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This work is centered on the safe usage of the lattice Boltzmann method for 2-D
pure diffusion. The basics of the method for pure diffusion are first elucidated using
a new definition given in the paper. The oscillating behavior and safe conditions
of use are then explored in the case of homogeneous material as well as hetero-
geneous materials with circular and plane interfaces. As a conclusion, the range
of valid relaxation factors is given for a correct use of lattice Boltzmann method.
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Introduction

The lattice Boltzmann method (LBM) is an explicit and locally formulated method for
solving the Navier-Stokes equation [1]. It is also suited for diffusion problems in homogeneous
or heterogeneous media, with a high parallelization potential [2]. The LBM shows interesting
features as well for the numerical simulation of phase-change [3]. However, in this case it the
implementation is not straightforward and the algorithm does not stay fully explicit at every
stage [4].

The literature about the LBM and its stability range is abundant [1, 5, 6]. Demuth et
al. [7] explore the performance of LBM for diffusion simulation vs. classical methods, in terms
of precision for various imposed gradient conditions and for large diffusivity ratios. However,
they do not mention how to overcome the problem of oscillation rising when the relaxation fac-
tors are close to their boundary values. This problem is brightly solved by [8], using a fictitious
isotropic advection velocity to simulate diffusion coefficients in heterogeneous media with dif-
fusive properties reaching several orders of magnitude.

There is nevertheless a range of relaxation factors where the LBM can be used safely
without having to modify the scheme or using artifacts such as [8]. To the best of our knowl-
edge, no authors have been publishing their observations regarding the behavior of the method
at the extrema of the relaxation factors, be it for homogeneous materials or for heterogeneous
ones, considering in this case variations of the diffusion coefficient.

This works intends to fill this lack for the use of non-experts LBM programmers
and will hence focus on presenting the numerical results regarding oscillations when Dirichlet
boundary conditions are imposed on both homogeneous and heterogeneous materials with var-
ious geometries.
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Lattice Boltzmann method for pure diffusion

This section shows the basics of the LBM used for pure diffusion in homogeneous and
heterogeneous media.

Homogeneous media case

The LBM is a mesoscopic approach that can fit the macroscopic phenomena governed
by partial derivative equations problems. The evolution of a fluid or a solid is deducted from the
consideration of a population of particles interacting with well-defined rules of collision. Unlike
the well-known Navier-Stokes approach that uses the equations describing the macroscopic be-
havior of a fluid and then discretizes them to the microscopic level, the LBM is an ascendant
method, where the particles agitation defined by the Maxwell-Boltzmann distribution of statisti-
cal mechanics allows for a consistent extrapolation towards the macroscopic behavior. The link
between micro and macroscopic scales is reached thanks to a Chapman-Enskog expansion [1].

Practically, for mass or thermal diffusion or for flow problems, the LBM consists in
considering a population of particles streaming along given directions in the space systemat-
ically on the points of the grid. The particles displacement is chosen equal to unity in every
direction, hence the time and space scales are strongly linked. At each time step, the particles
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Figure 1. Arrows showing the directions of distributions streaming on the grid (the sum
propagation of the D,Q, and the D,Q, stencils of the possible space directions.

Boltzmanns equation ruling the parti-
cles behavior is given under following form, f being the density of probability of the particles,
¢ —the speed of propagation, and Q — the collision operator:

0
a_f +cVf =Q(f) (D
t
After discretizing the space into D,Q, as previously defined, with 0 <4 <8and ¢, =1 lat-
tice unit per time step in direction as the mesoscopic speed of the particle on the grid, one obtains:
0 0
Vi, 0

ot “ox,

In the Bhatnagar-Gross-Krook approach [5], the collision operator is approximated as
a relaxation of the distribution function towards the equilibrium distribution:

=Q, )

1 eq
Q =——(f, - /") 3)

The equilibrium distribution function f, of eq. (3) is computed through the Taylor ex-
pansion of the Maxwell-Boltzmann distribution of a stationary perfect gas at the equilibrium,
which, for the diffusion process, simplifies merely:

St =ap “4)
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The p factor is the sum of the distributions at the point considered and represents the
computed macroscopic value, e. g. the concentration or temperature of the simulated matter.
The factor w, is a constant weighting relative to the propagation direction, such that 2w, = 1.
Long displacements are less likely than short ones, hence the decreasing weightings of zero
displacement, orthogonal displacement, and diagonal displacement for the D,Q, scheme.

Setting out @ = At/ and writing the Boltzmann equation with its discrete form, one
obtains the explicit equation of the space-time evolution of the f, functions:

fk(x+Ax,t+At)=fk(x,t)—a)[fk (x,0)— £ (x,t)] (5)

For stability reasons [1, 5], the @ factor has to remain strictly between 0 and 2. In
the case of 2-D diffusion in a single given medium, the relationship between w and the LBM

diffusivity, d, is:
1
d=c’| ——— 6
(w 2} (6)

In eq. (6), ¢, = 1/(3)"? is a parameter called the sound speed in LBM space-time, but is
actually only a scaling factor in the case of diffusion [9].

In order to make a LBM simulation with a given number of time steps, #, 5, and a
mesh size, N, correspond with the evolution, ¢, of a real domain, L, one has to make their
Fourier numbers match:

real

— dtLBM — Dtrcal (7)

©N

In eq. (7), D is the thermal diffusivity of the real medium. Changing the LBM diffu-
sivity or refining the mesh will hence affect the number of time steps to be computed [5]. For
more details about LBM and its boundary conditions, see [10].

Taking the explicit finite differences method (FDM) as a reference for comparison,
one can see on fig. 2(a) the evolution of the error ratio between LBM and FDM for an equal
discretization, as well as the ratio of time steps required for both methods to simulate a giv-
en timespan. The horizontal dashed line is the unity ratio which provides a reference for the
amount of time steps required for LBM compared to the explicit FDM, [11]. The LBM is also
more precise than FDM for almost any value of the relaxation factor, except @ = 0.

From fig. 2(a), one can conclude that the relaxation factor shall be small enough to be
competitive vs. classical methods, ideally below the unity ratio, yet big enough to allow for a
sufficient precision of the method vs. a classical one such as FDM.

The precision of the 5- and 9-velocities models were also compared vs. the pure diffu-
sion analytical solution of semi-infinite wall for a defined simulation time corresponding to F, =
0.01. The results in terms of maximum and average relative error are plotted vs. the relaxation
factor on fig. 2(b). Both models have similar orders of magnitude of error, the D,Q, one being
slightly more precise. The maximum relative error reaches ~102% for @ = 0, and the minimum
relative error is below 10°%% at a value of w ~1.1 Noticeably the relative error curve has the
same shape for any Fourier simulation time and the @ corresponding to the minimum error
value increases towards with the increase of the Fourier number.

Having laid the foundations of LBM simulation of diffusion in homogeneous media,
the application of this method to heterogeneous requires a simple adaptation, as explained in
the following section.




1176

Walther, E., et al.: Lattice Boltzmann Method and Diffusion in Materials with ...
THERMAL SCIENCE: Year 2017, Vol. 21, No. 3, pp. 1173-1182

LBM error/FDM error

| 102 -
[i l =
L. Faster time g
| evolution =
I 4100 3
! o
I | e
| a
4 10° 8
] :
1 £
! L Better precision J100
| than FDM
1 1 1
0.5 1 1.5
w
Unit ratio = == -

Ratio of errors —E&—
Time steps ratio —>—

Error [%]

—410°

<410

Maximum D,Q, —%—
Average D,Q,—¥—
Maximum D,Q, —%—
Average D,Q, —#—

Figure 2. Comparison of the precision and performance of LBM
vs. the FDM (a) and relative error of the method vs. the analytical
semi-infinite wall solution (b)
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Regarding the simulation of diffusion in two materials a and b , the best practice is to
define a relaxation factor for one of them as presented in eq. (6) and then determine the value
of the other one depending on the ratio of real diffusivities:
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From this relationships between the physical properties of the materials, one can plot the rela-
tionship from w, to w,, as presented on fig. 3. This graph shows the strong dependency of the relaxation
factor of the second material with the diffusivity ratio. The experience shows however that for heteroge-
neous media with a diffusivity ratio reaching several orders of magnitude, some perturbations appear at

d/d, =10 —*—
d/d,=10" —o—
d,/d, =100 —o—
d/d,=10" —5—
d/d, =102 —-—

Figure 3. Relationship between », and o, for
diffusivity ratios with several orders of magnitude

boundaries or at the interfaces between phases,
which is the topic of next section.

Oscillating behavior of
D,Q, and D,Q, stencils

The aim of this section is to provide a
guideline for LBM users that do not wish to
modify their code, introducing a fictitious
advection velocity as in [8]. First, a defini-
tion for the phenomenon of oscillation is
proposed. The oscillatory behavior of both
5- and 9-velocities stencils is then confront-
ed to geometries with increasing complexi-
ty. Eventually, a test on a realistic cementi-
tious morphology completes the study.
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Definition
Under the term oscillations we understand the existence or the conjunction of follow-
ing events:

— Transient appearance of values without the range of the physically imposed gradient (e. g.
obtaining a negative value for a 0-1 imposed scalar range). These non-physical values van-
ish over time.

— Fluctuating scalar values with changing sign at a given point of the mesh whereas the im-
posed gradient does not change.

— Fluctuating scalar values at a given point of the mesh, whereas the imposed gradient does
not change

The word stable in this work is hence not to be understood in the generally used sense
of numerical stability but as qualifying the behavior of LBM regarding oscillations.

Oscillations for homogeneous media

For homogeneous media, oscillations appear for higher values of the relaxation factor.
Figure 4 presents the couples (D, w) for which we obtained non-physical values at early time
steps after imposing a scalar gradient to the considered 200 x 200 pixels domain. Both the D,Q,
and D,Q; stencils are appropriate when using relaxation factors below @ ~ 1.2.

Using higher relaxation factors with the aim of increasing the methods precision (as
shown in fig. 2) appears to be counter-productive, as for higher relaxation factors, oscillations
show up at early time steps, fig. 4.

The relative amplitude of these oscillations reaches ~10% of the imposed gradient,
as plotted on the second vertical axis of fig. 4. The relative values of oscillations are steadily
increasing with w, however they are damped over time and vanish after a sufficient amount of
time steps, as presented on fig. 4.
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Figure 4. Oscillations limit and number of time steps required for
a complete damping of oscillations for the D,Q, and D,Q, stencils;
homogeneous media, square geometry (200 x 200 pixels)

Oscillations for heterogeneous media

Following the rules set by egs. (8) and (9), several configurations of 200 x 200 pixels
heterogeneous material with varying diffusivity ratios an0d different geometries are examined
in this section. The reference relaxation factor o, is affected to the grey domain on all plots.
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Serial association

Numerical investigations were led on a regular bi-material, with a unity gradient ap-
plied orthogonally to the interface (e. g. from the top to the bottom of fig. 5). As this situation
is similar to the homogeneous one, the same features can be found in terms of non-oscillating
zone with a clearly defined maximum relaxation factor.

For both schemes, some oscillations appear at very low relaxation factors and diffu-
sivity ratios below 0:1 for a number of time steps close to half the size of the mesh, fig 5. This
phenomenon is due to the time required by the streaming process for collisions to take place
at the interface between the materials. When the particles reach the interface, they collide with
other particles having a much smaller relaxation factor, whence the oscillations.
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Figure 5. Oscillations for various diffusivity ratios in the case of heterogeneous media with an
orthogonal gradient to the interface, square geometry (200 x 200 pixels)

For D,Q, and D,Q,, defining a relaxation factor such as 0.1 < w, < 1.2 allows for a
safe us of LBM for any diffusivity ratio in this configuration, which can be of peculiar interest
for the simulation of diffusion in materials associated in series.

Parallel association

The tests performed with an interface-parallel gradient showed a tighter zone of safe
use of the D,Q, stencil, fig. 6. The oscillations appear at the very first time steps on nodes at
each side of the interface near the imposed scalar boundary for this scheme. The condition to
be respected is hence 0.1 < w, < 1.
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Figure 6. Oscillations for various diffusivity ratios in the case of heterogeneous media with
gradient direction along the interface, square geometry (200 x 200 pixels)
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The 5-velocities model is unaffected by the parallel association, which implies a sen-
sitivity of the diagonal terms to the variation of relaxation factor.

Inclined geometries

The same simulations with a the same top-to-bottom unity gradient in the y-axis direc-
tion were lead on three geometries with decreasing slopes. The results shown on figs. 7-9 show
that both stencils have a similar behavior, the D,Q, one being the more restrictive.

Remarkably, for the 1:1 slope, the diagonal distributions of D,Q, are parallel to the
isovalues in some zones of the domain. They are hence unaffected by the geometry which trans-
lates into a bigger stable zone compared to the 1:2 and 1:4 slopes, fig. 7.
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Figure 7. Oscillations for various diffusivity ratios in the case of heterogeneous media with
north/south gradient direction, slope 1:1, square geometry (200 x 200 pixels)
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Figure 8. Oscillations for various diffusivity ratios in the case of heterogeneous media with
north/south gradient direction, slope 1:2, square geometry (200 x 200 pixels)
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Figure 9. Oscillations for various diffusivity ratios in the case of heterogeneous media with
north/south gradient direction, slope 1:4, square geometry (200 x 200 pixels)
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The D,Q; stability zone for the 1:1 slope configuration, fig. 7, has exactly the same
shape as the normal gradient configuration, fig. 5.

For both models, the stability zone increases slightly as the slope decreases. This be-
havior is expected indeed, when the slope approaches 0, the material association tends towards
the serial association.

Inclusions in the matrix

Three circular inclusions with increasing radius in a matrix are considered in this sec-
tion. The reference relaxation factor is affected to the inclusion material. The loci of oscillations
for increasing inclusion fractions are illustrated on figs. 10-12.
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Figure 10. Oscillations for various diffusivity ratios in the case of a cylindrical inclusion with
1.5% fraction (200 x 200 pixels mesh)
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Figure 11. Oscillations for various diffusivity ratios in the case of a cylindrical inclusion with
15.3% fraction (200 x 200 pixels mesh)
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Figure 12. Oscillations for various diffusivity ratios in the case of a cylindrical inclusion

with 71.4% fraction (200 x 200 pixels mesh)
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Interestingly, the shape of the stability zones for circular inclusion is very likely to the
one of the 1:2 slope and 1:4 slope configurations.

From this study, one can conclude that the higher the inclusion surface, the smaller the
stability zone (both for D,Q; and D,Q,).

Cementitious paste-like morphology

For this numerical test, the same morphological scheme as in [12] was used to reconstruct
cementitious-resembling matter. Both and schemes have a rather stable behavior for such matter,
the shape of the stability zones being a more restrictive version of the homogeneous one, fig. 13.
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Figure 13. Oscillations for various diffusivity ratios in the case of cementitious-like
reconstructed matter (200 x 200 pixels mesh)

Conclusions

This work shows the range of relaxation factors that allow for a safe use for simple
geometries. Care has to be taken when using high diffusivity ratios as oscillations are very like-
ly to appear for more complex geometries. Imposing a relaxation factor having several orders
of magnitude is indeed equivalent to forcing a discontinuity in a partial differential equation,
which leads to numerical oscillations.

The choice of the @ relaxation factor has an influence on the required amount of time
steps for a given physical time, as well as on the precision of the method and on the possible ap-
pearance of oscillations which, although they may disappear once the static regime is reached,
induce an error for the simulation of transient systems.

Materials with sufficiently weak diffusivity differences, id est ratios of 0:6 or above,
are not subject to causing oscillations. Also, for complex structures having diffusivity ratios
above two orders of magnitude, no oscillations appear if the correct w is chosen. To reduce
both the error introduced by the oscillations at low relaxation factors and to be at the right side
from the w value giving a minimum, i. e. where the relative error has an asymptotic behavior,
fig. 2(b), one should run simulations of diffusion in heterogeneous materials with the highest
possible w. Giving the highest relaxation factor to the material having the biggest surface frac-
tion is also advised for the same purposes.

Nomenclature
c — particle velocity, [ms™] d — the LBM diffusivity, [-]
c — discrete particle velocity in direction, F, — Fourier number, [-]
[= (lattice dimension)-(lattice time) '] f — distribution function of the particles, [-]
¢ — the LBM pseudo-speed of sound, 1 — discrete distribution function
[= (lattice dimension)-(lattice time)™'] in direction k, []

D — mass or thermal diffusivity, [m?s™] t — time, [s]
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Greek symbols Q) — relaxation factor, []
B . it [°C] w,, o, — relaxation factor of material a and b, []
P MAcroscopic quantity, ¢. &, | . B ®,  — discrete collision operator in
T — collision frequency, [(lattice unit)™] direction k, []
Q — collision operator, [—] ’
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