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The time-fractional free convection flow of an incompressible viscous fluid near a
vertical plate with Newtonian heating and mass diffusion is investigated in pres-
ence of first order chemical reaction. The dimensionless temperature, concentra-
tion, and velocity fields, as well as the skin friction and the rates of heat and mass
transfer from the plate to the fluid, are determined using the Laplace transform
technique. Closed form expressions are established in terms of Robotnov-Hartley
and Wright functions. The similar solutions for ordinary fluids are also deter-
mined. Finally, the influence of fractional parameter on the temperature, concen-
tration and velocity fields is graphically underlined and discussed.
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Introduction

Free or natural convection flow of an incompressible viscous fluid near a vertical
plate was extensively studied due to its vast industrial applications [1, 2]. Since 1971, Gebhart
and Pera [3] have studied the vertical natural convection flow resulting from the combined
buoyancy effects of thermal and mass diffusion. Later, Chamkha et al. [4] and Ganesan and
Loganathan [5] studied the radiation effects on the free convection flow with mass transfer
near a semi infinite vertical plate, respectively, past a moving cylinder. Over time, different
publications of this type appeared but an increasing interest has been evinced in the radiation
interaction with convection and chemical reaction. In many engineering processes the chemical
reactions play an important role in heat and mass transfer. A chemical reaction is said to be of
the first order if its rate of reaction is directly proportional to the concentration [6]. Many re-
searchers have studied the effects of chemical reaction under different conditions on the con-
vective flow with heat and mass transfer. Some of the most recent and interesting studies of
this kind are those of Mahapatra et al. [7], Sharma et al. [8], Muthucumaraswamy and Shankar
[9], Reddy et al. [10, 11], Ahmed and Dutta [12], Reddy et al. [13], and Srihari et al. [14].

However, in all these studies the flow is driven by a prescribed surface temperature
or by a surface heat flux. In this work we assume that the flow is set up by Newtonian heat-
ing, i. e. the heat transfer from the surface is proportional to the local surface temperature. The
Newtonian heating, with important applications in engineering, was initiated by Merkin [15]
and its effects on the free convection flow over an infinite plate have been investigated by
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many authors. A few of the most recent and important results in this field seem to be those of
Narahari et al. [16], Narahari and Dutta [17], Ramzan et al. [18], Hussanan et al. [19, 20], and
Vieru et al. [21].

In the last time, the fractional calculus has been extensively used to describe the vis-
coelastic behavior of materials. It is increasingly seen as an efficient tool through which use-
ful generalizations of physical concepts can be obtained [22]. Usually, the governing equa-
tions for fractional fluids are obtained from those of ordinary fluids by replacing time deriva-
tives of an integer order with fractional derivatives of order a. In the case of diffusion phe-
nomena [23], for instance, & =1 corresponds to the classical diffusion while for 0 < <1 or
a >1 the transport phenomenon exhibits sub-diffusion, respectively, super-diffusion. To the
best of our knowledge, the fractional calculus has not been used in convection problems with
Newtonian heating and mass transfer.

The purpose of this work is to study the time-fractional free convection flow of an in-
compressible viscous fluid near a vertical plate with Newtonian heating and chemical reaction.
The radiative effects are not taken into consideration but, according to Magyari and Pantokra-
toras [24], they can be easy included by a simple re-scaling of the Prandtl number. The Laplace
transform technique is used to determine closed-form expressions for velocity, temperature,
concentration, skin friction and the rates of heat and mass transfer from the plate to the fluid.
The solutions corresponding to ordinary fluids are also determined. In the absence of chemical
reaction, as expected, the expressions of temperature and concentration reduce to the corre-
sponding solutions of Narahari and Dutta [17]. Finally the influence of fractional parameter on
the temperature, concentration and velocity is graphically underlined and discussed.

Mathematical formulation

The governing equations corresponding to the unsteady free convection flow of an
incompressible viscous fluid over an infinite vertical plate with mass diffusion and chemical
reaction, as it results from [12] and [17], are given by:

ou(y,t) _ d%u(y.1)

ot 8y2 +gﬁ[T(y’t)_Tw]+g}/[C(ylt)_Coo] (1)
2
oC, aTg,t) e ;(/Z t) )
oC(y,t) L °C(y.t) ~
=D : K[C(y,t)-C,] 3

Equations (1)-(3) are obtained under the usual Boussinesq approximation [17, 24]
when the viscous dissipation of energy is negligible. Furthermore, as it was shown in [24], the
effects of thermal radiation in the linearized Rosseland approximation are quite trivial both
physically and computationally and they will be finally included by a simple re-scaling of the
Prandtl number with a factor involving the radiation parameter. The appropriate initial and
boundary conditions are:

u(y,00=0, T(y,00=T,, C(y,00=C,; y=0 (4)
oT(y,t) h

u(0,t) =0, o yzO:—ET(O,t), C(0,t)=C,; t>0 (5)
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uly,t)—>0, T(y,t)>T,, C(y,t)>C, as y—oo (6)

In order to develop a model with fractional derivatives, we firstly multiply egs. (1)-
(3) by A =vh/gk and then replace A and the partial derivatives with respect to t from the left
parts of the obtained equations by A%, respectively, D{* where:

P S 4O B RN O R
th(t)_r(l_a)g(t_s)ads if 0<a<i DFf@=—~ if a=1 (7

is the Caputo fractional differential operator of order a. A simple analysis clearly shows that 1
has the dimension of the time t. In order to determine solutions that are independent of the ge-
ometry of flow regime we also introduce the following dimensionless variables and parameters:

— - C
y*zﬂyl t*:l, U*:LU, T*:Q, C*: C C“’ , Pr:u,
k A vh T, C,-C, k
v2(h) v vh
Re=—I|—|, Gr= , Gm=y(C,-C,), Sc=—, K'=—K 8
i) s amepe,-c se-f kMK @
The dimensionless forms of the governing equations, dropping out the * notation,
are:
2
D{Zu(y,t):Re%+GrT(y,t)+GmC(y,t); y, t>0 9)
2
Prar DET(y =220y 50 (10)
oy
2
Syt D{"C(y,t):%— KSCy C(Y,1); y, t>0 (12)

The notion of effective Prandtl number Prg, but with a little different signification,
has been firstly introduced by Magyari and Pantokratoras [24] showing that a two parameter
approach is superfluous.

The corresponding initial and boundary conditions are:

u(y,00=0, T(y,0)=0, C(y,0)=0; y=0 (12)

u(0,t) =0, a0 =—[T(@O,t)+1], CO,t)=L t>0 (13)
o

u(y,t)—>0, T(y,t)>0, C(y,t)>0 as y—>ow, t=>0 (14)

Solution of the problem

The partial differential egs. (10) and (11) are not coupled to the momentum eq. (9).
Consequently, we shall firstly determine the temperature and concentration fields by means of
the Laplace transform technique and then the fluid velocity.
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Calculation of the temperature field

Applying the Laplace transform with respect to the temporal variable t to eqg. (10)
and using the corresponding initial and boundary conditions, we find that:

2
P 4T (y,0) = ;yq) y>0 (15)

where q is the transform parameter and the Laplace transform T (y,q) of T(y,t) has to satis-
fy the conditions:

aT (y,q)
oy

The solution of the ordinary differential eq. (15) with the boundary conditions (16)
can be written under the suitable form:

={f(0,q)+ﬂ and T(y,q)—>0 as y—oo (16)
y=0

1 efy\/Preﬂ q“

T(y.q)=
JPrgq® -1 G

Now, applying the inverse Laplace transform to eq. (17) and using egs. (Al) and
(A2) from Appendix, as well as the convolution theorem, we find that:

1 a —al?
(S t-s (D(l,——; —y/Prgs“ jds (18)
\/ eff'(')‘ [\/ J 2 o

where F# (a,t) is the F-function of Robotnov and Hartley [25] and ®(a,b;c) is the Wright
function [26].
In the special case when « =1, we recover the solution:

Pr JPr
b lerfe| DNt _ || g It (19)
Pr.c 2t Prg 2t

obtained by Narahari and Dutta [17, eq. (14)].
The local coefficient of the rate of heat transfer from the plate to the fluid, in terms
of Nusselt number, namely:

1 al? 1 al2 t t
Nu=1+ t““E t or Nu=exp| — || 2—erfc 20
JPrg St { Prg Prq Prg (20)

for « €(0,1), respectively, a =1 is obtained by introducing T (y,q) into relation (see [12, eq.
aT (y,t & i ] aT (Y,
(y ) e lrl—(y,q)] =L II: (y q)
y=0

(45))):
= } (21)
o o |

and using eq. (A3) from the Appendix. Here, E,,(z) is the well-known Mittag-Leffler func-
tion.

(17)

T(y,t)=

T(y, t)=exp(—y+

Nu = -
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Calculation of the concentration field

Applying the Laplace transform to eg. (11) and using the corresponding initial and
boundary conditions, it results that:

~ 1 *C(y,q)
@ +K)C(y.q)=——5—"1 y>0 (22)
SCeff ayz
where the Laplace transform C(y,q) of C(y,t) has to satisfy the conditions:
C_:(O,q):% and C(y,q)—>0 as y—ow (23)

Now, in order to determine the expression of C(y,t), we write the solution of eq.
(22) with the boundary conditions (23) under the suitable form:

g*+K exp[—y\/Sceff (9% + K)}

q q* +K

C(y.q)= (24)

Applying the inverse Laplace transform to eq. (24) and using again the convolution
theorem as well as egs. (A2), (A4), and the property (A5) from the Appendix, we find that:

© S t
C(y,t):fe’K“erfcy—“C‘#fj.l Ke— Lt ®(0,—a;—us *)dsdu,
5 2Ju s rd-a)t-s)”

if «e(0,1) (25)

In the case of a =1, the corresponding solution, see [27]:
NS KSoo /S
C(y.t)= %{ey K SCun erfc(% -~ \/EJ + @YK SCn erfc(% + \/EH (26)

as expected, reduces as form to eq. (13a) from [17], when K = 0.
The local coefficient of the rate of mass transfer from the plate to the fluid, in terms
of the Sherwood number, namely:

Sh =/SCeft [ Gu 12 (-K. 1) + KG,, 115 (=K, 1) |
or

Sh= /Sy [%h/i erf (\/K_t)} 27)
T

for a €(0,1), respectively, a =1 is obtained introducing C(y,q) into relation [12, eq. (47)]:
:_L—l 8C(y,q) (28)
y=0

and using eq. (A6) from the Appendix where G, (d,t) is the G-function of Lorenzo-
Hartley [28].

0

oC(y.t) ArE
Sh:— = — L C )
ST )

oy

y=0 y=0
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Calculation of velocity

Applying the Laplace transform to eq. (9) and bearing in mind the associated initial
and boundary conditions as well as the previous expressions of T (y,q) and C(y,q), it results
that:

2
o°u(y,q) N Gr

q“u(y,q)=Re exp(—y Pres 9° )+
oy° q(JPreff q* —1) )
+GTmexp[—y\/Sceff (9% + K):l (29)

where the Laplace transform U(y,q) of u(y,t) has to satisfy the conditions:
U(0,9)=0 and u(y,q)—>0 as y—o>wo (30)

The solution of eq. (29) subject to the conditions (30) is:

_ GrJRe 1 [ \/TQJ [ e J
u(qu): exp _y _q _exp _y 4 +
1-Pr qa+l( [Prqa \/R_e)I: Re Re
Gm ~ E B B ) ﬂ
+Q[(1—SC)q“—KSc[eXp( me eXF{ Y RQH (31)

Finally, in order to obtain the (y,t) -domain solution for velocity, namely:

_ GryRe Ca. [P
10 = - P)WI (\/7 J{q{“l' 2 Res“j

—(D(a+l,—g;— y Js“ds+
2 Res”

o0

+ Gm j e Kugrfc—Y
1—Sc0

®(0, —a; —us %) dsdu —
2vRe u .[ ( )

t
__Gm JFQ(—KSC ,t—sjcl{l,—g;— y ]ds+
GmK 7 _«u (t—s)* [ K Sc
+ e " erf Eou
(1-Sc)? ! 2\/Re I s *1-sc
we apply the inverse Laplace transform to eq. (31) and use egs. (A1)-(A3) and (A5) from the

Appendix.
The solution corresponding to « =1, namely:

(t- )"‘}D(O —a;—us%)dsdu  (32)



0

au(y,t) __5[1 [T (y.a)]

oy

y=0

that:

{Gw_l( K.$)+KG 5( K, s)} G(SSC t— sjds (35)
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__Gm b4 y/E K,0 t|-Y|y E K,—KSC,t +

KSc Re Re 1-Sc
is obtained by means of the egs. (A7) and (A8) from the Appendix.
Introducing u(y,q) from eq. (31) into (34) and using egs. (Al) and (A6), we find
" JRet-s0)
Gr 2\/_ \/_ (Retj 2 erfe Ret s
“TRe(Pr <1 | vr  Re|' Jer
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uyty—_CRe | f [Pt [Re | fy _ [Re ]I
" @-PrPr Re’” \Pr’ JrRe' VPr’
y K Sc j ( y j
+¥Y| —,0,—, t|-¥|—,0,0, t 33
(\/Re 1-Sc JRe (33)
The skin friction in non-dimensional form is:
:_L—l au(y,q) (34)
y=0 % ly-o
Gr /Re 1 Gm [ K Sc t}r
T Pr(JPr+1) %—%—11 ~ JRe(1-5Sc) a;—n 1-Sc’
Gm+/Sc
In the case a =1, lengthy but straightforward computations lead to the simpler ex-
pression, see (A9) from the Appendix:
Gm 1 K Sc K Sc
+ ex erfc / —ef / —erf(JVKt 36
VK ReSc[ﬂ-Sc [ - ]( j (KD (36)
Numerical results and discussions

In order to get some physical insight of present results, some numerical calculations
have been carried out for different values of the fractional parameter o, the time t and physical
parameters. However, in order to avoid repetition, only the most significant graphical repre-
sentations regarding the effects of fractional parameter will be here included. The numerical
values computed from analytical solutions of the problem have been visualized in figs. 1-6
both for « € (0,1) and @ =1. As a confirmation of the validity of results that have been ob-
tained, in all cases, the diagrams corresponding to fractional solutions tend to superpose over
those of ordinary solutions when o — 1.
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Figures 1 and 2 present the dimensionless temperature and concentration profiles at
two times for different values of the fractional parameter a. As expected, the fluid temperature
and concentration are increasing functions with respect to time. Their values, that are maxima
near the plate, smoothly decrease to zero for increasing y. The influence of fractional parame-
ter is significant and both the temperature and the concentration increase for increasing c.
Furthermore, their values at any distance y from the plate are always higher for ¢; than those
for «, if o >, and this result clearly confirms that for 0 <« <1 the transport phenomenon
exhibits sub-diffusion in comparison to the classical diffusion corresponding to o =1.

3 T 6 T T

a=03
a=05

Temperature Ty, )
(3%
Temperature T(y, )

0
(a) (b)
Temperature profiles vs. y for Prg = 15; (a) t = 10, (b) t = 20, and different values of a
1 .
i eeoe oa=025 i
5] s a=045 G
c c
2 s=sa a=065 S
£ |} eee a=085 E
go5F Y\ — a=100 4 §
o =]
Q o

Figure 2. Concentration profiles vs. y for Sce = 1 and K = 0.05; (a) t =5, (b) t = 40,
and different values of a

The influence of effective Schmidt number Sc.; and chemical reaction parameter K
on the fluid concentration is presented in figs. 3 and 4. It is clearly seen from these figures
that the concentration level of the fluid decreases whenever Sc; or K is increased. In the
case of the effective Schmidt number, this is possible because an increase of Sc means an
increase of the Schmidt number that implies a fall in the mass diffusivity [12].

The dimensionless velocity profiles at two times for different values of « are depict-
ed in figs. 5(a) and 5(b). It clearly results from these graphs that the fluid velocity against y is
an increasing function with respect to t and « but a stronger increase appears with regard to
the fractional parameter. Near the surface of the plate the fluid velocity increases, becomes
maximum and then decreases to an asymptotic value for large values of y. In all cases the val
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Figure 3. Concentration profiles vs. y for t = 10, K = 0.05, and Sce = 1; (a) ScCets = 1, (b) SCets = 4,
and different values of a
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Figure 4. Concentration profiles vs. y for t = 10 and Sce = 1; (a) K = 0.05, (b) K =0.20, and different
values of
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Figure 5. Velocity profilesvs.y for Re=5, Pr=25, Gr=4,Gm =0.3,Sc=0.1,and K= 1.5;
(@) t=5, (b) t = 10, and different values of &

ues of velocity at any distance y from the plate are always higher or lower for distinct values
of t or a. Figures 6(a) and 6(b) reveal the effects of the effective Schmidt number and of frac-
tional parameter on the Sherwood number vs. t. The Sherwood number, as it results from
these figures, is an increasing function with respect to Sc.; and decreases in time from a
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maximum value near the plate to an asymptotic value for large values of the time. It also in-
creases with respect to o up to a critical value of the time t (about 0.2) and decreases later.

T T T T 14 T T T T
D . o
= Scy =4 ses a=03 T ol SCa=2 s-ea a=03
7} o 12
‘g f s a=05 'E ——a a=05
5 4 _ N 5 0 _
= e a=07 £ 40 oo a=07 J
g g -~ a=09
58
= <
w w
6
2
4
L L L L 2 L 1 L L
(a) 0 1 2 3 4 5 (b)” 0 1 2 3 4 5

Figure 6. Sherwood number vs. t for K = 0.05; (a) Sce = 4, (b) Sces = 25, and different values of a

Finally, in order to have a clear idea about the accuracy of analytical solutions that
have been here established in the fractional case, a comparison between the numerical and ex-
act results was prepared for the dimensionless temperature and concentration. The corre-
sponding results for the fluid temperature have been included in tab. 1. The temperature val-
ues resulting from eq. (18), where 35 terms of the sums have been taken into consideration,
are compared with those obtained using the Stehfest’s numerical algorithm for calculating the
inverse Laplace transform [29]. This algorithm is based on the relation:

2n
T =L [T« 2350 7 (i) @)
2

Table 1. Values of the dimensionless temperature T,,(y) resulting from the analytic solution (18), and
the numerical values T,(y) att =3, @ = 0.65, and Prg; = 16

y Tan(Y) Ta(y) y Tan(Y) Ta(y) y Tan(Y) Ta(y)
0.00 | 0.606959 | 0.606959 | 0.11 | 0.451100 | 0.451099 | 0.22 | 0.331601 | 0.331601
001 | 0591073 | 0.591085 | 0.12 | 0.438852 | 0.438851 | 0.23 | 0.322278 | 0.322278
0.02 | 0.575550 | 0.575566 | 0.13 | 0.426899 | 0.426897 | 0.24 | 0.313189 | 0.313189

0.03 | 0.560383 | 0.560399 | 0.14 | 0.415233 | 0.415231 0.25 0.304329 0.304330
0.04 | 0.545566 | 0.545580 | 0.15 | 0.403849 | 0.403848 0.26 0.295694 0.295694
0.05 | 0.531092 | 0.531103 | 0.16 | 0.392747 | 0.392741 0.27 0.287278 0.287278

0.06 | 0.516955 | 0.516962 | 0.17 | 0.381906 | 0.381906 0.28 0.279076 0.279077
0.07 | 0.503148 | 0.503152 | 0.18 | 0.371336 | 0.371335 0.29 0.271085 0.271085
0.08 | 0.489666 | 0.489667 | 0.19 | 0.361025 | 0.361025 0.30 0.263299 0.263300

0.09 | 0.476500 | 0.476501 | 0.20 0.350969 | 0.350969

0.10 | 0.463648 | 0.463647 | 0.21 | 0.341163 | 0.341163
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where n is a positive integer,

g K" (2K)!
dj =D’ , [z"*l} (n=K) k! (k ~1)1(j ~ k)i(2k— J)!
12

(38)

and [r] denotes the mteger part of the real number r. According to this table, the absolute er-
ror being of order 107>, there exists a very good agreement of analytical and numerical results.

Conclusions

The present work represents a theoretical study of the time-fractional free convec-
tion flow near a vertical plate with Newtonian heating, mass diffusion and chemical reaction.
The radiative effects are not taken into consideration because, in the case of the Rosseland
diffusion approximation [24], the heat transfer characteristics can be brought to light by
means of a parameter only. More exactly, they can be included by re-scaling the effective
Prandtl number to be Pr/[Re(1+ R)] where R is the radiation parameter. Consequently, a two
parameter approach is superfluous.

The fractional model was firstly normalized and closed-form solutions for velocity,
temperature, concentration, skin friction and the rates of heat and mass transfer from the plate
to the fluid have been determined using the Laplace transform technique. It is worth pointing
out that, in the absence of chemical reaction, the temperature and concentration depend on ef-
fective Prandtl number and the effective Schmidt number, respectively, which are transport
parameters representing the thermal diffusivity and mass diffusivity. However, our interest
here is on the special characteristics of the fractional model and the influence of fractional pa-
rameter « on the heat and mass transfer as well as on the fluid motion that are graphically
underlined. The main findings are as follows.

e Exact solutions corresponding to the time-fractional free convection flow with Newtonian
heating, mass diffusion and chemical reaction are established in terms of some known
functions.

e The dimensionless temperature of the fluid and its concentration in the absence of chemi-
cal reaction depend of only one essential parameter Pr.; and Sc., respectively.

e The fractional parameter « has a significant influence on the dimensionless temperature,
concentration and velocity fields. They are increasing functions with respect to this pa-
rameter.

e The rate of mass transfer from the plate to fluid in terms of Sherwood number is an in-
creasing function with regard to the effective Schmidt number and monotonically de-
creases in time.

Appendix

at(n+l),u—l AL
- {q } 002 g 0 Ay

n

1 e c-1 Z
L {q } (e, —b, —at™®); d(x,y,2)= Zr(n+1)1“(x+ny) (A2)
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Lt a =t"E, p(-Ct?); E.p(2)= Z ; a>0,b>0 (A3)
q* +c ’ oI'(a k +b)’
t—a
4]9%+a 4] 1 a +a, O<ax<l
e e g e (8
q sty+a a=1

If F(t) = L"Y[F(q)] and g(u,t) = L [e™@ ] then L"{Flw(q)]} = Tf(u)g(u,t)du (A5)
0

~ £ dnr n+c t(n+c)a—b—1
Ga,b,c(dvt)zl- { } Z ( )

(9® = rE)Ir(n+)Iri(n+c)a—b]
if Re(ac—b)>0, Re(q)>0, and |d|< (A6)
1 e q+b e avb+c |: a
L q—r=—+¢e" erfc ——«/(b+c)t}+
g-c¢ 2 24t
+eaJ—erfC{ +4/(b+o)t } =¥(a,b,c,t) (A7)
24t
L e | 1 a a, 1 a_  (2+ ab)\f
—|t+— + — erfc exp| — -
PWa+b)[ bl 2 2t bn a
L exp(ab+b2) erfc( & bVt J — p(a,b,t) (A8)
b3 2,\/{ 1 )
_ e 1 a 1 2 a
L= =Zerfc—— — =Mt erfc[—+ b\/fj (A9)

aWa+b)[ b 24t b 2t
Nomenclature
C - concentration of the fluid, [kgm™] Sh — Sherwood number, [-]
C, —specific heat at a constant pressure, T - temperature of the fluid, [K]

[Jkg K™ T,. — fluid temperature far away from the plate, [K]
C, - concentration level at the plate, [kgm™] u —velocity of the fluid along the x-axis, [ms™]
C, - concentration of the fluid far away from the G
3 reek symbols
plate, [kgm™]

D - mass diffusivity, [m’s] B —the volumetric coefficient of thermal expansion,
g - acceleration due to gravity, [ms™] [K™Y
Gm - mass Grashof number, [=y(C,,— C,)], [-] y —the volumetric coefficient of mass expansion,
Gr - thermal Grashof number, [= AT.] [1 ] [m*kg™]
h  —heat transfer coefficient, [Wm™2K™] i — dynamic viscosity, [kgm™s™]
K —chemical reaction parameter, [s] v - kinematic viscosity, [m?s™]
k - thermal conductivity of the fluid, [Wm™K™] p - fluid density, [kgm™]
Nu - Nusselt number, [-] t - skin friction, [Nm™]

Pr  —Prandtl number (= uCy/Kk), [-]



Vieru, D., et al.: Time-Fractional Free Convection Flow near a Vertical Plate with ...
THERMAL SCIENCE, Year 2015, Vol. 19, Suppl. 1, pp. S85-S98 S97

Pr.; — effective Prandtl number (= Pr/Re), [-] Subscripts
Re - Reynolds number (= v*h%gk®), [-]

Sc - Schmidt number (= v/D), [-]

Scer — effective Schmidt number (= Sc/Re), [-]

eff — effective
w - condition at the wall
oo - free stream conditions
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