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The similar solution on the equations of the revised Cheng-Minkowycz problem 
for natural convective boundary layer flow of nanofluid through a porous medi-
um gives (using an analytical method), a system of non-linear partial differential 
equations which are solved by optimal homotopy analysis method. Effects of var-
ious drastic parameters on the fluid and heat transfer characteristics have been 
analyzed. A very good agreement is observed between the obtained results and 
the numerical ones. The entropy generation has been derived and a comprehen-
sive parametric analysis on that has been done. Each component of the entropy 
generation has been analyzed separately and the contribution of each one on the 
total value of entropy generation has been determined. It is found that the entro-
py generation as an important aspect of the industrial applications has been af-
fected by various parameters which should be controlled to minimize the entropy 
generation. 
Key words: entropy generation, nanofluid, optimal homotropy analysis method, 

porous media 

Introduction 

One of the most applicable methods for increasing the coefficient of heat transfer is 
suspending ultrafine solid particles in a convectional fluid. Many researchers have continued 
this presented field by Choi and Eastman [1] experimentally and numerically [2-5]. The 
Cheng-Minkowycz problem of natural convection past a vertical plate is studied analytically 
by Kuznetsov and Nield [6, 7]. In recent decades, many attempts have been done on the newly 
developed methods to introduce an analytic solution of non-linear equations; one of these is 
differential transform method that has been used in recent years frequently [8, 9]. In 1992, 
Liao [10] introduced the basic ideas of the homotopy in topology to propose a general analytic 
method for nonlinear problems, namely homotopy analysis method (HAM) that does not need 
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to any small parameter. This method has been successfully applied to solve many types of 
non-linear problems by others [11, 12]. 

Since entropy generation analysis is used to optimize the thermal engineering devic-
es for higher energy efficiency [13], it has been attracted a wide attention on its applications 
and rates in recent years. In order to access the best thermal design of systems, by minimizing 
the irreversibility, the second law of thermodynamics could be employed. Entropy generation 
is a criterion of the destruction of the available system work [14-17]. In this paper, at first an 
analytical study is done on the revised Cheng-Minkowycz problem for natural convective 
boundary layer flow in a porous medium saturated by a nanofluid using optimal homotropy 
analysis method (OHAM). Then a full formulation of entropy generation has been derived 
and analyzed parametrically as a new study.  

Flow analysis and mathematical formulation 

Let us consider the 2-D problem of revised Cheng-Minkowycz problem for natural 
convection past a vertical plate in a porous medium saturated by a nanofluid. First spatial co-
ordinate, x, is aligned vertically upward just fitted on the vertical plate and the second one, y, 
is aligned horizontally such that the plate is at y = 0. In this problem for nanofluid Buongior-
no’s model has been utilized to incorporate the effects of Brownian motion and thermophore-
sis. The Oberbeck-Boussinesq approximation is employed. For the porous medium the Darcy 
model is employed and homogeneity and local thermal equilibrium is assumed. 

The Navier-Stokes equations governing the motion of the mentioned problem take 
the form by scale analysis [7]: 
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To obtain the system of non-dimensional ordinary differential equations form of the 
above equations, first the pressure P has been eliminated from eq. (2) by cross-differentiation, 
and the following similarity transforms variables have been introduced using the stream func-
tion ψ  [7]: 
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Replacing these transformations into eqs. (1) to (4) gives the non-linear ordinary dif-
ferential equations: 

 0s Nrfθ′′ ′ ′− + =  (7) 
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The boundary conditions become: 
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Entropy generation 

The second law of thermodynamics can be applied to the homogeneous porous me-
dium to yield the volumetric entropy generation rate as [18]: 
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where in a two dimensional Cartesian co-ordinates we have: 
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The first term on the right-hand side of equation Φ  represents the entropy genera-
tion due to the heat transfer irreversibility, the second term represents the viscous dissipation 
(irreversibility) term for porous media and it is important for the Darcy flow model and the 
third term is the extra viscous dissipation term for the non-Darcy flow model.  

Therefore, the entropy generation rate of this triple diffusive free convection along a 
horizontal plate in porous media saturated by a Darcy model nanofluid and two different salts 
is obtained as: 
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The velocity components could be obtained from stream function in eq. (6): 

 Ra ( ), Ra ( ) Ra ( )
2 2

m m m
x x xu s v s s

y x x x x
α α αψ ψη η η η∂ ∂′ ′= = = − = − +

∂ ∂
 (14) 

The mentioned derivations also have been obtained from eq. (6) as: 
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Equation (13) can be simplified: 
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OHAM solutions 

The basic ideas of OHAM are documented in [10]. From eqs. (7)-(9) with boundary 
conditions (10), the initial approximations of ( ), ( ),S η Θ η  and ( )F y  are chosen as 

0 ( ) e ,S y η−=  0 ( ) 1 e ,ηΘ η −= −  0F ( ) ( / )e .Nt Nb ηη −=  Selection criteria of initial approxima-
tions is satisfaction of boundary conditions, thus they are not unique. The linear operators are 
defined as: 

 [ ] [ ] [ ]
2 2 2

2 2 2
( ; ) ( ; ) ( ; ) ( ; )( ; ) , ( ; ) , ( ; )S p p F p F pS p p F pη Θ η η ηη Θ η η

ηη η η
∂ ∂ ∂ ∂

= = = −
∂∂ ∂ ∂

   (17) 

Furthermore, eqs. (7)-(9) suggest the definitions of the non-linear operators: 
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Using the definition, with assumption auxiliary functions [10] ( ) 1,SH η =  
( ) 1,HΘ η =  ( ) 1,FH η =  the zero-order deformation equation has been constructed as: 
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The solution of the mth order deformation for 1m ≥  can be done simply. The final 
approximate solution can be obtained: 

0
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In general, by means of the so-called -curve  by Liao [10], the valid region of   is 
the horizontal line segment. To see the range of admissible values of the auxiliary parameter 
  the curves of   are plotted in fig. 1 associated with the 20th order approximation. The op-
timal value of auxiliary parameter is obtained as: 
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where 10x K∆ =  and 20.K =  For a given order of approximation, ,m  the optimal values   
are given by the minimum of ,mE  corresponding to the nonlinear algebraic equations: 
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0, 0, 0

d d d
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Table 1 shows the op-
timal values obtained for 
the auxiliary parameter ћ. 
To see the accuracy of the 
solutions, the residual er-
rors are calculated for the 
system. 

Figures 2-4 show the 
residual errors given by 
20th order approximation.  

In these figures the 
best selection of ћ for the 
best accuracy can be found.  

Figure 5 shows s(η), s′(η), θ(η), and f(η) obtained by the OHAM and numerical 
method (fourth-order Runge-Kutta quadrate with a shooting method).  

Table 1. The optimal values of ћ for different values of Le, Nb, Nr, and Nt 

Series  
solution 

Le 1.0 10.0 100.0 

Nb 0.5 0.3 0.1 

Nr 0.5 0.1 0.3 

Nt 0.5 0.3 0.1 

s′(y)   ћoptimal = –0.7567 ћoptimal = –0.7163 ћoptimal = –0.5434 

θ(η)   ћoptimal = –0.8342 ћoptimal = –0.4594 ћoptimal = –0.1884 

f(η)   ћoptimal = –0.7023 ћoptimal = –0.6788 ћoptimal = –0.4355 
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A good agreement be-
tween analytical and nu-
merical methods can be 
found.  

For example, tab. 2 
shows the comparison of 
values of s′(η), obtained 
by various orders of the 
OHAM with numerical 
solution. 

  
Figure 1. The ћ-curves given by the 20th order 
approximate solution 

Figure 2. The behavior of the solutions obtained 
by the OHAM for various ћ 

  
Figure 3. The behavior of the solutions obtained  
by the OHAM for various ћ 

Figure 4. The behavior of the solutions obtained 
by the OHAM for various ћ 

Results and discussions 

The OHAM has been applied successfully to derive the semi-numerical solutions 
under appropriate boundary conditions on the governing 2-D partial differential equations.  

As can be seen in fig. 5 a good agreement between results of analytical and numeri-
cal solutions can be found. Figure 6 shows variation of ( )f η  with respect to η  for different 
values of Lewis number.  

Analyses of Brownian motion parameter have been presented in fig. 7. The longitu-
dinal component of the velocity increases in boundary layer with increasing .Nb  Effect of 
thermophoresis parameter has been discussed by fig. 8. According to this figure it is interest-

Table 2. Comparison of values of s′(η) obtained by various orders of 
the OHAM with numerical solution 

η 
s′(η) (Le = 1.0, Nr = 0.5, Nb = 0.5, Nt = 0.5)  

OHAM order 10 OHAM order 20 Numerical 

0 1.445577 1.151949 1.152334 

2 0.344455 0.234595 0.234667 

4 0.122333 0.012916 0.013653 

6 –0.034444 –0.00816 0.005777 
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ing that as η increases the value of f(η) rises to a maximum before decaying to zero. The most 
important aspect of study is entropy generation analysis. As a good result in figs. 9 to 15, it is 
noticeable that the effective parameters could be classified into two classes. The class 1 con-
tains the parameters which by increasing them, the entropy generation increases and the class 
2 contains the others that by increasing in them the entropy generation decreases. The im-
portance of this classification is its use for minimizing entropy generation in the industrial ap-
plications. Class 1 contains ,Nr Ra, , CK Kµ , and .THK Class 2 contains ,Nb Nt , and Le. 

  
Figure 5. Comparison of obtained results by the 
20th order approximation OHAM Figure 6. Variation of f(η) for Lewis number 

  
Figure 7. Variation of f(η) for Brownian motion 
parameter 

Figure 8. Variation of f(η) for thermophoresis 
parameter 

As can be seen in fig. 16, the contribution of entropy generation value caused by KTC 
in the total value of entropy generation is not considerable, so the effect of this parameter has 
not been analyzed. The manners of changes, ranges of these changes and all other important 
keys are shown in these figures and are very useful for design of different applications. In all 
of these figures constant parameters, except those highlighted in each figure, have the values 
as tabulated in tab. 3. In fig. 9 effect of Nt on the entropy generation has been illustrated. It is 
clear that Nt has an ambivalent effect on NG.  

Table 3. Constant values of physical parameters 
Nt Nb Nr Le Rax Kμ KC KTC KTH x 
0.5 0.5 0.5 10 100 0.001 0.05 0.01 0.8 0.2 
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It means that increasing in Nt causes NG to decrease at first up to a certain point 
about 1, then it makes opposite effect, so this can be a key point in designing of the industrial 
applications. Based on the presented curves in figs. 10 and 11, Nb and Le have the same effect 
on NG, with increasing in them, NG has a limit decreasing. In contrast with these parameters, 
as can be seen in fig. 12, Ra has a concurrent and considerable effect on NG. Concurrent 
means the increase in NG for increasing in Ra. 

  
Figure 9. Variation of entropy generation  
for thermophoresis parameter 

Figure 10. Variation of entropy generation  
for Brownian motion parameter 

  
Figure 11. Variation of entropy generation  
for different values of Lewis number 

Figure 12. Variation of entropy generation  
for Rayleigh number 

Figures 13 to 15 show the effect of different irreversibility distribution ratios on NG. 
It is clear that increasing in irreversibility distribution ratios causes increasing in the value of 
NG. It can be mentioned that Kµ  has the highest effect on NG. Also the effect of THK  is high-
er than the effect of CK  on NG. With this knowledge, now the industrial design from the point 
of view of NG is quite perfect and scientific. The share of each term in the total value of en-
tropy generation has been shown in fig. 16.  

Conclusions 

In this paper the revised Cheng-Minkowycz problem for natural convective bounda-
ry layer flow of nanofluid through a porous medium has been solved analytically by using op-
timal homotopy analysis method. A parametric analysis on the problem is presented. Then as 
the main goal of this study, a comprehensive parametric analysis on the dimensionless entro-
py generation was done and effects of the physical parameters on the problem were shown. 
Each component of the entropy generation has been analyzed separately, and the share of each 
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one on the total value of entropy generation has been determined. The results contain very 
important subjects which have great roles in designing the industrial applications.  

  
Figure 13. Variation of entropy generation for 
coefficient due to viscous irreversibility 

Figure 14. Variation of entropy generation for 
coefficient due to nanoparticle volume fraction 

  
Figure 15. Variation of entropy generation for 
coefficient due to heat transfer irreversibility 

Figure 16. Comparison of entropy generation 
terms 

Nomenclature 
D ‒ mass diffusivity, [m2s–1] 
DB ‒ Brownian diffusion coefficient, [m2s–1]  
DT ‒ thermophoretic diffusion coefficient, [m2s–1] 
f ‒ rescaled nanoparticle volume fraction, defined 

by eq. (6) 
g ‒ acceleration due to gravity, [ms–2] 
km ‒ effective thermal conductivity of the porous 

medium, [Wm–1K–1]  
K ‒ permeability of the porous medium 
Kc ‒ entropy generation coefficient due to  

nanoparticle volume fraction  
[=RDC∞/knf (T∞/ΔT)2], [–] 

KTC ‒ entropy generation coefficient  
due to mixed product of concentration  
and thermal effect of nanofluid  
[=RDT∞/knf (C∞/ΔT)], [–] 

KTh ‒ entropy generation coefficient due to heat 
transfer irreversibility [= (T∞/ΔT – 1)2], [–] 

Kμ ‒ entropy generation coefficient  
due to viscous irreversibility  
[= (μT∞)/(knfK) (αm/ΔT)2], [–] 

L ‒ linear operator of the OHAM 
Le ‒ Lewis number [= αm/(εDB)], [–] 
N ‒ nonlinear operator of the OHAM 
NG ‒ entropy generation rate 
Nb ‒ Brownian motion parameter  

[= (τDBϕ∞)/αm], [–] 
Nr ‒ nanofluid buoyancy ratio {= [(ρp –  

–ρf∞)ϕ∞]/[ρf∞βT(Tw – T∞)(1 – ϕ∞)]}, [–] 
Nt ‒ thermophoresis parameter  

{= [τDT(Tw – T∞)]/T∞αm}, [–] 
Rax ‒ local Rayleigh number  

{= [(1 – ϕ∞) ρf∞gKβTx]/μαm}, [–] 
s ‒ dimensionless stream function,  

defined by eq. (6) 
ΔT ‒ temperature difference  (= Tw – T∞), [K]  
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Greek symbols 

αm ‒ thermal diffusivity of porous medium  
[= km/(ρcp)f], [–] 

β  ‒ volumetric thermal expansion coefficient  
of the fluid 

η ‒ similarity variable, defined by eq. (6) 
θ ‒ dimensionless temperature, defined by eq. (6) 
μ ‒ absolute viscosity of the base fluid, [kgs–1m–1]  
ν  ‒ kinematic viscosity of the fluid, [m2s–1],  

ϕ  ‒ nanoparticle volume fraction, [–] 
ϕ∞ ‒ ambient nanoparticle volume fraction, [–] 
Subscripts 

f  ‒ fluid phase 
m ‒ porous medium 
nf  ‒ nanofluid 
w  ‒ condition of the wall 
∞  ‒ condition of the free steam 
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