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The main pur pose of this pa per is to show how the in cli na tion an gle af fects nat u ral
con vec tion from a flat-plate pho to vol taic mod ule which is mounted on the ground
sur face. In or der to model this ef fect, novel cor re la tions for nat u ral con vec tion from 
iso ther mal flat plates are de vel oped by us ing the fun da men tal dimensionless num -
ber. On the ba sis of the avail able ex per i men tal and nu mer i cal re sults, it is shown
that the nat u ral con vec tion cor re la tions cor re spond well with the ex ist ing em pir i cal 
cor re la tions for ver ti cal, in clined, and hor i zon tal plates. Five ad di tional cor re la -
tions for the crit i cal Grashof num ber are de rived from the avail able data, three in -
di cat ing the on set of tran si tional flow re gime and two in di cat ing the on set of flow
sep a ra tion. The pro posed cor re la tions cover the en tire range of in cli na tion an gles
and the en tire range of Prandtl num bers. This pa per also pro vides two worked ex -
am ples, one for nat u ral con vec tion com bined with ra di a tion and one for nat u ral
con vec tion com bined with forced con vec tion and ra di a tion.

Key words: em pir i cal cor re la tion, flat plate, fun da men tal dimensionless num ber,
in cli na tion an gle, nat u ral con vec tion, pho to vol taic mod ule

In tro duc tion

In or der to pro duce the max i mum amount of elec tric ity, a pho to vol taic (PV) mod ule
must re ceive the high est pos si ble amount of sun light. When sun light is at its max i mum, tem per -
a ture reaches the high est level of in flu ence on the ef fi ciency of a PV mod ule [1-3]. This oc curs
when PV mod ules are per pen dic u lar to the in com ing sun rays. The amount of sun light can be
also con trolled with the in cli na tion of PV mod ules, which is usu ally set at a nearly op ti mal an gle
[4]. Hence, the in cli na tion an gle, y, af fects the ef fi ciency. It is also known that the ef fi ciency of
a PV mod ule de pends on heat losses due to nat u ral con vec tion, forced con vec tion, and ra di a tion
[5]. More over, nat u ral con vec tion is sig nif i cantly af fected by the in cli na tion an gle, y. There -
fore, mod el ing the ef fect of the in cli na tion an gle on nat u ral con vec tion from a PV mod ule is of
con sid er able in ter est to the re search ers [5, 6].
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It is com mon prac tice for nat u ral con vec tion from PV mod ules to be an a lyzed by us ing 
the em pir i cal cor re la tions for ver ti cal, in clined, and hor i zon tal iso ther mal flat plates. Many
stud ies have been de voted to nat u ral con vec tion from iso ther mal plates and sur faces at in cli na -
tion an gles be tween the ver ti cal (y  = 0°) and hor i zon tal (y = 90°) lim its [7-13]. Some of these
stud ies are ex per i men tal [7-10], while oth ers are nu mer i cal [11-13]. Most of the cor re la tions be -
tween the av er age Nusselt num ber and the Ray leigh num ber are in the form Nu = CRan , where C
and n are the dimensionless pa ram e ter and ex po nent which de pend on the flow con di tions [14,
15]. There are, how ever, some cor re la tions which are in the form Nu = CPN

n , where PN is the
fun da men tal dimensionless num ber for nat u ral con vec tion [15-17]. To the best knowl edge of
the au thors, nat u ral con vec tion cor re la tions for in clined and hor i zon tal iso ther mal plates based
on the fun da men tal dimensionless num ber were not de scribed else where in the lit er a ture. De vel -
op ment of such cor re la tions and their fur ther ap pli ca tion to the flat-plate PV mod ules are the ob -
jec tives of this pa per.

This pa per in tro duces a set of new cor re la tions for si mul ta neous nat u ral con vec tion
from both sur faces of an iso ther mal plate with ar bi trary in cli na tion be tween 0 and 90 . This pa -
per also pro poses two cor re la tions that ap ply only to lam i nar nat u ral con vec tion from up -
ward-fac ing (UF) sur face of a heated plate when its down ward-fac ing (DF) sur face is ther mally
in su lated. All the cor re la tions are in the form Nu(y) y)=C

N
n( ×P , where C de pends on the in cli -

na tion an gle y, n = 1/4 for the lam i nar flow and n = 1/3 for the tur bu lent flow and the flow sep a -
ra tion. For any pos i tive an gle of in cli na tion, the di men sion rep re sent ing the height of a plate in
the di rec tion of grav ity is adopted as the char ac ter is tic length, L. Ex clud ing the lim its on in cli na -
tion, there are no other lim i ta tions with re gard to the cor re la tions. More over, based on [9, 10, 13, 
14, 18, 19], five equa tions are con structed for the cal cu la tion of the crit i cal Grashof num bers as
func tions of the in cli na tion an gle, y, and the Prandtl num ber. While three of these five equa tions 
in di cate the on set of tran si tion from lam i nar to tur bu lent flow re gime, the fourth and fifth equa -
tions in di cate the on set of flow sep a ra tion (also bound ary-layer sep a ra tion, stall).

The nat u ral con vec tion cor re la tions cover the en tire ranges of in cli na tion an gles and
Prandtl num bers and they are ap plied to es ti mate the as so ci ated heat trans fer co ef fi cients for two 
dif fer ent PV mod ules, both mounted on the ground sur face and tested un der dif fer ent am bi ent
con di tions. The tran si tional flow re gime is mod eled by the cor re la tions which are the same as
those used for the tur bu lent flow re gime. The ef fects of the so lar ra di a tion and heat losses due to
forced con vec tion and ra di a tion from the outer sur faces of the PV mod ules are taken into con sid -
er ation. Cal cu la tion re sults of the two worked ex am ples and the cor re spond ing ex per i men tal
data [4, 20, 21] have served to val i date the pro posed mod el ing con cept.

Ex per i men tal and nu mer i cal re sults used in the pres ent study

To de rive the cor re la tions for nat u ral con vec tion, the au thors use the experi- men tal re -
sults of Hassan and Mohamed [8], Lim et al. [10], and Heo and Chung [22], the nu mer i cal re -
sults of Corcione et al. [13] and one worked ex am ple [14]. Heo and Chung [22] re ported on the
ver ti cal iso ther mal cyl in ders, while the oth ers re ported on the ver ti cal, in clined, and hor i zon tal
iso ther mal flat plates.

Ta ble 1 pro vides the data of dif fer ent rect an gu lar flat plates and dif fer ent cir cu lar cyl -
in ders which were ex per i men tally, nu mer i cally, and the o ret i cally an a lyzed. The in cli na tions of
the plates change from the ver ti cal to the hor i zon tal ori en ta tion, while the cyl in ders only have a
ver ti cal po si tion. The pa ram e ters in di cated in tab. 1 have the fol low ing mean ings: L is the plate
height, W – the plate width, D – the cyl in der di am e ter, and Gr – the Grashof num ber.
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Ta ble 1. Sum mary of data rel e vant to plates and cyl in ders used in the pres ent study

y [°] Ob ject L [m] W or D [m] Pr [–] Gr [–] Anal y sis and ref er ence

0 Plate 4 10 0.7 3.744×1011 The o ret i cal, [14]

0, 15, 30, 45, 60, 
75

Plate 0.504 0.2 0.71 2.394×106 Ex per i men tal, [8]

15, 30, 45, 60 Plate 0.504 0.2 0.71 2.394×106 Nu mer i cal, [13]

0, 5, 10, … , 75 Plate Un known Un known 0.71 14084.51 Nu mer i cal, [13]

0, 5, 10, … , 75 Plate Un known Un known 7 1428.571 Nu mer i cal, [13]

0, 5, 10, … , 75 Plate Un known Un known 70 142.857 Nu mer i cal, [13]

0, 10, 20, … , 90 Plate 0.1 0.03 2094 8.06×107 Ex per i men tal, [10]

0, 10, 20, … , 90 Plate 0.35 0.03 2094 3.45×109 Ex per i men tal, [10]

0 Cyl in der 0.1 0.067 2094 8.06×107 Ex per i men tal, [22]

0 Cyl in der 0.25 0.067 2094 1.26×109 Ex per i men tal, [22]

0 Cyl in der 0.45 0.067 2094 7.34×109 Ex per i men tal, [22]

The o ret i cal back ground

Nat u ral con vec tion from in clined PV mod ules

Fig ure 1 shows cross-sec tional views of a PV mod ule at in cli na tions of y  = 0°, 0°  < y  < 
<.90°, and y  = 90° in com bi na tion with the cor re spond ing air-flows along its sur faces. As the PV
mod ule ro tates from the ver ti cal to the hor i zon tal po si tion, its one sur face faces up wards while an -
other one faces down wards. In gen eral, a PV mod ule is not placed ver ti cally or hor i zon tally. The
mod ule is in clined at an an gle y to op ti mize the out put power [5]. The av er age Nusselt num ber for
the DF sur face of a PV mod ule in clined at an an gle up to 75° can be es ti mated by re plac ing the ac -
cel er a tion of grav ity, g, with gcos y  in the cor re la tion for nat u ral con vec tion from a ver ti cal plate
[5, 13]. Since the buoy ancy force is mainly into the DF sur face of a PV mod ule, a lam i nar flow pre -
vails up to very high Ray leigh num bers [23]. Ac cord ing to [9, 10, 14, 19], lam i nar nat u ral con vec -
tion from the UF sur face of a PV mod ule can also be af fected by the flow sep a ra tion. 

The sig nif i cance of the nat u ral con vec tion heat trans fer from a PV mod ule can be de -
ter mined by the ra tio of Gr/Re2, where Re is the Reynolds num ber. If Gr/Re2 o 1or Gr/Re2 n 1,
the con vec tive heat trans fer is dom i nated by nat u ral or forced con vec tion, re spec tively [5]. A
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Figure 1. Air-flows along a PV module for different inclination angles



value of Gr/Re2 ~ 1 means both nat u ral and forced con vec tion heat trans fers have sig nif i cant ef -
fects [5].

Cor re la tions for nat u ral con vec tion from iso ther mal plates

In or der to cal cu late the nat u ral con vec tion heat trans fer from ver ti cal, in clined, and
hor i zon tal iso ther mal flat plates, the au thors de rived cor re la tions of the fol low ing form:

Nu( ) ( )( )y y= ÕC n
N (1)

where PN is de fined as [15]

=Õ
+

N
Ra

1
0 492.

Pr

(2)

These cor re la tions are sim i lar to the ones for ver ti cal plates and cyl in ders from [15]. In
ac cor dance with [15-17], eq. (1) can be ap plied to any char ac ter is tic length, an gle of in cli na tion
be tween 0 and 90° from the ver ti cal, and Prandtl num ber be tween 0.001 and pos i tive in fin ity. 

The cor re la tions (1) are de rived based on the ex ist ing em pir i cal cor re la tions [14, 15],
ex per i men tal data [10, 22], and nu mer i cal re sults [12]. All the new cor re la tions, to gether with
the lim i ta tions, flow re gimes, ref er ences, and cor re spond ing in di ca tions, are pre sented in tab. 2.
It can be shown that eqs. (6)-(12) can be re duced ex actly to cor re la tions for the ver ti cal po si tion
or to cor re la tions for the hor i zon tal po si tion. It can also be seen that eqs. (11) and (18) are very
sim i lar to eqs. (10) and (17), re spec tively. The cor re la tions (1) agree well with the ex ist ing ones.
The pa ram e ters Grcr1, Grcr2, and Grcr3, which are given in tab. 2, rep re sent the crit i cal Grash of
num bers in di cat ing the on set of tran si tion from lam i nar to tur bu lent flow re gime, i. e. the first
ap pear ance of in sta bil ity of lam i nar flow over an in clined flat plate. In tab. 2 are also shown Grcr4

and Grcr5 in di cat ing the on set of flow sep a ra tion. The Grcr1, Grcr2, and Grcr4 cor re spond to the UF
sur face, while Grcr3 and Grcr5 cor re spond to the DF sur face.

If the Grashof num ber is larger than the ap pro pri ate crit i cal Grashof num ber Grcr1,
Grcr2 or Grcr3, the Nusselt num ber starts de vi at ing from lam i nar be hav ior. More over, if Grashof
num ber is larger than Grcr4 or Grcr5, Nusselt num ber is also af fected by the flow sep a ra tion [9, 10, 
14]. An in crease in the in cli na tion an gle, y, de creases Grcr1, Grcr2, and Grcr4 and in creases Grcr3

and Grcr5. Also, an in crease in the Prandtl num ber has a destabilizing ef fect on the flow and de -
creases the crit i cal Grashof num bers [11]. A set of ex per i men tal data con cern ing the crit i cal
Grashof num bers Grcr1, Grcr2, Grcr3, Grcr4, and Grcr5, which mark the first ap pear ance of in sta bil -
ity or the on set of flow sep a ra tion at dif fer ent in cli na tions and Prandtl num ber, was re ported in
[9, 10, 14, 18, 24-27].

Ac cord ing to [9], af ter the flow sep a ra tion takes place the Nusselt num ber for the UF
sur face of a hor i zon tal plate may be con sid ered to be in agree ment with Chur chill and Chu cor re -
la tion for tran si tional and tur bu lent flows along the sur faces of a ver ti cal plate. This is also in
agree ment with Black and Norris [24] cor re la tion for a tur bu lent flow along  the UF sur face of a
hor i zon tal plate. Since the flow sep a ra tion from a DF sur face is not ex pected [8], it is as sumed
that the cor re spond ing Nusselt num ber cor re la tions agree with those for lam i nar nat u ral con vec -
tion from the DF sur faces of hor i zon tal and in clined plates. This as sump tion is well ver i fied in
ex per i ments of Lim et al. [10]. More over, the ex per i ments of Lim et al. [10], as well as of Heo
and Chung [22], have shown that the flow sep a ra tion from the sur faces of a ver ti cal plate can be
mod eled by us ing the Chur chill and Chu cor re la tion for the lam i nar flow along the sur faces of a
ver ti cal plate. While eqs. (11) and (18) are de rived based on the ex per i men tal re sults for the flat
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plate with H/W = 11.67, all other cor re la tions are de rived from the avail able data on flat plates
with H/W £ 3.33. There fore, the ra tio H/W £ 3.33 can also be in tro duced as a lim it ing cri te rion
for eqs. (3)-(19) and the five crit i cal Grashof num bers.
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Ta ble 2. Cor re la tions for nat u ral con vec tion from iso ther mal plates and sur faces

Nu(y) = C(y)×(PN)n Plate tem per a ture is con stant

Ref er ence Eqs.
PN = Ra/(1+0.492/Pr) 0.001 £ Pr £ +4

Ge om e try
Range of Gr

Flow
re gime

Cor re la tion

Plate Sur. C(y) n

Ver ti cal
y = 0

SF a

Gr £ Grcr4 Lam i nar 0.67 1/4 [15] (3)

Grcr1 ³ Gr > Grcr4 Sep a ra tion 0.057 1/3 [10, 14, 24] c (4)

Gr > Grcr1 Tur bu lent 0.1335 1/3 [14]  d (5)

 
<  0 ,denil cnI
y

°09 
<  UF

Gr £ Grcr4 for y < 21.42°b, 
Gr £ Grcr1 for 21.42° £ y <

30° or Gr £ Grcr2 for y ³ 30°
Lam i nar

0.376 + 0.294 (cos y)1/4 1/4 [12, 14, 15] e (6)

0.616 + 0.054 (cos )1/4 1/4 [14, 15] f (7)

Grcr1 ³ Gr > Grcr4 for
y < 21.42° Gr > Grcr4 for

y ³ 21.42°
Sep a ra tion 0.057 + 0.098 (sin y)1/3 1/3 [10, 14, 24] c (8)

Gr > Grcr1 for y <
21.42°,Grcr1 < Gr £ Grcr4 for

21.42° £ y  < 30° or
Grcr2 < Gr £ Grcr4 for y ³ 30°

Tur bu lent 0.1335 + 0.0456 (sin y)1/3 1/3 [14] d (9)

DF

Gr £ Grcr5 Lam i nar 0.308 + 0.362 (cos y)1/4 1/4 [12, 14, 15] e (10)

Grcr3 ³ Gr > Grcr5 Sep a ra tion 0.046 + 0.011 (cos y)1/3 1/3 [10, 14, 24] c (11)

Gr > Grcr3 Tur bu lent 0.036 + 0.0975 (cos y)1/3 1/3 [14] d (12)

 la tno z iro
H

y
°09 

= UF

Gr £ Grcr2 Lam i nar
0.376 1/4 [12, 14, 15] e (13)

0.616 1/4 [14, 15] f (14)

Gr > Grcr4 Sep a ra tion 0.155 1/3 [10, 14, 24] c (15)

Grcr2 < Gr £ Grcr4 Tur bu lent 0.1791 1/3 [14] d (16)

DF

Gr £ Grcr5 Lam i nar 0.308 1/4 [12, 14, 15] e (17)

Grcr3 ³ Gr > Grcr5 Sep a ra tion 0.046 1/3 [10, 14, 24] c (18)

Gr > Grcr3 Tur bu lent 0.036 1/3 [14] d (19)

a An ab bre vi a tion of sideward-fac ing.
b The in cli na tion an gle of 21.42° co mes from Grcr1= Grcr4.
c Cor re la tions de rived based on ex per i ments with in clined plates con ducted by Lim et al. [10], ex per i ments with in clined
..cyl in ders con ducted by Heo and Chung [22], and cor re la tions pro vided by Chur chill and Chu (for a lam i nar flow along the
..sur faces of a ver ti cal plate) [14], Black and Norris (for a tur bu lent flow along the UF sur face of a hor i zon tal plate) [24] and
..McAdams (for a lam i nar flow along the DF sur face of a hor i zon tal plate) [14].
d Cor re la tions de rived based on cor re la tions pro vided by Chur chill and Chu (for tran si tional and tur bu lent flows along the
..sur faces of a ver ti cal plate) [14], Fujii and Imura (for a tur bu lent flow along the UF sur face of a hor i zon tal plate) [9, 14] and
..McAdams (for a lam i nar flow along the DF sur face of a hor i zon tal plate) [14].
e Cor re la tions de rived based on cor re la tions pro vided by Arpaci et al. (for a lam i nar flow along the sur faces of a ver ti cal plate)
..[15] and McAdams (for a lam i nar flow along the sur faces of a hor i zon tal plate) [14], and nu mer i cal study con ducted by Wei
..et al. (for a lam i nar flow along the sur faces of a hor i zon tal plate) [12].
f Cor re la tions de rived based on cor re la tions pro vided by Arpaci et al. (for a lam i nar flow along the sur faces of a ver ti cal plate)
..[15] and McAdams (for a lam i nar flow along the sur faces of a hor i zon tal plate) [14]. These two cor re la tions ap ply only to
..lam i nar nat u ral con vec tion from the UF sur face of a heated plate when its DF sur face is ther mally in su lated.



In ac cor dance with [9, 10, 13, 14, 18, 19], the fol low ing equa tions are de rived to cal cu -
late the crit i cal Grashof num bers Grcr1, Grcr2, Grcr3, Grcr4, and Grcr5 as func tions of the in cli na tion 
an gle y and the Prandtl num ber:

  Grcr1 = -1
10 24 258 13 028

Pr
( . cos . )y for UF sur face and 0° < y < 30° (20)

Grcr2 = +1
10 5 3 65

Pr
( cos . )y for UF sur face and 30° £ y £ 90° (21)

Gr ecr3 =
×17 1011

2 90.

Pr
( ln )/y for UF sur face and 0° £ y £ 90° (22)

Grcr4 = +1
10 5 4 9

Pr
( cos . )y for UF sur face and 0° < y £ 90° (23)

Gr ecr5 =
109 9

2 90
.

( ln )/

Pr
y for UF sur face and 0° £ y < 90° (24)

as well as for H/W £ 3.33 and 0.001 £  Pr £ +4, as shown in fig. 2.

Fur ther more, the Grashof num ber for a ver ti cal cyl in der is de fined us ing its height, L,
as a char ac ter is tic length. If the ther mal bound ary layer thick ness is not large com pared to the
cyl in der di am e ter, D, the nat u ral con vec tion heat trans fer may be cal cu lated with the same cor -
re la tions used for ver ti cal flat plates. Ac cord ing to [22], a ver ti cal iso ther mal cyl in der may be
treated as a ver ti cal iso ther mal flat plate when the fol low ing cri te rion for transversal cur va ture
ef fect is valid in the range of Prandtl num ber from 0.01 to 4173:

Gr
D

L
L

4
1 2 2

11474
4892 0006085

£ + -.
.

Pr

.

Pr/
(25)
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Fig ure 2. A com par i son be tween the crit i cal Grashof num bers Grcr1, Grcr2, Grcr3, Grcr4, and Grcr5 and the
as so ci ated ex per i men tal data for dif fer ent an gles of in cli na tion and Prandtl num bers



This im plies that the ex per i men tal data on ver ti cal cyl in ders, which are dis played in
tab. 2, can be used in the pres ent study.

Heat trans fer model

This sec tion pro vides guid ance for the
mod el ing of the heat trans fer along the sur faces of
the PV mod ule, as shown in fig. 3. The av er age
val ues of the heat trans fer co ef fi cients are cal cu -
lated us ing the law of con ser va tion of en ergy, cor -
re la tions for nat u ral con vec tion given in tab. 2 and
a num ber of the ex ist ing cor re la tions for forced
con vec tion and ra di a tion. All the pa ram e ters dis -
played in this sec tion and their mean ings are in -
cluded in the No men cla ture. Fig ure 3 shows the
sky and the ground are mod eled as two un bounded 
par al lel flat plates. The four sides of the PV mod -
ule are as sumed to be adi a batic and the two sur -
faces of the PV mod ule are as sumed to be at a con -
stant tem per a ture TPV = (TUF + TDF)/2. The ground
tem per a ture Tg is as sumed to equal the sky tem per -
a ture Tsky, which is mod eled by the cor re la tion of
Swinbank [28].

The heat trans fer co ef fi cients cor re spond ing to the pro cesses Qth,s,UF®a (y),  Q'th,s,UF®a,  
Qtr,s,UF®a,  Qth,s,DF®a, Q'th,s,DF®a, and Qtr,s,DF®a are hUF = hUF (y), h'UF, hr,UF, hDF = hDF (y), h'DF,
and hr,DF, re spec tively.

As sum ing a num ber of the afore men tioned pa ram e ters are known, heat losses due to
nat u ral con vec tion need to be es ti mated for dif fer ent in cli na tions y.

The it er a tive pro ce dure for com put ing hUF and hDF re quires knowl edge of TPV, h'UF,
hr,UF, h'DF, and hr,DF, which are ini tially un known. To ob tain an ini tial es ti mate of TPV, the same
nu mer i cal value should be taken for all un known co ef fi cients (for ex am ple 12 Wm–2K–1). There -
fore, an ini tial es ti mate of TPV can be ob tained from [29]:

aS E,s,S th,s,UF a th,s,UF a tr,s,UF a th,s,DQ Q Q Q Q= + + +® ® ®' F a th,s,DF a tr,s,DF a el® ® ®+ + +Q Q Q S' / (26)

More pre cisely:

T
Q Q S h h h h T h T

PV
S E,s,S el UF UF DF DF a r,UF

=
× - + + + + × + ×a / ( ' ' ) sky r,DF g

UF UF r,UF DF DF r,DF

+ ×

+ + + + +

h T

h h h h h h' '
(27)

where
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tr,s,DF a r,DF PV g r,DF DF SB PV
2

-
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( ), (e s + + =
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T T T Q Q S
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g
2

PV g el el S E,s,S

E,s,S E,s,S

)( ), ,

' cos

h a

d, . .and sky g a
1.5T T T= = 00552

For forced con vec tion from the UF and DF sur faces of the PV mod ule and any di rec -
tion of the wind, the fol low ing cor re la tions can be used [30]:
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Figure 3. Heat transfer along the surfaces of
the PV module



Nu for= = £ ×0664 5 101 2 1 3 5. Re Pr Re // / n nw L (28)

Nu for= - = > ×( . Re ) Pr Re // /0037 871 5 104 5 1 3 5n nw L (29)

where Nu is the cor re spond ing Nusselt num ber, Re – the Reynolds num ber, vw – the wind ve loc -
ity, and n – the ki ne matic vis cos ity of the air. For the case of ra di a tion, the cor re spond ing heat
trans fer co ef fi cients are non-lin ear and cal cu lated as sum ing the op ti cally thin limit. More de tails 
on this heat trans fer model can be found in [29], where a sim i lar model was pre sented.

Re sults and dis cus sion

Val i da tion of the pro posed cor re la tions

Fig ure 4 shows the re sults ob tained by fit ting eqs. (3), (4), (6), (8), (10), and (11) to the
nu mer i cal and ex per i men tal re sults in [8, 10, 13, 22]. Ac cord ing to this fig ure, in al most all
cases,  the  Nusselt  num ber  reaches its max i mum for the in cli na tion of  y = 0°. The Nusselt
num ber  grad u ally  de creases  as  the in cli na tion an gle y in creases and reaches its min i mum for
y = 90°. An ex cep tion oc curs in cases of the lam i nar and tur bu lent flows with the flow sep a ra -
tion from the UF sur faces when the Nusselt num ber has its min i mum for y  = 0° and its max i -
mum for   y = 90°, as shown in figs. 4(b) and 4(c). The cor re la tions for lam i nar nat u ral con vec -
tion with out the flow sep a ra tion from the UF and DF sur faces re veal sim i lar trends with very
small dif fer ences. The rel a tive er rors be tween the nu mer i cal or ex per i men tal data and the data
ob tained by the pro posed cor re la tions for in clined plates are lower than 19.31% for a lam i nar re -
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Figure 4. A comparison between the Nusselt number calculated using the equations from tab. 2 and
relevant data from the literature: (a) in case when the flows are laminar; (b) in case when the flows are
laminar and affected by the flow separation; and (c) in case when the flows are turbulent and affected by
the flow separation



gime with out and with the flow sep a ra tion, figs. 4(a) and 4(b), and lower than 28.24% for a tur -
bu lent re gime with the flow sep a ra tion, fig. 4(c). Max i mum rel a tive er rors are ob tained for the
ex per i men tal re sults of Lim et al. [10], i. e. for the plates with di men sions of 0.1 ´  0.03 m2 and
0.35 ´ 0.03 m2. For other plates, the er rors are def i nitely smaller, i. e. from 0 to about 15%.

The in flu ence of the in cli na tion an gle on the lam i nar nat u ral con vec tion from an iso -
ther mal plate for Pr = 0.71 and Gr = 2.394×106 is shown in fig. 5(a). Fig ure 5(a) il lus trates the
com par i sons be tween eqs. (6), (7), and (10) on one side and the cor re la tions of Chur chill and
Chu in [14], Raithby and Hollands [23], Al-Araby and Sakr [31], and Corcione et al. [13] on the
other.

There are a large num ber of cor re la tions for lam i nar nat u ral con vec tion avail able in the 
lit er a ture since the in clined plate sur rounded by air is fre quently en coun tered in prac tice. In or -
der to pro vide a com par i son, the pres ent pa per se lects some of the most com monly used em pir i -
cal cor re la tions for the av er age Nusselt num ber. Equa tions (6), (7), and (10) fol low the trends of
se lected cor re la tions, al though giv ing dif fer ent rel a tive er rors. The small est er rors are be tween
these three equa tions and the cor re la tion of Raithby and Hollands [23]. For in stance, eqs. (6),
(7), and (10) for y = 75° give er rors with re spect to the cor re la tion of Raithby and Hollands [23]
which equal 29.91, 45.36, and 25.7%, re spec tively. These er rors orig i nate from the fact that the
cor re la tion of Raithby and Hollands [23] rep re sents the arith me tic mean of the av er age Nusselt
num ber for the UF sur face of the plate and the av er age Nusselt num ber for the DF sur face of the
plate, of course, com par ing to the eqs. (6), (7), and (10). More over, these equa tions give the ex -
pected trends but over es ti mate the Nusselt num bers cal cu lated us ing the cor re la tion of Raithby
and Hollands [23].

The ef fect of the in cli na tion an gle on the tur bu lent nat u ral con vec tion from an iso ther -
mal plate of di men sions 4 m by 10 m for Pr = 0.7 and Gr = 3.744×1011 is shown in fig. 5(b). Fig -
ure 5(b) com pares the eqs. (9) and (12) with the cor re la tions of Fujii and Imura [9, 14], Chur chill 
and Chu in [14], McAdams in [14], and Black and Norris [24]. In some of these cor re la tions, the
Rayleigh num ber is mod i fied with sin y or cos y.

In ac cor dance with fig. 5(b), eq. (9) fol lows the trend of the cor re la tion of Fujii and
Imura [9, 14] be tween the in cli na tions of 20-90°, as well as the trend of the cor re la tion of Black
and Norris [24] be tween the in cli na tions of 45-90°. A max i mum rel a tive er ror of 5.59% is ob -
tained for the UF sur face. Fig ure 5(b) also shows that eq. (12) fol lows the trend of a mod i fied
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Fig ure 5. A com par i son be tween the equa tions from tab. 2 and the ex ist ing cor re la tions: (a) for lam i nar
nat u ral con vec tion and (b) tur bu lent nat u ral con vec tion



cor re la tion of Chur chill and Chu in [14]. The stan dard cor re la tion of Chur chill and Chu [14] for
tran si tional and tur bu lent flows along the sur faces of a ver ti cal plate is mod i fied with cos y. The
rel a tive er rors be tween the eq. (12) and the mod i fied cor re la tion of Chur chill and Chu in [14] are 
lower than 18.8% for 0° £ y £ 80°  (i. e. be tween 0-18.8%). 

Worked ex am ples

In this pa per, the pro posed cor re la tions are ap plied to study two dif fer ent PV mod ules.
Heat trans fer pro cesses as so ci ated with these two PV mod ules are pre sented in fig. 3. Each PV
mod ule has a width, W = WPV, and a height, L = LPV – char ac ter is tic length. The PV mod ules are
mounted on the ground sur face at dif fer ent in cli na tions from the ver ti cal, y. Each PV mod ule
has a so lar-to-elec tric power con ver sion ef fi ciency,  hel, a so lar ab sorp tion co ef fi cient of the UF
sur face, aS, a ther mal emis sion co ef fi cient of the UF sur face,  eUF, and a ther mal emis sion co ef fi -
cient of the DF sur face, eDF. The PV mod ules are sit u ated in en vi ron ments hav ing dif fer ent tem -
per a tures, Ta, and a pres sure of 1 at mo sphere. The PV mod ules are ex posed to the ef fects of di -
rect so lar irradiance, Q'E,s,S, and wind ve loc ity, vw. Heat ex change be tween the first PV mod ule
and its en vi ron ment oc curs through nat u ral con vec tion and ra di a tion. In the case of the sec ond
PV mod ule, heat ex change oc curs through mixed con vec tion and ra di a tion. The PV mod ules are 
also as sumed to be solid, iso tro pic, and ho mo ge neous ma te ri als. The heat trans fer co ef fi cients
due to con vec tion and ra di a tion (hUF, h'UF, hr,UF, hDF, h'DF, and hr,DF) need to be cal cu lated for
var i ous in cli na tion an gles. 

Ex am ple 1. W = WPV = 0.5442 m, L = LPV = 0.43 m, hel = 0.14, aS = 0.97, eUF = 0.91, 
eDF = 0.85, Ta = 22 °C, y = 53°, Q'E,s,S = 920 Wm–2, and vw = 0 ms–1 [20].

Ex am ple 2. W = WPV = 0.468 m, L = LPV = 0.624 m, hel = 0.113, aS = 0.97,  eUF = 0.91, 
eDF = 0.85, Ta = 36 °C, y = 42°, Q'E,s,S = 997cos (48°) Wm–2, and vw = 2.3 ms–1 [4, 21]. 

Ta bles 3 and 4 sum ma rize the an a lyt i cal re sults ob tained for these two ex am ples. Ta -
ble 3 cor re sponds to the first PV mod ule, while tab. 4 cor re sponds to the sec ond one. For each
in cli na tion an gle y a set of 12 to 14 it er a tions was needed. The heat trans fer co ef fi cients are cal -
cu lated us ing a MATLAB pro gram. 
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Ta ble 3. Heat trans fer co ef fi cients for the first PV mod ule at dif fer ent in cli na tion an gles

y [°] d [°] TPV [°C] hUF and h’UF

[Wm–2K–1]
hr,UF

[Wm–2K–1]
hDF and h’DF

[Wm–2K–1]
hr,DF

[Wm–2K–1]

0 –53 38.907 3.787 and 0 5.367 3.787 and 0 5.014

10 –43 43.424 4.003 and 0 5.496 4.001 and 0 5.133

20 –33 47.057 4.134 and 0 5.601 4.128 and 0 5.232

30 –23 48.878 4.991 and 0 5.654 4.152 and 0 5.282

40 –13 50.490 5.174 and 0 5.702 4.142 and 0 5.326

50 –3 51.247 5.287 and 0 5.724 4.074 and 0 5.347

53 0 52.312 4.512 and 0 5.756 4.074 and 0 5.376

60 7 52.101 4.578 and 0 5.750 3.974 and 0 5.371

70 17 51.084 4.609 and 0 5.719 3.765 and 0 5.342

80 27 49.261 4.564 and 0 5.665 3.434 and 0 5.292

90 37 47.830 4.504 and 0 5.623 1.928 and 0 5.253



It can be no ticed from tabs. 3 and 4 that the heat losses due to nat u ral con vec tion from
the sur faces of the PV mod ules change be tween: (1) 13.863-20.175% for the UF sur face of the
first PV mod ule; (2) 8.126-16.092% for the DF sur face of the first PV mod ule; (3)
6.775-9.451% for the UF sur face of the sec ond PV mod ule; and (4) 3.082-7.504% for the DF
sur face of the sec ond PV mod ule. The heat losses due to nat u ral con vec tion are ex pressed as a
per cent age of the to tal heat loss. Trends of the heat trans fer co ef fi cients hUF and hDF are sim i lar
to those ob tained by  Lim  et al.  [10]  for in clined flat plates. More over, the re sults ob tained for
y  = 53° and y  = 42° cor re spond well with the ex per i ments per formed by Date et al. [20] and Ali 
et al. [21], re spec tively.

Con clu sions

The main con clu sions aris ing from the pres ent pa per are as fol lows.
· A set of new cor re la tions for nat u ral con vec tion with out and with the flow sep a ra tion, based

on the fun da men tal dimensionless num ber, is de rived and suc cess fully val i dated. The
cor re la tions ap ply to ver ti cal, in clined, and hor i zon tal flat plates as well as sur faces.

· In or der to cal cu late the crit i cal Grashof num bers, the fol low ing five cor re la tions are used:
(1) a new cor re la tion in di cat ing the on set of tran si tional/tur bu lent flow along the UF sur face
of a flat plate for 0° < y  < 30°, (2) a known cor re la tion of Corcione et al. [13] in di cat ing the
on set of tran si tional/tur bu lent flow along the UF sur face of a flat plate for 30° £  y   £  90°, (3) 
a mod i fied cor re la tion of Warneford [18] in di cat ing the on set of tran si tional/tur bu lent flow
along the DF sur face of a flat plate for 0° £ y  £ 90°, (4) a new cor re la tion in di cat ing the on set 
of flow sep a ra tion along the UF sur face of a flat plate for 0° < y  £ 90°, and (5) a new
cor re la tion  in di cat ing  the  on set of  flow sep a ra tion along  the DF sur face of a flat plate for
0° £ y £ 90°.  

· All the pro posed cor re la tions for nat u ral con vec tion and the crit i cal Grashof num bers are
lim ited by the ra tio of H/W £ 3.33 and gen er al ized to the en tire range of Prandtl num bers
(0.001£ Pr £  +4) with a sat is fac tory ac cu racy.
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Ta ble 4. Heat trans fer co ef fi cients for the sec ond PV mod ule at dif fer ent in cli na tion an gles

y [°] d [°] TPV [°C] hUF and h’UF

[Wm–2K–1]
hr,UF

[Wm–2K–1]
hDF and h’DF

[Wm–2K–1]
hr,DF

[Wm–2K–1]

0 –42 45.711 2.976 and 7.519 6.122 2.976 and 7.519 5.719

10 –32 47.404 3.090 and 7.519 6.174 3.089 and 7.519 5.767

20 –22 48.676 3.155 and 7.518 6.212 3.150 and 7.518 5.803

30 –12 49.242 3.883 and 7.518 6.230 3.150 and 7.518 5.819

40 –2 49.560 3.985 and 7.518 6.240 3.117 and 7.518 5.828

42 0 49.569 3.998 and 7.518 6.240 3.105 and 7.518 5.828

50 8 49.666 3.390 and 7.518 6.243 3.053 and 7.518 5.831

60 18 49.055 3.426 and 7.518 6.224 2.925 and 7.518 5.814

70 28 48.004 3.392 and 7.519 6.192 2.736 and 7.519 5.784

80 38 46.534 3.285 and 7.519 6.147 2.455 and 7.519 5.742

90 48 44.848 3.115 and 7.518 6.096 1.338 and 7.518 5.694



· In tro duc ing the pro posed cor re la tions into the heat trans fer model, a sim ple al go rithm to
es ti mate the av er age heat trans fer co ef fi cients due to nat u ral con vec tion, forced con vec tion,
and ra di a tion is de vel oped. The heat trans fer co ef fi cients due to nat u ral con vec tion are
avail able for dif fer ent in cli na tion an gles.

· The pro posed heat trans fer model that is based on the Swinbank cor re la tion [28] gives better
re sults than the mod els de vel oped us ing the ra di a tion shape fac tors.

· The heat trans fer co ef fi cients due to nat u ral con vec tion from the in clined PV mod ules have
trends which are in the line with the ex pec ta tions.

· The heat losses due to nat u ral con vec tion from the UF and DF sur faces of the PV mod ules are 
be tween 6.775-20.175% and 3.082-16.092% of the to tal heat loss, re spec tively. Lower
val ues of the heat losses due to nat u ral con vec tion cor re spond to the case when the trans fer of 
heat is af fected by the wind.

· The pre sented an a lyt i cal re sults cor re spond well with ex ist ing ex per i men tal data.
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No men cla ture

C –  pa ram e ter in eq. (1), [–]
D –  cyl in der di am e ter, [–]
g –  ac cel er a tion of grav ity, [ms–2]
Gr –  Grashof num ber, [–]
Grcr –  crit i cal Grashof num ber, [–]
hDF, hUF –  co ef fi cients due to nat u ral con vec tion

...from the DF and UF sur faces,

...re spec tively, [Wm–2K–1]
h‘DF, h‘UF –  co ef fi cients due to forced con vec tion

. from the DF and UF sur faces,

...re spec tively, [Wm–2K–1]
hr,DF, hr,UF – co ef fi cients due to ra di a tion from the

....DF and UF sur faces, re spec tively,

....[Wm–2K–1]
L –  plate height, cyl in der height or

 ....char ac ter is tic length, [m]
LPV –  height of a PV mod ule, [m]
n –  ex po nent in eq. (1), [–]r
nDF –  a nor mal to the DF sur face, [–]r
nUF –  a nor mal to the UF sur face, [–]
Nu –  Nusselt num ber, [–]
Pr –  Prandtl num ber, [–]
QE,s,S –  so lar irradiance com po nent which is

....nor mal to the UF sur face, [Wm–2]
Q‘E,s,S –  di rect so lar irradiance, [Wm–2]
Qel –  to tal elec tric power gen er ated by a

.....PV mod ule, [W]
Qth,s,DF®a – nat u ral con vec tion from the DF

.....sur face to the air, [Wm–2]
Q‘th,s,DF®a – forced con vec tion from the DF

.....sur face to the air, [Wm–2]
Qth,s,UF®a – nat u ral con vec tion from the UF

.....sur face to the air, [Wm–2]

Q‘th,s,UF®a – forced con vec tion from the UF
.....sur face to the air, [Wm–2]

Qtr,s,DF®a –  net ra di a tion trans fer from the DF
.....sur face to the am bi ent, [Wm–2]

Qtr,s,UF®a –  net ra di a tion trans fer from the UF
.....sur face to the am bi ent, [Wm–2]

Ra –  Ray leigh num ber, [–]
Re –  Reynolds num ber, [–]
S –  ac tive area of a PV mod ule, [m2]
Ta –  air tem per a ture, [K] or [°C]
TDF –  tem per a ture of the DF sur face, [K]
Tg –  ground tem per a ture, [K]
TPV –   av er age tem per a ture of a PV mod ule,

....[K] or [°C]
Tsky –  sky tem per a ture, [K]
TUF –  tem per a ture of the UF sur face, [K]
vw –  wind ve loc ity, [ms–1]
W –  plate width, [m]
WPV –  width of a PV mod ule, [m]

Greek sym bols

aS – so lar ab sorp tion co ef fi cient of the UF
...sur face of a PV mod ule, [–]

d – an gle be tween the sun rays and the
   nor mal nUF, [°]

eDF – ther mal emis sion co ef fi cient of the
...DF sur face of a PV mod ule, [–]

eUF – ther mal emis sion co ef fi cient of the
   UF sur face of a PV mod ule, [–]

g – an gle be tween the ver ti cal and the
....nor mal nUF or nDF, [°]

hel – so lar-to-elec tric power con ver sion
   ef fi ciency, [–]
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Sub scripts
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...to wards the air or the am bi ent
E – ir ra di a tion
el – elec tri cal
g – ground
L –.cyl in der height as a char ac ter is tic

...length
N – nat u ral con vec tion

r – ra di a tion
S – so lar
s – per square me ter
sky – sky
th – convection or nat u ral con vec tion
tr – ther mal ra di a tion
UF®a – from the up ward-fac ing sur face

 ...to wards the air or the am bi ent
w – wind

Su per script

' – forced con vec tion

Acronyms
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PV – pho to vol taic
SB – Stefan-Boltzmann
SF – sideward-fac ing
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