. However, after a certain increase of size no variation is observed. It is also 
mention in Xuan at el. [9] model that smaller the radius of aggregation or cluster of suspended 
nanoparticles higher will be thermal conductivity of nanofluids and completed dispersed single 
particles (without aggregation or cluster) is found only in an ideal case.  

Figure 2 is sketched to represent velocity profile of Al2O3 in water-based nanofluids. 
This figure shows that dispersion of Al2O3 nanoparticles in water gives the same results as 
found in case of dispersion of Ag nanoparticles in water-based nanofluids. But variation in 
velocity of Al2O3 nanoparticles in water-based nanofluids is found only at high volume frac-
tion. Although variation in velocity of dispersion of Ag nanoparticles in water is found at low 
volume concentration. This means that ϕ plays an important role when the size of Ag nano-
particle is kept constant in both cases of water-based nanofluid and Al2O3 based-nanfluid. It is 
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also important to note that there is a limit of adding nanoparticles to the base fluid. Physically, 
it is due to the sedimentation in nanofluids by high volume concentration taken at different 
volume for different nanoparticles. 

Graphical results of dispersion of different sizes of Ag in EG-based nanofluids are 
shown in fig. 3. It is found from this figure that there is no variation in velocity with size of 
nanoparticles in EG-based nanofluids. It means that the size is unaffected in EG-based 
nanofluids even at a high ϕ. Comparison of Ag and Al2O3 in water-based nanofluids is shown 
in fig. 4. It is noted that Al2O3 in water-based nanofluids has high velocity as compare to Ag  
in water-based nanofluids. This means that silver is more viscous than Al2O3 in water-based 
nanofluids. Figure 5 is drawn to represent the velocity profile for different ϕ. It is noted from 
this figure that with the increase of ϕ velocity of nanofluids decreases. This physically means 
that with the increase of ϕ viscosity of nanofluids increases, due to which velocity of nanoflu-
ids decreases. Figure 6 is sketched to show the velocity profile for different value of Q. It is 
found from fig. 6 that velocity of nanofluids increases with the increase of Q. 

 
Figure 3. Velocity graph for different sizes of Ag 
in EG-based nanofluid when ϕ = 0.1, Q = 0.01, 
Gr = 0.1, N = 0.1, Re = 1, Pe = 1, λ = 1, t = 0.1, 
and ω = 0.2  

 
Figure 4. Velocity comparison graph of Ag and 
Al2O3 in water based nanofluids when Q = 0.01, 
dp = 5 nm, Gr = 0.1, N = 0.1, Re = 1, Pe = 1,  
λ = 1, t = 0.1, and ω = 0.2 

 
Figure 5. Velocity profile of Ag nanofluid for 
different ϕ when Q = 0.01, dp = 5 nm, Ag,  
Gr = 0.1, N = 0.1, Re = 1, Pe = 1, λ = 1, t = 0.1, 
and ω = 0.2 

 
Figure 6. Velocity graph for different values of 
Q when ϕ = 1, Q = 0.01, dp = 5 nm, Ag, Gr = 0.1,  
N = 0.1, Re = 1, Pe = 1, λ = 1, t = 0.1,  
and ω = 0.2 
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Graphs of temperature profile for different values of radiation parameter N volume 
fraction, and heat generation parameter are given in figs. 7-9 and 11. Figure 7 on the other 
hand indicates that temperature of nanofluids increases with the increase of ϕ but this varia-
tion in temperature is observed at very high ϕ for Ag in water-based nanofluids. This is due to 
the reason that with the increase of volume fraction, thermal conductivity and viscosity in-
crease but the variation in thermal conductivity lead to increase the temperature of nanofluids 
and viscosity start decreasing with increasing temperature. Figure 8 shows that temperature 
profiles of nanofluids increase with the increase of radiation parameter N. This physically 
means that an increase in radiation parameter, increases the rate of heat energy transport to the 
fluid. Increasing rate of heat transfer decreases the viscosity of nanofluids due to which tem-
perature of nanofluids increases. When N = 0, means there is no radiation from the fluid. This 
physically means the nanofluid has low temperature. Figure 9 represents temperature profile 
for different value of Q. It is clear from this figure that nanofluids temperature increases with 
the increase of Q. 

 
Figure 7. Velocity profile for different value of ϕ 
when Q = 1, dp = 5 nm, Ag, Gr = 0.1, N = 0.1, 
 Re = 1, Pe = 1, λ = 1, t = 0.1, and ω = 0.2  

 
Figure 8. Temperature profile for different 
value of radiation parameter N when ϕ = 0.04, 
Q = 1, t = 1, and ds = 5 nm 

 
Figure 9. Temperature profile for different 
value of volume fraction Q when t = 1, N = 0.1,  
ϕ = 0.04, ds = 5 nm 

 
Figure 10. Comparison of present velocity 
results when ϕ = 0, Q = 0, with published  
results [32] 
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Finally, in figures 10 and 11, the results 
of the present study are compared with those 
of Makinde and Mhone [32] in the absence of 
heat generation and in a non-porous medium. 
It can clearly be seen that the present results 
of velocity and temperature are identical with 
the results obtained for a regular fluid [32]. 

Final conclusions 

In this work we have studied analytically 
heat transfer in mixed convection flow of 
MHD nanofluids inside a vertical channel 
with radiation and heat generation effects. 
The dispersion of different sizes of Ag and 
Al2O3 nanoparticles in water as conventional 
base fluids is considered. In addition, the sus-
pension of different sizes of Ag nanoparticles 

in EG-based nanofluids is also studied. Present result is compared with the existing result of 
Makinde [32] result and found an excellent agreement tab. 4. Expression for velocity and 
temperature are obtained. Results are plotted and the following conclusions are drawn. 
• The suspension of small size nanoparticles (Ag and Al2O3) in water-based nanofluids has 

greater viscosity and thermal conductivity.  
• It is also observed that there is a certain limit of increasing size of nanoparticles (upto 30 

nm) which causes the velocity to increase and thereafter no change is observed for further 
increasing size of nanoparticles. 

• It is found that there is certain limit of ϕ where size of nanoparticles start affecting. The 
size of Ag nanoparticles is affected only at small volume fraction (ϕ) 0.01 as compared to 
Al2O3 nanoparticles, size has no effect at this volume fraction on velocity of nanofluid but 
at high volume fraction 0.1, velocity of nanofluids start affecting with increasing size of 
Al2O3 nanoparticles. On the other side for EG-based nanofluids the size has no effect.  

• Besides, velocity is decreasing with increase of ϕ due to viscosity increases whereas ve-
locity is increasing with the increase of Q. 

• In limiting sense the present results are reduced to published results [32]. 

Table 4. Comparison of present result with those of Makinde and Mhone [32] 

Nomenclature 

0B


 – applied magnetic field, [T] 
(cp)f – heat capacity of base fluid, [kg–1K–1]

 (cp)nf – heat capacity of nanofluids, [kg–1K–1] 
(cp)s – heat capacity of solid nanoparticles,  

[kg–1K–1] 
dp – diameter of solid nanoparticles, [m] 

E


 – total electric field, [NC–1] 
Gr – thermal Grashof number, [–] 
g – gravitational acceleration, [ms–2] 
kf – thermal conductivity of base fluid,  

[Wm–1K–1] 

 
Figure 11. Comparison of present tempertaure 
results when ϕ = 0, Q = 0, with published 
results [32] 

 Present results Present results when  
Q = 0 and ϕ = 0 

Makinde and Mhone [32] results  
in the absence of porous medium 

Velocity 5.323 0.119 0.119 

Temperature 0.501 0.599 0.599 
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knf – thermal conductivity of nanofluids,  
[Wm–1K–1] 

ks – thermal conductivity of solid 
nanoparticles, [Wm–1K–1]

 M – magnetic parameter, [–] 
N – radiation parameter, [–] 
Nu – Nusselt number, [–] 
Pe – Peclet number, [–] 
Q – heat generation parameter, [–] 
T – temperature of nanofluids, [K] 
t – time, [s] 
Greek symbols 

α0 – mean absorption coefficient, [m–1] 
βf – volumetric coefficient of thermal expansion 

of base fluid, [K–1] 
βnf – volumetric coefficient of thermal expansion 

of nanofluids, [K–1] 

βs – volumetric coefficient of thermal expansion 
of solid nanoparticles, [K–1] 

μf – dynamic viscosity of base fluid, [kgm–1s–1] 
μm – magnetic permeability, [H–1m–1]  
μnf – dynamic viscosity of solid nanofluids, 

[kgm–1s–1] 
μs – dynamic viscosity of solid nanoparticles, 

[kgm–1s–1] 
ρnf – density of nanofluids, [kgm–3] 
ρf – density of base fluid, [kgm–3] 
ρs – density of solid nanoparticles, [kgm–3] 
σs – electrical conductivity of nanofluids,  

[Ω–1m–1(mho)] 
τ – viscous stress tensor, [Nm–2] 
τ1 – skin friction, [–] 
ω – oscillating parameter, [s–1] 
ϕ – volume fraction of solid nanoparticles, [–] 
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