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This pa per gives a lit er a ture re view on var i ous an a lyt i cal meth ods and nu mer i cal
meth ods for heat prob lems. Fractal mod els and frac tional mod els are em pha sized.
Be gin ning at the clas sic heat equa tion, frac tional Fou rier law and frac tional con -
ser va tion of en ergy are con sid ered for 1-D heat equa tion in fractal me dia, its so lu -
tion prop er ties are dis cussed us ing the frac tional com plex trans form. The em pha sis 
of this lit er a ture re view is put upon re cent pub li ca tions in Ther mal Sci ence, and the
ref er ences are not ex haus tive.
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In tro duc tion

Ther mal sci ence is the com bined study of ther mo dy nam ics, fluid me chan ics, air dy -
nam ics, heat trans fer, sur face sci ence, com bus tion, nanotechnology, en vi ron men tal sci ence,
com puter sci ence and math e mat ics, and it be comes an im por tant role in mod ern sci ence and
tech nol ogy, for ex am ple, the bub ble electrospinning [1] and Bubbfil spin ning tech nol ogy [2],
which have been used for mass-pro duc tion of nanofibers, were de vel oped from the ther mo dy -
nam ics of poly mer bub bles. Ther mal sci ence is also very im por tant for our ev ery day life, for ex -
am ple, cloth ing com fort [3] and house heat ing [4] are ap pli ca tions of ther mal sci ence. This is sue 
fo cuses mainly on an a lyt i cal meth ods and nu mer i cal meth ods for prac ti cal ap pli ca tions of ther -
mal sci ence. Math e mat i cal mod els in clud ing fractal and frac tional mod els are also em pha sized,
and the most fron tier of nanotechnology is elu ci dated.

The gen eral heat equa tion can be writ ten in the form:
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where u is the tem per a ture, c – the spe cific heat, r – the mass den sity, Q – the heat source, and
ki(i = 1, 2, 3) – the ther mal con duc tiv ity.

Equa tion (1) is valid only for con tin u ous me dia. For heat prob lems in dis con tin u ous or
fractal me dia, a fractal model [5-12] or a frac tional model [13-18] has to be adopted. 1-D heat
equa tion in a fractal me dium can be writ ten in the form [13]:
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where a is the frac tional di men sions of the po rous (fractal) me dium, and ¶a/¶xa – the frac tional
de riv a tive with or der of a de fined as [13]:
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Note that u0 is the so lu tion of its con tin uum part ner with same bound ary/ini tial con di -
tions. Equation (2) is ob tained from the frac tional Fou rier law:
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and con ser va tion of en ergy:  
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where q is the con duc tion heat flux. 

An a lyt i cal meth ods

As early as 1822 Fou rier stud ied the fol low ing 1-D heat equa tion [19]:
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where b is the ther mal diffusivity.
Fou rier de vel oped an an a lyt i cal method for eq. (6), which is now called as the Fou rier

trans form [19]. The method of vari a tion of pa ram e ters was orig i nally de vel oped also from eq.
(6), and a variational prin ci ple was es tab lished for eq. (6) in 2009 [20], the He-Lee variational
prin ci ple for the heat equa tion given in ref. [20] was caught a hot dis cus sion, which were pub -
lished in Open Fo rum of the jour nal Ther mal Sci ence from 2013 to 2016 [21-25]. Now there are
many an a lyt i cal meth ods de vel oped orig i nally for var i ous non-lin ear heat prob lems, for ex am -
ples, the variational it er a tion method [26, 27], the homotopy per tur ba tion method [28, 29],
Adomian method [30] and oth ers. Some use ful re view ar ti cles on an a lyt i cal meth ods are avail -
able in refs. [31-35].

An a lyt i cal meth ods for frac tional heat prob lems de pend mainly on the def i ni tions of
frac tional de riv a tive. The main dif fi cult is the chain rule, which is not valid for all def i ni tions of
frac tional de riv a tives [36, 37]. Gen er ally so lu tions of frac tional dif fer en tial equa tions are
non-dif fer en tial any where, but in prac ti cal ap pli ca tions, mea sured tem per a ture dis tri bu tion in
po rous me dium might be smooth enough for some a given scale. This is be cause any scales
smaller than the given scale might be mean ing less, and the po rous me dium is only an ap prox i -
mate fractal ge om e try. To il lus trate this in ter est ing phe nom e non, we con sider a Koch curve as
il lus trated in fig.1. When the scale is larger than L (first line of fig.1), the so lu tion is smooth, but
it can not de scribe any phe nom ena within the scale. For ex am ple, a con tin uum method can not
elu ci date any prop er ties of fab rics struc ture. When the scale be comes L/3, the so lu tion be comes
dis con tin u ous, but the so lu tion within the L/3 scale is smooth, e. g., u(x) is smooth when 0 < x <
<.L/3. Gen er ally, we have the fol low ing re la tion ship:

X kx= a (7)

where x is the scale for study, i. e., x = L/3, x = L/9, X – the to tal length of the Koch curve, k – a
con stant, and a – the fractal di men sions of the curve. In prac ti cal ap pli ca tions, the scale can

Preface from the Guest Editors

X THERMAL  SCIENCE: Year 2016, Vol. 20,  No. 3, pp. IX-XIV



never tend to zero, it is a def i nite value. In the scale of X, all dis con tin u ous prop er ties ap peared
in the scale of x dis ap pear. The frac tional com plex trans form [38, 39], which was first pro posed
in 2010, is to con vert a fractal space un der the scale of x to a smooth space un der scale of X, so
that all an a lyt i cal meth ods de vel oped from the ad vanced cal cu lus can be ap plied to frac tional
cal cu lus. 

Con sider a frac tional dif fer en tial equa tion in the form:
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By the frac tional com plex trans form [38, 39]:
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where p is a con stant.
Equa tion (8) turns out to be the fol low ing or di nary dif fer en tial equa tion:
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The so lu tion of eq. (10) is smooth for any scales larger than ~x  = px~a , where ~x  is the
small est po rous size. Any dis con tin u ous prop er ties for scales smaller than ~x  are ig nored.

There are var i ous an a lyt i cal meth ods for frac tional cal cu lus, among which the variational
it er a tion method, the homotopy per tur ba tion method, the frac tional com plex trans form,
Yang-Laplace trans form, Yang-Fou rier trans form, and Hristov's in te gral-bal ance method, have re -
ceived much at ten tion [40-44]. A spe cial is sue on frac tional cal cu lus was pub lished in the jour nal
Ther mal Sci ence (vol ume 19, Sup ple ment 1, 2015) on the Oc ca sion of 60th An ni ver sary of Pro fes sor 
Jor dan Yankov Hristov ded i cated to Non-Lin ear Dif fu sion Mod els in Heat and Mass Trans fer. A re -
view ar ti cle on an a lyt i cal meth ods for frac tional cal cu lus is avail able in ref. [13].

Nu mer i cal meth ods

Nu mer i cal meth ods are due to the fast de vel op ment of com puter sci ence, and be come
a main math e mat i cal tool for anal y sis of var i ous heat prob lems. For con tin u ous me dia, the de -
riv a tives are ap prox i mated ex pressed by:
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Figure 1. Koch curve with different scales; the
larger scales can not describe any properties
appeared in smaller scales; when we use the scale of
L/3 (the middle), the solution is smooth when 0 < x <
L/3; however, when the scale is L/9 (the bottom), the
solution becomes discontinuous when 0 < x < L/3
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Equa tion (11) is sim i lar to Leibniz's de riv a tive. The de riv a tive of u(x) with re spect to x, 
in the sense of Leibniz's no ta tion, is the stan dard part of the in fin i tes i mal ra tio:
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Leibniz's def i ni tion is very close to the def i ni tion of the fractal de riv a tive [13]. In a
fractal me dium, the dis tance be tween x1 and x2 tends to in fin ity (Dx ® 4) even when x1 ® x2, and 
u can be con tin u ous and non-dif fer en tia ble, there fore Leibniz's work was nearer to the ba sic
prop er ties of mod ern frac tional cal cu lus.

The fractal de riv a tive [5, 13] can be de fined as
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Please note Dx in eq. (13) tends to L0, not zero as al ways de fined in any math e mat ics
text book. The frac tional mod els and the fractal de riv a tive mod els are very close to dif fer ence
mod els. Nu mer i cal meth ods based on eq. (13) for dis con tin u ous me dia are rare and very pri -
mary.

Con clu sions 

This is sue con sists mainly of a col lec tion of pa pers for an a lyt i cal meth ods and nu mer i -
cal meth ods for heat prob lems, con vey ing a strong, re li able, ef fi cient, and prom is ing de vel op -
ment of ther mal sci ence and its de vel op ment. We hope that this is sue will prove to be a timely
and valu able ref er ence for re search ers in fields of ther mal sci ence, nanotechnology, math e mat -
ics, and tex tile en gi neer ing as well. In this is sue, var i ous ad vanced an a lyt i cal meth ods and nu -
mer i cal meth ods for real-life heat prob lems are given and can be used as par a digms for many
other ap pli ca tions. The aim of this is sue is to bring to the fore the many new and ex cit ing ap pli -
ca tions of ther mal sci ence to the cute fron tier of mod ern tech nol ogy, thereby cap tur ing both the
in ter est and imag i na tion of the wider com mu ni ties in var i ous fields.
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