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In this article, authors set a new system of fractional heat equations of nanofluid 
along a wedge and establish the existence and uniqueness of a solution based on 
the Riemann-Liouville differential operators. Sufficient conditions on the parame-
ters of the system are imposed. A numerical solution of the system is discussed, 
and applications are illustrated. The technique is based on the ability of Podlub-
ny’s matrix in Matlab to formulate the operation of fractional calculus. 
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Introduction 

In the last few decades, fractional differential equations have been considered 
successful models of real-life phenomenon. One of the main applications of fractional cal-
culus is modeling of intermediate physical processes. Some of the important models in-
clude fractional diffusion and wave equations. Various universal electromagnetic, mechan-
ical, and acoustic responses can be accurately represented by utilizing fractional diffusion-
wave equations [1, 5]. 

Different studies on fractional diffusion equations have introduced various fractional 
operators, such as Riemann-Liouville, Caputo, and Rize [6, 7]. Moreover, the authors im-
posed a maximal solution to the time-space fractional heat equation in a complex domain. 
Fractional time is considered in Riemann-Liouville operator, whereas fractional space is in-
troduced in the Srivastava-Owa operator for complex variables [8]. 

The problem of boundary layer flow and heat transfer appearances of nanofluids has 
drawn much attention in recent years in response to requests for solution from the industries 
of medical equipment, automotive, and power plant and computer cooling systems. Since the 
pioneering work of Choi and Eastman [9], numerous aspects of the problem have been stud-
ied. Results of previous studies claimed that nanofluid velocity is lower than the velocity of 
the base fluid, and the existence of the nanofluid indicates thinning of the hydrodynamic 
boundary layer. Khan and Pop [10] considered numerically the boundary layer flow past a 
moving wedge in nanofluid and established that temperature increases with both Brownian 
and thermophoresis parameters. Furthermore, thermal radiation changes the temperature dis-
tribution by playing a role in controlling heat transfer process such as in polymer processing 
–––––––––––––– 
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and nuclear reactor cooling system. Thus, much research on the effects of thermal radiation 
has been conducted. The study of internal heat generation or absorption is important in prob-
lems involving thermal radiation where heat may be generated or absorbed in the course of 
such radiation. We will show the effectiveness of these parameters in our study. 

In this study, we set a new system of fractional heat equations of nanofluid along a 
wedge and establish the existence and uniqueness of a solution based on the Riemann-Liou-
ville differential operators. Sufficient conditions on the parameters of the system are imposed. 
A numerical solution of the system is discussed, and applications are illustrated. The method 
is based on the ability of Podlubny’s matrix in Matlab to formulate the operation of fractional 
calculus. Note that numerical solutions are imposed by different methods [11]. 

Mathematical setting 

We consider the 2-D, steady, and laminar boundary layer flow over a wedge im-
mersed in nanofluid, where the system changes in time with respect to velocity U(t), tempera-

ture T(t), and volume V(t). The nanofluid is a diluted solid-liquid 
mixture with a uniform volume fraction of nanoparticle dis-
persed within the base fluid. The base fluid and nanoparticles are 
in thermally equilibrium. The effects of Brownian motion and 
thermophoresis are included for the nanofluid. Figure 1 shows 
the flow model and physical configuration. The free stream ve-
locity of the potential flow outside the boundary layer is denoted 
as G(x) = cxm, where c is a positive constant, m – a wedge angle 
parameter, = /(2 )m β β−  and β  is the Hartree pressure gradi-
ent parameter that corresponds to = /πβ Ω  for a total angle of 
the wedge. We have the following assumptions in formulating 
the system:  
– U  is the two-dimensional velocity, T  – the temperature of 

nanofluid, and V  – the volume fraction of the nanoparticles
= ( )/( )wV V V V V∞ ∞− − , where wV  denotes the volume at 

the wedge, and V∞  denotes the volume far from the wedge 
with temperature wT  and ,T∞  respectively. 

– 1 2, ,η η  and 3η  are the viscosity of nanofluid, the nanofluid 
thermal diffusivity, and the Brownian diffusion coefficient, 
respectively. 

– 1 2= , ,Rλ λ  and 3λ  are relaxation constants such as radiation parameter, Prandtl number 
and Schmited number.  

None of these parameters is negative. 
Taking the above assumptions into consideration, the boundary layer form of the 

governing equations can be written (fig. 1):  
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Figure 1. Flow configuration 
along a wedge and the  
co-ordinate system  
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Fractional calculus (including fractional order indefinite integral and differentiation) 
is used to analyze phenomena with type .t℘  We apply the Riemann-Liouville operators: 

1( )( ) = ( )d
( )

t

a t
a

tI t tυ υ t t
℘−

℘ −
Γ ℘∫  

The fractional (arbitrary) order differential of the function f  of order > 0℘  is giv-
en by: 

d ( )( ) = ( )d
d (1 )

t

a t
a

tD t
t

tυ υ t t
−℘

℘ −
Γ −℘∫  

We use the notation tD℘  when = 0.a  
We apply the following result. 
Let one of the assumptions be achieved [12]: 

([0, ]) and ([0, ]), < 1βµ n β∈ Τ ∈ Τ ℘ ≤  ,    ([0, ]) and ([0, ]), < 1βn µ β∈ Τ ∈ Τ ℘ ≤   

([0, ]) and ([0, ]), < , , (0,1)β dµ n β β d β d∈ Τ ∈ Τ ℘ ≤ + ∈   

where ([0, ]) = { :[0, ] / | ( ) ( )| = ( ) uniformly for 0 < < }.R s s j O j j sγ γ τΤ Τ → − − − ≤ Τ    
Then we have: 

1
0

( )( ) = ( ) ( ) ( ) ( )

[ ( ) ( )][ ( ) ( )] ( ) ( )d
(1 ) ( ) (1 )

s s s
s

D s s D s s D s

s s s s
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℘+ −℘

+ −

℘ − −
− −

Γ −℘ − Γ −℘∫

    

     

 

point-wise. 
We conclude that if µ  and ν  have the same sign and are both increasing or both 

decreasing, then: 

( )( ) ( ) ( ) ( ) ( )s t sD s s D s s D s℘ ℘ ℘≤ +      

and for = ,   we obtain: 

 2( )( ) 2 ( ) ( )s sD s s D s℘ ℘≤    (2) 

Existence outcome 

In this section, we establish global existence and uniqueness result for system 
(1a,b,c) subjected with the initial conditions 0 0 0( , , )U T V  and the boundary condition 

( ,0) = 0,U t  and ( ,1) = ,  0.U t a a ≥  Various solutions of thermodynamic systems are intro-
duced in [13, 14].  

Theorem 1. Assume that Ω  is a bounded domain in 2R with smooth boundary .∂Ω  
Consider: 

1 1 1
0 0 0 0 0 0( , , ) ( ) ( ) ( ), > 0, 0,  0 in U T V H H H U T V∈ Ω × Ω × Ω ≥ ≥ Ω  

where 1 2 2( ) = { ( ): | | ( )},H L Lµ µΩ ∈ Ω ∇ ∈ Ω  and: 
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2 3 31
1 2 3

1
> 0, > 0, > 0

2 2 2
λ λ λλ

η η η
+ +    + + +     

     
 

If: 

2 3 31
1 2 3

1
< 1, : = max , ,

( 1) 2 2 2
λ λ λλη η η η η

℘  + + Τ     + + +      Γ ℘+       
 

then there exists one bounded solution ( , , )U T V  for system (1). 
Proof. The proof is delivered in four steps. The first three steps describe the priori 

estimates, whereas step 4 addresses uniqueness. 
Step 1. First estimate. Our objective is to show that (U, T, V) ∈ [L2(Ω), L2(Ω), 

L2(Ω)].  We first expand eq. (1a) by U, utilize (2) and integrate over Ω. This approach gives 
the following first estimate: 

 
2

2
2 1 1

2

1 ( ,.)
2 t L

L

U TD U U t
x x

η λ℘
Ω

∂ ∂ ≤ +  ∂ ∂ ∫  (3) 

Similarly, we expand eq. (1b) and integrate over  Ω to receive: 

 
2

2
2 2 2

2

1 ( ,.) | ( ) |
2 t L

L

T UD T T t G x
x x

η λ℘
Ω Ω

∂ ∂ ≤ + + ∂ ∂ ∫ ∫  (4) 

Finally, we multiply eq. (1c) by V  and integrate over ,Ω  we obtain: 

 
2 2

2
2 3 3 22

1 ( ,.)
2 t L

L

V TD V V t
x x

η λ℘
Ω

 ∂ ∂
≤ +   ∂ ∂ 

∫   (5) 

Collecting (3)-(5) and using the fact that U  and T  vanish on the boundary, we find: 
2 2 2

2 2 2
2 2 2 1 2 3

2 2 2

1 ( )
2 t L L L

L L L

U T VD U T V
x x x

η η η℘ ∂ ∂ ∂
+ + ≤ + + +

∂ ∂ ∂
 

 
2

1 2 3 2( ,.) ( ,.) ( ,.) | ( ) |T U TU t T t V t G x
x x x
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Ω Ω Ω Ω
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∫ ∫ ∫ ∫  (6) 

Employing the Cauchy-Schwartz inequality yields: 

2 2 2 2
2 2 2 2
2 2 2 23
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2 2 2 2

2 2 2
2 2 2 23
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L L L L
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x x x x

λ η
Ω
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∫  (7) 

where 1 2 3: = max{ , , }.η η η η  The fractional Gronwall lemma implies that: 

 2 2 2
32 2 2

[0, ]
( ) ( ) ,sup L L Lt

U T V C Cε λ ℘
℘

∈ T
+ + ≤ T +  (8) 
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where ε℘  refers to the Mittag-Leffler function, 2
3 23:= / , ,LT x Cλ λ ∂ ∂  and C  are positive 

constants depending on 2 3, , ,LG η λ  and .℘  
Step 2. Second bound. We aim to show that ( , , )U T V  lies in the space 

[ ( ), ( ), ( )] .L L L∞ ∞ ∞Ω Ω Ω We multiply the first equation in ,U∆  where U∆  is the Laplace op-
erator and integrate over ,Ω  taking account that U  dematerializes on the boundary of ,Ω  
then the Cauchy-Schwartz inequality and the Young inequality yield: 

2
1 1

22 2
21 1 1 1 1

2 2
2 2 21 1 1

2 2 2 21 1 1
2 2 2

( ) = ( ) = ( )
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2 2 2
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x x
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Ω Ω Ω Ω Ω
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∂
∂ ∂

≤ D + D ≤ D + D ≤ D +
∂ ∂
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∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫  

Thus, we attain to: 
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2 21 1
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22 2t L L
L

TD U U
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 (9) 

In the same manner, multiplying eq. (1b) by ,T∆  we obtain: 
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2 2 22 2
2 2 22
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UD T T G
x
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Moreover, from eq. (1c), we conclude that: 

 2 2 23 3
2 2 23 2 2t L L LD V V Tλ λ

η℘  D ≤ + D + D 
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 (11) 

Joining eqs. (9)-(11) leads to: 
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where 1 1 2 2 3 3 3= max{( /2), [ ( 1)/2], ( /2)},η η λ η λ λ η λ+ + + + + 1 2 3= max{ /2, /2, /2}.λ λ λ λ
 By employing the fractional Gronwall lemma and the fact that (U0, T0, V0) ∈ H1(Ω) × 

 × H1(Ω) × H1(Ω), we obtain ( , , )U T V lying in the space [ ( ), ( ), ( )].L L L∞ ∞ ∞Ω Ω Ω  
Step 3. Third bound. We attempt to calculate the third bound of the solution (U, T, V). 

Set: 
2 2 2

2 2 2 2
2 2 2 2

2 2 2

1( ): = , ( ): = , ( ): =
2L L L L

L L L

U T Vt U T V t t G
x x x

φ∂ ∂ ∂
Φ ∆ + ∆ + ∆ Ψ + +

∂ ∂ ∂
 

Thus inequality (12) becomes: 
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 ( ) ( ) ( ) ( )tD t t t tη λ φ℘Φ ≤ Φ + Ψ +  (13) 

Operating (13) by ,I℘  we obtain: 

 
1 1 1

0
0 0 0

( ) ( ) ( )( ) ( )d ( )d ( )d
( ) ( ) ( )

t t tt t tt t t tη t t λ t t φ t t
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Γ ℘ Γ ℘ Γ ℘∫ ∫ ∫  

 0
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( 1) ( 1) ( 1)t t t
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℘ ℘ ℘

∈ Τ ∈ Τ ∈ Τ

Τ Τ Τ
≤ Φ + Φ + Ψ +

Γ ℘+ Γ ℘+ Γ ℘+
 (14) 

which implies that: 
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( 1) ( 1)( ) ( ) ( )sup sup sup
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( 1) ( 1) ( 1)
t t t
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Τ Τ
Φ Γ ℘+ Γ ℘+Φ ≤ + Ψ +

Τ Τ Τ
− − −

Γ ℘+ Γ ℘+ Γ ℘+
 

Step 4. Uniqueness. Assume that 1 1 1( , , )U T V  and 2 2 2( , , )U T V  are two solutions for 
the system (1a,b,c) subjected to the initial condition: 

 0 0 0 1 1 1
1 1 1( , , ) ( ) ( ) ( )U T V H H H∈ Ω × Ω × Ω  

Set: 
 1 2 1 2 1 2( , , ) = ( , , )U T V U U T T V V− − −  

then we receive the system: 

 
2 2 2 2

1 1 2 2 3 32 2 2 2= , = , =t t t
U T T U V TD U D T D V

x xx x x x
η λ η λ η λ℘ ℘ ℘∂ ∂ ∂ ∂ ∂ ∂

+ + +
∂ ∂∂ ∂ ∂ ∂

  (15) 

Analogous to Step 1, we have: 

 2 2 2
2 2 2

[0, ]
( )sup L L Lt

U T V ρ
∈ T

+ + ≤   (16) 

where ρ  is an arbitrary constant based on the parameters ,  T ℘ and the initial condition. 
Hence (1a,b,c) commit only one bounded global solution ( , , )U T V . This completes the proof. 

Numerical results  

We use a matrix method given in [15] to nu-
merically solve system (1a,b,c). This technique 
is based on the ability of Podlubny’s matrix in 
Matlab to formulate the operation of fractional 
calculus, which leads to the left-sided Riemann-
Liouville or Caputo fractional derivative simul-
taneously approximated in all points of the equi-
distant discrimination ( = 0,1,..., )j n  with the 
help of the upper triangular strip matrix. The 
Prandlt number for the base fluid is fixed in all 
numerical computations. In the flow over a 
wedge, the effect of wedge angle parameter on 

 
Figure 2. Temperature when m = 0, c = 10,  
η2 = 1, and  λ2 = 1 
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velocity, temperature, and nanoparticle volume fraction profiles are important. Figure 2 shows 
the dimensionless temperature, of nanoparticle distributions for various values of wedge angle. 
Indeed, decrease in the wedge angle parameter causes an increase in the heat transfer coefficient 
and the rate of heat transfer. The temperature profiles as the effect of suction at the wall of the 
wedge are demonstrated. Note that all conditions of Theorem 1 are achieved. All solutions (U, T, 
V) of system (1a,b,c) converge to the integer case (α = 1). Compared with the integer system, the 
solutions are approximated to the steady case.  

Conclusions 

We conclude that the nanoparticle volume fraction profiles decrease in time as well 
as with velocity, whereas the temperature increases in the boundary layer flow over a wedge 
because of the effect of suction at the wall of the wedge. 
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